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Abstract 
The article presents the results of a study on the detection of error-correcting coding methods that provide the maximum 
coding rate for various values of the minimum coding distance from 1 to 20.

Annotation
Modern infocommunication systems, combining the capabilities of computer technology and communication devices, 
almost always have a digital implementation using a binary code. At the same time, various code constructions are 
used, which, on the one hand, provide high efficiency of transmission of initial messages, the required noise immunity 
and, if possible, simple practical implementation, which makes it possible to achieve lower technical and financial costs, 
minimize delay, etc. In this case, the question of how much the solutions used differ from the theoretically achievable 
potential boundaries is very important.
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Introduction
Methods and constructions of error-correcting coding, which have very diverse implementations, are constantly being 
improved taking into account their correcting properties, the complexity of practical implementation, delay time, etc. 
[1-4]. Let us examine a number of these properties in relation to binary code.

A number of authors have obtained expressions that estimate the maximum achievable boundaries that determine the 
guaranteed multiplicity of detected and corrected errors, based on the possible minimum code distance dmin.

In the theory of error-correcting coding, a number of potential boundaries are known, among which we will point out 
the Hamming boundary [5]:
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The indicated boundaries, for example, from formulas (1, 2, 4), denote the upper limit, above 
which there are no error-correcting codes with a given parameter     . The Varshamov-Hilbert 
estimate (3) establishes a lower bound. 

1. Limit achievable boundaries of the efficiency of error-correcting coding 

In [10], a method was proposed for constructing an error-correcting code with limiting 
performance characteristics for any given value of the minimum code distance     . Exact 
expressions are obtained for the number of information symbols   depending on the length of the 
codeword   at     = 2, 3, 4. Let's indicate these expressions: 
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To obtain estimates of efficiency at large values of dmin, computer calculations were carried out according to the following 
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that differ from combinations of group    by a code distance equal to (      ). In this 
case  the number of allowed code combinations will be equal to      

            

If the adjacent matrix   
       does not exist for certain    then one should continue the 

sequential search for adjacent matrices   
      ,   

       etc  After detecting the existence 
of the first adjacent matrix   

        where   varies from   to (      )to construct the 
next main matrix      based on the known matrix   and the found   

       the general 
recurrence formula should be used: 

     {    
  
   

  
    

  
  
      },                                                                    (16) 

where the value     (      ), and the number of columns-zeros (  ) and columns-ones 
(  ) of dimension   

       assigned to the left is  . 

In this case, the construction of      must occur in a sequential search for the adjacent matrix 
  
       with the values     (      ). In other words, when the matrix    is known, an 

attempt is made to find   
       and, if such a matrix exists, then the matrix        is 

constructed.  

If the matrix   
       does not exist, then the same number of allowed code combinations 

remains in the matrix      i.e.     
       

    , but the number of adjacent groups doubles, i.e. 
    
         

    , since equality (3) must be satisfied. Next, the matrix   
       is searched for, 

and when it is found, the matrix      is constructed according to formula (16). If the matrix 
  
       also does not exist, then the matrix      also contains     

       
     of allowed code  of 

allowed code combinations, but the number of adjacent groups, according to (14), doubles, i.e. combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

 Etc.

It should be noted that in the situations considered, when it is not possible to find the adjacent matrix 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

and 
then 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

, additional (n+1) and (n+2) digits are not used to expand the number of allowed code combinations and 
in this sense they turn out to be “useless”. However, since they exist, they can be used to create an additional channel 
with a lower rate, or by introducing a delay from several (n) allowed code combinations with “useless” symbols, form 
additional allowed code combinations from them, which, however, requires separate consideration.

The main difficulty in constructing the main matrix An+i is finding the adjacent matrix 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

 With an increase in n and 
dmin, this problem becomes nontrivial due to a significant increase in the enumerated options for possible realizations of 
the adjacent matrix 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 
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We investigate this issue with dmin=3

According to (15) - 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
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 respectively 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 
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} , or 
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}, or 

 which follows from (14). Let us consider 
this by an example, choosing the main matrix An, for which the condition dmin =3 and, therefore, n=3 will be fulfilled for 
the first time.

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent matrices 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 
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namely:

For further constructions, these matrices are equivalent to each other.

For definiteness, we will choose the first option and construct the main matrix according to the formula (16):
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combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 

For definiteness, we will choose the first option and construct the main matrix according to the 
formula (16): 

   {
 
 
 
 
   
 
 
 
 
   
 
 
 
 
  
 
 
 
 
   
 
 
 
 
} .                                                                                (18) 

Obviously, now      , and from (14) it follows that          .. 

Further similar reasoning allows one to construct five adjacent matrices differing from the main 
one by a code distance equal to 1. Namely: 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

} , or 

    {
   
       

  
  

   
       

  
  

}, or     {
   
       

  
  

   
       

  
  

}, or 

combinations, but the number of adjacent groups, according to (14), doubles, i.e.     
       

    
         

    . Etc. 

