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Abstract 
In this study, bifurcation analysis and multi-objective nonlinear model predictive control are performed on an 
Acetaminophen Metabolism dynamic model. Bifurcation analysis is a powerful mathematical tool used to deal with 
the nonlinear dynamics of any process. Several factors must be considered, and multiple objectives must be met 
simultaneously.  

The MATLAB program MATCONT was used to perform the bifurcation analysis. The MNLMPC calculations were performed 
using the optimization language PYOMO in conjunction with the state-of-the-art global optimization solvers IPOPT and 
BARON. The bifurcation analysis revealed  branch and limit points. The MNLMC converged on the utopia solution. The 
branch points (which cause multiple steady-state solutions from a singular point) are very beneficial because they 
enable the multiobjective nonlinear model predictive control calculations to converge to the Utopia point (the best 
possible solution) in the model. 
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Background
Acetaminophen, also known as paracetamol, is one of the most commonly used analgesics and antipyretics worldwide. 
Its metabolism is complex, involving several enzymatic pathways in the liver, which play a crucial role in both its 
therapeutic effects and the potential risks associated with overdose. Acetaminophen undergoes extensive metabolism 
in the liver, where it is primarily converted into non-toxic metabolites, but a small proportion is also metabolized into a 
toxic intermediate, which can lead to liver damage when it accumulates at high concentrations.

When acetaminophen is absorbed into the bloodstream after oral administration, it is transported to the liver, where 
its metabolism takes place predominantly through three main pathways: conjugation with sulfate, conjugation with 
glucuronic acid, and oxidation by the cytochrome P450 enzyme system. The majority of acetaminophen (about 90%) 
undergoes phase II metabolism, where it is conjugated with sulfate or glucuronic acid to form water-soluble metabolites 
that are readily excreted in the urine. These conjugates are essentially non-toxic and are the main products excreted 
after normal doses.

However, a small fraction of acetaminophen (approximately 5–10%) is metabolized by the cytochrome P450 enzymes, 
specifically CYP2E1, CYP1A2, and CYP3A4.This process generates a highly reactive intermediate known as N-acetyl-p-
benzoquinone imine (NAPQI). Under normal conditions, NAPQI is quickly neutralized by conjugation with glutathione, a 
tripeptide antioxidant found in the liver. This results in the formation of non-toxic metabolites that are safely excreted 
from the body. However, if the dose of acetaminophen is excessively high, the available stores of glutathione become 
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depleted, and NAPQI accumulates in the liver. This accumulation can lead to oxidative damage to liver cells, ultimately 
causing liver injury and, in severe cases, acute liver failure.

The risk of liver toxicity is significantly increased in cases of acetaminophen overdose, particularly when the dose 
exceeds 4 grams per day for adults, or when multiple doses are taken over a short period. Factors such as chronic alcohol 
consumption, malnutrition, or the use of drugs that induce cytochrome P450 enzymes (such as certain anticonvulsants) 
can exacerbate the formation of NAPQI by increasing the activity of these enzymes. In these situations, even normal 
therapeutic doses of acetaminophen may pose a greater risk for liver damage, as the body’s capacity to detoxify NAPQI 
is overwhelmed. Treatment for acetaminophen overdose primarily focuses on replenishing glutathione levels to help 
neutralize the toxic metabolite. N-acetylcysteine (NAC) is the most common antidote and acts by providing cysteine, a 
precursor to glutathione, which helps restore the body’s ability to detoxify NAPQI. When administered early, NAC can 
significantly reduce the risk of liver injury and improve outcomes in cases of overdose.

Despite its potential for toxicity, acetaminophen is widely regarded as a safe and effective analgesic when used at 
recommended doses. Its metabolism in the liver is generally well-tolerated in healthy individuals, but understanding the 
pathways and risks involved is essential to minimizing harm. Moreover, awareness of the factors that increase the risk 
of toxicity can help clinicians provide better care to individuals who are at higher risk, ensuring that acetaminophen is 
used safely in both acute and chronic settings.

