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Abstract 
For measuring time, distances and movements, including determining the location of ground objects using a global 
navigation satellite system using the triangulation method, high-precision generators of extremely accurately generated 
reference frequencies, as reference measures of frequency and time intervals, are extremely relevant. Along with those 
already approved as frequency and time standards, exemplary stable frequency signal generators are constantly being 
created, improved and researched, that is, prototypes of future frequency and time standards based on new principles. 
Model generators are also being created on known principles with additional measures to increase their accuracy. The 
most important stage in the creation of such standards and their prototypes is the study of the stability and accuracy 
characteristics of the resulting model generators. Traditionally, indicators such as the two-sample Allan variance are used 
for this, and even more often, the square root of this value, called the Allan function, is used. Many publications report 
results in which the dependence of this function on the averaging time is given on a double logarithmic scale. A decrease 
in this value with increasing averaging time looks natural and is beyond doubt, however, the right branch of this graph 
very often begins to bend upward, which indicates that with increasing averaging time the Allan function increases. 
This fact cannot satisfy future users of these exemplary generators, since such an increase indicates that the frequency 
value they generate should not be trusted, because it turns out that over a long period of time the generated frequency 
can deviate from the required value very far, and the longer this time, the more this function can deviate. The situation 
is aggravated by the fact that the Allan function does not include offset, that is, such an important characteristic as 
frequency reproducibility, when in fact this characteristic should also be considered. This article offers a new vision and 
interpretation of the metrological characteristics of the accuracy, stability and reproducibility of the generated frequency 
of a model generator.
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Introduction
This article solves the problem of assessing the accuracy, stability and reproducibility of exemplary frequency generators 
that serve as frequency and time standards at a new level of understanding, for which the theoretical and practical 
aspects of their certification are considered.

Estimation of frequency standards is the most important task of fundamental metrology, since through frequency 
and time one can also specify a measure of extent, which is a length standard, which is what is currently used. Thus, 
measures of time and space are directly related to frequency standards, so their certification is extremely relevant 
[1–30].

The author supervised the development of metrological tools for assessing the stability of laser frequency standards, 
the generation frequency of which is usually high, for example, about 89 THz. Two identical lasers are used to form a 
difference frequency, which carries information about the result of the total deviation of the frequencies of these lasers 
from its ideal value, the contribution to the difference frequency from each laser is considered statistically independent, 
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which allows certifying such frequency standards in accordance with the theory stating that the resulting variance of the 
difference frequency is equal to twice the frequency variance of each of the stabilized lasers. Based on the experience 
and theoretical and experimental studies of the author, the article considers the problems of applying the Allan function 
and interpreting this measure in relation to the properties of the created prototypes of the laser frequency standard. 
This article does not consider the structure and theory of noise occurrence, as well as laser stabilization methods, but 
focuses only on experimental methods for studying the stability of frequency standards and on the interpretation of the 
obtained experimental materials.

Any random variable can and should be assessed by its statistical characteristics - mathematical expectation, variance, 
and so on. As a rule, those who use metrological tools focus on parameters such as absolute error ∆ or relative error δ. 
Each of these two types of errors is maximum ∆max , δmax, statistical average ∆̅ , δ̅ and mathematical expectation, that is, 
offset ∆0, δ0. The maximum error characterizes the maximum error value when using this metrological tool. The average 
statistical error is the most probable measurement error based on the random distribution of errors. Displacement is 
the mathematical expectation of the deviation of a measurement result from the true value. As a rule, developers strive 
to create a metrological tool with zero offset, but this, strictly speaking, is unattainable. The absolute value of each of 
these three types of error is expressed in measured units, and the relative value is the ratio of the absolute error to the 
measured value, or to the maximum possible value when using this measuring instrument, or in some cases to some 
specially selected value. Relative error is a value without units of measurement.

Users, as a rule, focus precisely on these indicators of the accuracy of any measuring instrument.

For example, if we have a stable frequency generator based on temperature-stabilized quartz, then its maximum relative 
error, according to the promised characteristics from the best manufacturers, can be of the order of δmax ≤ 10-10. This 
means that, for example, if a given generator generates a frequency value that, according to the data sheet, is equal to 
F0 = 10 MHz, then the absolute maximum error is ∆max = δmax ∙ F0 = 0.001 Hz, the actual frequency value F must lie within 
F = F0 ± ∆max= 107  ± 10-3 Hz. In this case, if you use such a generator to clock an electronic clock, then when measuring 
sufficiently large time intervals, the specified error is predominant, that is, the error in measuring any large time interval 
will be equal to δmax ≤ 10-10. For example, an error equal to one second will be when measuring a time interval equal to 
about 316.9 years. Accordingly, in 1 year such a clock will accumulate an error of only approximately 3.15 milliseconds. 
Certification of quartz generators is not a scientific problem, since there are more accurate generators. Therefore, it is 
sufficient to compare the frequency of such a generator with the frequency of a more accurate generator to describe all 
types of its errors, including the absolute error.