It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
      , additional (   ) and (   ) digits are not used to expand 

the number of allowed code combinations and in this sense they turn out to be "useless". 
However, since they exist, they can be used to create an additional channel with a lower rate, or 
by introducing a delay from several ( ) allowed code combinations with "useless" symbols, 
form additional allowed code combinations from them, which, however, requires separate 
consideration . 

The main difficulty in constructing the main matrix      is finding the adjacent matrix   
      . 

With an increase in   and     , this problem becomes nontrivial due to a significant increase in 
the enumerated options for possible realizations of the adjacent matrix   

      . 

We investigate this issue with        

According to (15) -          , respectively                , which follows from 
(14). Let us consider this by an example, choosing the main matrix   , for which the condition 
       and, therefore,     will be fulfilled for the first time. 

   {     
 
    
 
 },                                                                                          (17)  

After trivial searches, by a simple search, it is not difficult to establish the existence of adjacent 
matrices  

          , namely: 

    {     
 
    
 
 }, or     {     

 
    
 
 }, or     {     

 
    
 
 }.  

For further constructions, these matrices are equivalent to each other. 
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It should be noted that in the situations considered, when it is not possible to find the adjacent 
matrix   

       and then    
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the number of allowed code combinations and in this sense they turn out to be "useless". 
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form additional allowed code combinations from them, which, however, requires separate 
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Note that all 5 possible code words with weight (   )) and 6 of         possible code 
words with weight (   ) were "used" in these adjacent matrices. “Unused” code words with 
weight (   ) allow constructing the remaining adjacent matrices differing from the main one 
by the code distance equal to 2. 
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Note that all 5 possible code words with weight (w=1)) and 6 of  C5
2=10 possible code words with weight (w=2) were 

“used” in these adjacent matrices. “Unused” code words with weight (w=2) allow constructing the remaining adjacent 
matrices differing from the main one by the code distance equal to 2.
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 This means that there is one 
main group, six adjacent - with the minimum code distance relative to the main group equal to 1 and only one adjacent 
group with the minimum code distance relative to the main group equal to 2. In this case, all groups: the main and 
adjacent ones meet the condition dmin=3.

Let’s indicate these groups:
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The last adjacent group of allowed code combinations allows constructing A_7 and at the same 
time obtaining   
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Since the total number of groups is made up of one main group    -       adjacent groups   
  ; 

then, taking into account the fact that   
   , we obtain that adjacent groups   

  cannot exist. As 
a result, this means that for      the number of allowed code combinations is the same as for 
    i.e.   

    
    , and from (14) it follows that the number of groups will double 

  
      

    . Under these conditions, using already   
 , one should build according to the 

formula (16)   .. 

As the study shows, the doubling of the number of allowed code combinations in the   
  group 

with increasing   occurs if it is possible to find    . If this does not happen, then as   increases, 
the number of   

  groups doubles. Note that the "growth interval" of the number of allowed code 
combinations   

     with        increases as    grows as     . This follows from the analysis 
of the increase in the number of allowed code combinations in a group with weight (   ) 
which in       cases in a code combination consisting of   symbols are transformed into a 
code combination with weight (   ), which occurs when construction of an adjacent matrix 
of type    . As a result, some of the code combinations with weight (   ), are used in 
matrices    , and this reduces their number, and, consequently, the possibility of constructing    . 

As already noted, for the optimal Hamming code for       , we have: 

      .                                                                                                  (24) 

If we take into account that the total number of groups consists of one main group,        
adjacent groups of  type    , then for adjacent groups of type     the following number of 
possibilities  (   ) remains: 
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Since the total number of groups is made up of one main group    -       adjacent groups   
  ; 

then, taking into account the fact that   
   , we obtain that adjacent groups   

  cannot exist. As 
a result, this means that for      the number of allowed code combinations is the same as for 
    i.e.   

    
    , and from (14) it follows that the number of groups will double 

  
      

    . Under these conditions, using already   
 , one should build according to the 

formula (16)   .. 

As the study shows, the doubling of the number of allowed code combinations in the   
  group 

with increasing   occurs if it is possible to find    . If this does not happen, then as   increases, 
the number of   

  groups doubles. Note that the "growth interval" of the number of allowed code 
combinations   

     with        increases as    grows as     . This follows from the analysis 
of the increase in the number of allowed code combinations in a group with weight (   ) 
which in       cases in a code combination consisting of   symbols are transformed into a 
code combination with weight (   ), which occurs when construction of an adjacent matrix 
of type    . As a result, some of the code combinations with weight (   ), are used in 
matrices    , and this reduces their number, and, consequently, the possibility of constructing    . 

As already noted, for the optimal Hamming code for       , we have: 
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If we take into account that the total number of groups consists of one main group,        
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If we now substitute the value   from (24) into (25), then   (   )   , and we get a kind of 
“step” points when the number of allowed code combinations   

     in the group does not grow, 
but increases number of groups   
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Summarizing the above reasoning, we can obtain an expression for   
     with        : 
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where rounding down to the nearest integer. 

Expression (26), after simple transformations, can be reduced to (7) and also to (8). To illustrate 
the results obtained, we show this in Fig. 1, where the dependence         
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Figure 1 shows a similar dependence (in red, large dotted line) for       , obtained after 
similar reasoning. In addition, the upper Hamming bound        (blue, dots) is also plotted 
here. 