Mutlib et al (2006) studied the kinetics of acetaminophen glucuronidation by UDP-glucuronosyltransferases [1]. Reed et 
al (2008), developed a mathematical model of glutathione metabolism [2]. Reith et al (2009) performed modelling of 
the Michaelis-Menten Kinetics of Paracetamol sulfate and Glucuronidation [3]. Trinh et al (2009) developed  “elementary 
mode analysis,” a useful metabolic pathway analysis tool for characterizing cellular metabolism [4]. Ben-Shachar et al 
(2012) studied the biochemistry of acetaminophen hepatotoxicity and rescue using a mathematical model [5]. Remien 
et al (2012) modelled liver injury and dysfunction after acetaminophen overdose, focusing on early discrimination 
between survival and death [6]. Reddyhoff et al (2015) provided a timescale analysis of a mathematical model of 
acetaminophen metabolism and toxicity [7].  

Ghosh(2021), studied the role of alcohol consumption on acetaminophen-induced liver injury identifying the implications 
from a mathematical model [8]. Sankarraman (2022) developed a computational approach on the acetaminophen drug 
using degree-based topological indices and m-polynomials [9]. Belmont-Díaz et al(2022) developed a metabolic control 
analysis for drug Target Selection against human diseases [10]. Yoo et al (2023) studied acetaminophen adsorption 
to spherical carbons hydrothermally synthesized from sucrose [11]. Dichamp et al(2023) investigated  In vitro to in 
vivo acetaminophen hepatotoxicity extrapolation using classical schemes, pharmacodynamic models and a multiscale 
spatial-temporal liver twin [12]. Zahwa et al (2025) developed optimal control strategies for reducing toxic formation in 
Acetaminophen metabolism [13]. 

This work aims to perform bifurcation analysis and multiobjective nonlinear control (MNLMPC) studies on an Acetaminophen 
metabolism dynamic model [13]. The paper is organized as follows. First, the model equations are presented, followed 
by a discussion of the numerical techniques involving bifurcation analysis and multiobjective nonlinear model predictive 
control (MNLMPC). The results are then presented, followed by the discussion and conclusions.

Model Equations
The variables s1, s2, s3, s4, s5, s6, s7, s8, s9 represent the Acetaminophen(APAP)  in the gut; APAP in the liver; 
Phosphoadenosine-5-phosphosulfate (PAPS) in the liver; APAP Sulfate (APAP-S) in the liver; APAP Glucuronidate (APAP-G) 
in the liver; NAPQI in the liver; the antioxidant GSH in the liver; NAPQIGSH in the liver; and the living cells in the liver. 

The variables p1, p2, p3, p4 are given by
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The variable values are  

kal=4; km9=23000; kgl=0.81; ksl=0.24; km11=4600; kgsh=1.87e-03; knqgl=0.29; ki9=5300; 
kslt=13.27; bg=0.07; d=18000;mp=3; dg=0.08; ds=0.08; bs=0.13; v1=0.55; v3=0.99; v4=1785; 
v7=4900;   =0.21e-04;  u1=0; u2=0;  r=0.04; km10=15;   =0.08; km1=3430; ki7=23000; km2=677; 
km3=276; pp=20; km4=97; km5=3.3e-03; np=2; hmax=1.6e+11; km6=5500; km7=4000;  km8=9200; 
v2=345; v6=490; v5=6370; v8=8820; v9=72000. 
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Details of the model parameters and other model details are in Zahwa et al (2025).  
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Consider a system of equations  
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Bifurcation Results 

When    is the bifurcation parameter; the branch point occurs at  

(s1,s2, s3, s4, s5, s6, s7, s8, s9,   ) values of  ( 0, 0, 0, 0.541667, 0, 0, 0.875, 0,  0,  0.04 ) (Fig. 1a). 
Here, the two distinct functions can be obtained from the first   ODE in  the  model  

At steady-state ( , ) 0if x α =  and this will imply that either Φ1 = 0 or  Φ2 = 0 or both  Φ1 and Φ2  must be 0.  This implies 
that two branches Φ1 = 0 and  Φ2 = 0  will meet at a point where both Φ1  and Φ2  are 0.  At this point, the matrix B will 
be singular as a row in this matrix would be
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The two distinct equations are  
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  (26) 

With s9=0; s6=0; r =0.04;   = 0.04, both distinct equations are satisfied, validating the theorem.  