The indicated high measurement accuracy turns out to be insufficient for modern measurements; the tasks of developing 
time standards that would be described by accu-racy characteristics at the level of 𝛿𝑚𝑎𝑥 ≤ 10−16 and even are relevant 
𝛿𝑚𝑎𝑥 ≤ 10−18, and for a number of future tasks they are already talking about the need to have “atomic clocks” or “laser 
clocks” with an error at the level 𝛿𝑚𝑎𝑥 ≤ 10−24, in particular, for the task of detecting gravitational waves created by the 
Crab Nebula using an interferometer formed by three satellites in geostationary orbits, the distance between which is 
main-tained with a relative error within the specified limits.

Despite the fact that there are reports that technical solutions have been tested confirming the error of the generated 
frequency at the specified level, that is, with a value of the order of magnitude, ≤10-18, one should be extremely careful 
with these messages, since they do not give the characteristics mentioned above, but the so-called Allan function, which 
was introduced by Allan in publication, which is far from the same thing [1–30].

Not all publications, reports and dissertations differentiate such characteristics as accuracy and stability correctly 
enough. For secondary frequency standards, accuracy is determined by comparison with primary standards, but this 
method is not applicable when certification of laser or atomic frequency standards is required, i.e. primary standards or 
devices that claim such status. In this case, the stability of such devices is investigated, after which a device with higher 
stability is considered a device with higher accuracy, which, of course, is not true, but there is simply no other way to 
certify primary standards. Therefore, the study of the stability of primary standards or their prototypes is a fundamental 
physical problem.

This article raises the question of how related indicators such as the Allan function are with indicators such as frequency 
error and irreproducibility, and to what extent this instability indicator can be used as an indicator of frequency generation 
error [1,2].

It should also be noted that there are other stability estimates, such as the modified Allan variance, Hadamard variance, 
modified Hadamard variance, and other stability indices [31,32]. They are used to better evaluate frequency stability, 
but not its accuracy. Since Allan variance is accepted by the IEEE community as the main indicator of frequency 
generator stability, other indices are not as important, are mentioned and used orders of magnitude less frequently, and 
therefore a discussion of these indices is beyond the scope of this article [2].

Many groups developing laser and atomic frequency standards report their research results using Allan variance plots 
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without providing any other characteristics, for example [33]. This may be due to the fact that primary frequency 
standards cannot be assessed for accuracy, since they are a priori assumed to be better than all other reference oscillators. 
An approach used to assess them is to assess the stability of such oscillators, and if their stability is much higher than 
that demonstrated by the frequency standards used, then such devices are considered to be replacements for primary 
frequency standards. Thus, when creating primary frequency standards, the accuracy and stability characteristics are 
treated as equivalent, although this is, of course, a mistake. This approach also applies to potential prototypes of 
primary standards and, in general, to any newly created oscillator for which increased accuracy is claimed or promised. 
Thus, in fact, the Allan parameters replace the certification of frequency standards and reference oscillators for new 
atomic clocks, which can be traced even in the technical specifications for the development of such devices. The author 
believes that this is wrong, this article aims to clarify this situation based on theoretical concepts and with confirmation 
of the modeling results.

Statement of the problem and problems
It is extremely important to analyze the traditional measure of stability of generators, such as the Allan function, to 
evaluate the validity of statements about how it changes in the areas of the argument τ → 0 and τ → ∞, to assess 
the admissible form of asymptotes of this function in these areas, both from the standpoint of the reliability of the 
assumptions used, and from the position of accepting such assumptions and applying them to evaluate frequency and 
time standards, to formulate criteria for comparing such devices according to their user characteristics [1,2].

The fact is that, along with the characteristics of the frequency formation error, such a generally accepted characteristic 
as “stability” is used, a value associated with “instability”, a value that is easier to describe numerically. To understand 
the problem, we introduce two additional characteristics: instability and irreproducibility of the generated frequency. 