This upper bound exactly coincides with the values of   calculated by the exact formula (7) for 
        ,  i.e. for such values of  , when     (   ) given in (7) takes integer values. In 
other cases, there are certain differences associated with real integer solutions of expression (7), 
which is not taken into account in estimate (10), which gives overestimated data. 
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where rounding down to the nearest integer.

Expression (26), after simple transformations, can be reduced to (7) and also to (8). To illustrate the results obtained, 
we show this in Fig. 1, where the dependence k=log2 Kn

3 = n- 1 - log2 n] in black, corresponding to (7).

Figure 1: Dependence of  k on n
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Figure 1 shows a similar dependence (in red, large dotted line) for dmin = 4, obtained after similar reasoning. In addition, 
the upper Hamming bound dmin= 3 (blue, dots) is also plotted here.

This upper bound exactly coincides with the values of k calculated by the exact formula (7) for n=3,15,…,  i.e. for such 
values of n, when log2 ( +1) given in (7) takes integer values. In other cases, there are certain differences associated 
with real integer solutions of expression (7), which is not taken into account in estimate (10), which gives overestimated 
data.

Figure 1 (purple, dash-dotted line) shows a similar dependence for dmin=2, which makes it possible to compare the results 
for an accurate estimate of the number k, which determines the number of allowed code combinations 

Figure 1 (purple, dash-dotted line) shows a similar dependence for       , which makes it 
possible to compare the results for an accurate estimate of the number  , which determines the 
number of allowed code combinations   

        in a group, depending on   for different 
values of          and 4. 

Continuing the research similarly to the above, by computer search of adjacent matrices, the 
results of the maximum achievable values of the number of information symbols k were obtained 
for different values of the minimum code distance           and different lengths of the code 
combination        are the diagrams shown in Fig. 2. (The value of   is shown on the vertical 
axis in Fig. 1). 
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Bounds for Matrix Iterated Coding
The main idea of matrix (iterated) coding is to use constructs with several levels of error-correcting coding. As a result, 
the total number of information symbols is equal to the product of information symbols of each of the used error 
correcting codes at different coding levels. Likewise, the total length of the codeword will be equal to the product of the 
lengths of the error-correcting codes. In this case, the final minimum code distance increases significantly and is also 
equal to the product of the minimum code distances of error-correcting codes used in the design.
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The most commonly used construction is with two coding levels. By choosing an error-correcting code with high 
efficiency at each of the levels, and thereby optimizing its choice at this level, it is not possible to guarantee that the 
optimization as a whole will be achieved. For example, in it was shown that choosing an optimal parity-check code with a 
minimum code distance equal to dmin=2, and introducing a two-level matrix construction, one can obtain a rapid increase 
in the value of the minimum code distance [8]. However, with an increase in the design levels, despite the optimization 
at each level separately, the total efficiency, as the ratio of the number of information symbols to the total length of the 
codeword k⁄n, decreases.

Let us investigate this issue using an example, when the construction consists of two levels of error-correcting coding 
and at each level a code is selected according to the Hamming bound (1). On one level, we have (n1,k1 ) code and on 
the other - (n2, k2 ). The total length of the codeword is n_1∙n_2. In this case, the number of information symbols will 
be equal to k1∙k2.

Based on the total length of the codeword, equal to ntot=n1∙n2, the number of information symbols ktot can be determined 
according to the Hamming boundary.

Let n1=n2=n and k1=k2= . Then the value of the optimization efficiency as a whole in relation to optimization by parts 
can be calculated in relation to the Hamming boundary using the following formula:

2. Bounds for matrix iterated coding 

The main idea of matrix (iterated) coding is to use constructs with several levels of error-
correcting coding. As a result, the total number of information symbols is equal to the product of 
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Calculations performed using formula (27) are shown in Fig. 3. (Note that only the integer values 
of the quantity   and     ) 
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Figure 4: Efficiency of Optimization as a Whole in Relation to Optimization by Parts (Singleton Bounds)

The results of comparing the efficiency of optimization as a whole (27, 28) in comparison with optimization in parts show 
possible significant reserves, especially at small values of the codeword length n and large values of the minimum code 
distance dmin.

Conclusion
The obtained practically achievable boundaries as close as possible to the potential boundaries show the existing 
possibilities of implementing error-correcting codes with maximum efficiency. At the same time, they differ from the 
theoretically achievable boundaries by 5-10% and this difference cannot be reduced.

Matrix constructions of error-correcting codes, which make it possible to achieve significant correcting abilities with a 
rapid increase in the minimum code distance d_min and a relatively simple practical implementation, at the same time 
do not provide attainable limit values of efficiency as the maximum possible number of information symbols k for a given 
codeword length n and the value of the minimum codeword distances dmin.

The results of comparing the efficiency of optimization as a whole (27, 28) compared with optimization in parts show 
possible significant reserves, especially for small values of the codeword length n and large values of the minimum code 
distance dmin.
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