Additionally, two limit points were observed at (s1,s2, s3, s4, s5, s6, s7, s8, s9,   ) values of 

( 0,  0, 0, 0.541667, 0, 0, 0.875, 0, 0.79, 0.04 ) and ( 0, 0, 0, 0.541667, 0, 0, 0.875, 0, 1.29, 0.04 ). These 
limit points are also seen in Fig. 1a.  

When u1 is the bifurcation parameter, a branch point is seen at (s1,s2, s3, s4, s5, s6, s7, s8, s9, u1) 
values of ( 0, 0, 0, 0.541667, 0, 0, 0.875, 0, 0, 3.023162 ) (fig. 1b).  
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 value of zero (the Utopia point). The MNLMPC values of the control variables, u1 and u2  were 0.9999 and 0.3362. The 
control profiles u1 and u2 exhibited noise and this was remedied using the Savitzky-Golay filter to produce the smooth 
control profiles u1sg and u2sg. The MNLMPC profiles are shown in Figs 2a-2e. The presence of the branch point causes 
the MNLMPC calculations to attain the Utopia solution, validating the analysis of Sridhar (2024) [23].

Conclusions
Bifurcation analysis and multiobjective nonlinear control (MNLMPC) studies on an Acetaminophen Metabolism dynamic 
model. The bifurcation analysis revealed branch and limit points.  The branch and limit points (which cause multiple 
steady-state solutions from a singular point) are very beneficial because they enable the Multiobjective nonlinear model 
predictive control calculations to converge to the Utopia point (the best possible solution) in the model. A combination of 
bifurcation analysis and Multiobjective Nonlinear Model Predictive Control(MNLMPC) for an Acetaminophen Metabolism 
dynamic model is the main contribution of this paper.
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Fig. 1a bifurcation diagram   is the bifurcation parameter 

 

 

 

 

 

 

 

 

 

 

 

Figure 1a: Bifurcation Diagram   is the Bifurcation Parameter

 

Fig. 1b Bifurcation diagram with u1 as the bifurcation parameter 

 

 

 

 

 

 

 

 

 

 

Figure 1b: Bifurcation Diagram with u1 as the Bifurcation Parameter

https://www.primeopenaccess.com/international-journals/journal-of-bioengineering-and-applied-biosciences.asp


10J Bioeng Appl Biosci, 2026

 

Fig. 1c Bifurcation diagram with u2 as the bifurcation parameter 

 

 

 

Figure 1c: Bifurcation Diagram With u2 as the Bifurcation Parameter

 

Fig. 2a MNLMPC s1, s2, s3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2a: MNLMPC s1, s2, s3
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Fig. 2b MNLMPC s4, s4, s6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2b: MNLMPC s4, s4, s6

 

 

 

 

Fig. 2c MNLMPC s7, s8, s9 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2c: MNLMPC s7, s8, s9

https://www.primeopenaccess.com/international-journals/journal-of-bioengineering-and-applied-biosciences.asp


12J Bioeng Appl Biosci, 2026

 

 

 

 

 

 

Fig. 2d MNLMPC u1, u2 

 

 

 

 

 

 

 

 

 

 

Figure 2d: MNLMPC u1, u2

Figure 2e: MNLMPC u1sg, u2sg

 

 

 

 

 

 

Fig. 2e MNLMPC u1sg, u2sg 
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