Frequency instability is determined by frequency deviations from a certain value, accepted and called the starting value. 
For example, if at some point in time the frequency difference of two identical generators generating a frequency of 
approximately 100 THz turned out to be 100 Hz, then this value can be conditionally taken as the starting value. If this 
frequency remained strictly the same for some time, then in this ideal case the instability, that is, the deviation from this 
frequency, should be characterized as zero. But strictly zero instability does not exist, any frequency has some drift. For 
example, if the difference frequency deviates by an amount corresponding to one unit of the 16th order, that is, by 0.01 
Hz, then this can be recorded even with a conventional frequency meter. Thus, measurements in the radio frequency 
region of the difference frequency allow certifying highly stable generators generating an extremely high frequency, 
and recalculating these measurement results into units of extremely small frequency instability. Thus, historically, such 
measurements were carried out, but in order to measure frequency with an error of about 0.01 Hz, it is necessary to 
have measuring devices with a smaller error. A conventional frequency meter of the counting type, for example, has an 
error in measuring frequency over a period of 1 s of about 1 Hz, i.e. an error of less than 0.001 Hz will be achieved only 
by averaging the frequency over a time interval of more than 1000 s.

The error of frequency reproduction is called irreproducibility. For example, in the case considered above, if two identical 
generators, which due to their structure and operating principle should generate the same frequency, nevertheless 
generate two different frequencies, which, as determined experimentally, differ by 100 Hz, then this difference somehow 
characterizes the starting irreproducibility of the frequency. For example, it can be assumed that each of the standards 
will deviate from the true value (which the ideal standard should generate) equally, but independently of each other. 
For this deviation, it is possible to introduce not only the starting value, but also statistical characteristics, for example, 
in the presence of an ensemble of frequency standards, it is possible to obtain a set of frequency values, for which it is 
possible to determine the average and specific deviations of each of them. Naturally, the average frequency value will 
be equal to the sum of all values, divided by the number of such generators, and the deviation of each generator from 
this average is the difference between the actual value of the frequency generated by it and this average. Naturally, 
the sample average is not identical to the global average, but it can to some extent serve as an estimate of this value. 
If it is impossible to investigate an ensemble of generators (as is almost always the case), then at least two generators 
have to be investigated, considering the ergodic property to be valid, according to which averaging in time is to some 
extent related to averaging over time. This hypothesis is never proven by anyone, but is simply accepted due to the lack 
of another way to investigate the accuracy of primary frequency standards. The measure of irreproducibility, like the 
measure of instability, depends not on one argument, but on many. For example, instability can be estimated at different 
values of the averaging time. The same can be true for such a measure as instability, since frequency measurement 
is always carried out at some time intervals and the result always depends on the duration of this interval, and also at 
different intervals of the same duration the result will be different.

In this case, “stability” can be characterized by the inverse of relative instability, and, accordingly, reproducibility should 
be calculated by the inverse of relative irreproducibility.

The characteristic “instability”, which we denote, ϑwill characterize the relative deviation of the generated value from 
the starting value.

Consider, for example, some function y(t) that varies over time. If y(t)=const, that is, this function does not change 
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over time at all, then the instability will be equal to zero: ϑ(y)=0.

It can also be argued that for x(t) = ky(t), where k is a constant coefficient, ϑ(x)= ϑ(y), since the specified function 
characterizes only the relative departure of the value y(t) from the initial value y0 = y(0). Thus, changing the frequency 
scale will not make any contribution to this characteristic.

In addition, if two random variables differ only in a constant displacement, for example, z(t) = y(t) + ∆z0, then the 
instability of the second value in comparison with the instability of the first value will differ only due to the difference 
in the value to which the absolute instability will be attributed. If at the same time ∆z0≪ z, then practically ϑ(z)= ϑ(y), 
the difference will be in the sign of the order of instability (and this is usually above the 12th sign of magnitude), and 
the value of “instability” is estimated with an error of a few percent, or even with an accuracy of up to an order of 
magnitude, for example, “three units of the 13th sign.” Consequently, a constant frequency shift has practically no effect 
on the frequency instability indicator, as well as on its inverse frequency stability indicator.

Let’s consider a generator that generates a frequency that changes relatively little over time. y(t).These small changes 
are the basis for calculating the stability characteristics of the generated frequency. Moreover, if the generated frequency 
differs from the value that we require, or that we attribute to this generator y0  by the amount of error ∆y, then the 
instability characteristic of this frequency ϑ(y)  does not depend in any way on this value. In other words, ϑ(z)= ϑ(y+∆y).

Let’s discuss how this will manifest itself if the generator we use based on such characteristics is used to measure a 
certain period of time. Let us assume that the instability of the generator, expressed by some numerical value, is equal to 
ϑ(y(τ))=10-10, where τis the averaging time, which in this case is equal to, say, one year. This means that if we will use 
such clock to measure the interval of time equal to 1 year, then the maximal accumulated error of the measuring will be 
about 3.15 milliseconds. But in this case, we should not talk about the error in measuring time, but about the deviation 
of the measurement result from the value that we would have received if instead of this generator we had used another 
generator whose generation frequency at time t = 0 would completely coincide with the frequency of this generator, 
and then throughout the year it would not change at all. But if, for example, the frequency of a given generator differs 
from the one that it should generate by some amount, this stability assessment ϑ(y)  will not increase in any way, even 
if this error is, for example, 0.001%. In this case, over 1 year, an error in time measurement will accumulate equal to 
8 hours 46 minutes. So, as we see, the discrepancy between the generated frequency and the value that is required is 
a cut-off flaw of the generator for using it as a standard for units of time or frequency, but an indicator that considers 
only the stability of the generated frequency does not take this discrepancy into account.

Let us now consider such a characteristic as irreproducibility, which is proposed to be denoted by the value ε(y). The 
point is that if we turn on the same generator at different times, then the value of the frequency that it generates at the 
moment it is turned on, at the moment from which we begin to measure the stability of its frequency, will have a random 
deviation. The measure of this deviation will be irreproducibility. The difference in the results of two experiments will 
give a single deviation of the starting values, and the statistical characteristics of these differences will give a statistical 
characteristic of irreproducibility. Another interpretation, more statistically correct, can be formulated based on the 
concept of an ensemble of generators. If there are several strictly identical generators that we turn on approximately 
simultaneously, then the difference in the starting values and the frequencies they generate characterize the single 
values of this random variable, and the statistics of this random variable will characterize irreproducibility. We can talk 
about the mathematical expectation of this quantity, the mean square of this quantity, and the square root of the mean 
square of this quantity.

For example, we can call the maximum deviation over the entire ensemble maximum irreproducibility:
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Figure 1. Frequency increment diagram (sparse packing with random interval between pairs) 278 

The top chart of Figure 1 shows the average frequency values over several adjacent 279 
intervals. Within these intervals, the frequency also changes in some way, but the average 280 
value is equal to the area formed by the figure, the lower boundary of which is a segment 281 
of the time axis of length τ, the upper boundary is the function y(t) strictly above this 282 
segment, and the left and right boundaries are vertical lines. Conventionally, these values 283 
can be represented by rectangles, the height of which is equal to the average frequency 284 
value in this segment. Then the differences between subsequent measurement results will 285 
be equal to the difference in the areas of these rectangles, as shown in the bottom diagram 286 
of Figure 1. 287 

This function is depicted, as a rule, on a double logarithmic scale, the right one often 288 
corresponds to an increase in the averaging time, and the left one to a decrease with a 289 
tendency to zero, with the zero value lying at minus infinity. 290 

The main problems arise at 𝜏𝜏 ≪ 0.01 𝑠𝑠 and at 𝜏𝜏 ≫ 1000 𝑠𝑠: in both cases, the value of 291 
the Allen function obtained experimentally on some part of these axis segments open on 292 
one side increases. This was the reason for the spread of the opinion that the behavior of 293 
this function almost always in these extreme regions can be approximated by oblique as- 294 
ymptotes, that is, the hypothesis that the values of the Allen function actually increase 295 

And now it makes sense to turn to the characteristic of “Accuracy” or “Stability” of frequency standards, which is 
approved by the IEEE community and has been used as the main one for many decades. We are talking about the Allen 
function [1-30].

Generally Accepted Characteristic of Stability of Frequency Standards
A generally accepted numerical characteristic of the relative instability of modern frequency standards is a function 
depending on the averaging time τ, which is called Two-Sample Allen Variance [1,2]. It is determined by the following 
relationship:
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Figure 1. Frequency increment diagram (sparse packing with random interval between pairs) 278 

The top chart of Figure 1 shows the average frequency values over several adjacent 279 
intervals. Within these intervals, the frequency also changes in some way, but the average 280 
value is equal to the area formed by the figure, the lower boundary of which is a segment 281 
of the time axis of length τ, the upper boundary is the function y(t) strictly above this 282 
segment, and the left and right boundaries are vertical lines. Conventionally, these values 283 
can be represented by rectangles, the height of which is equal to the average frequency 284 
value in this segment. Then the differences between subsequent measurement results will 285 
be equal to the difference in the areas of these rectangles, as shown in the bottom diagram 286 
of Figure 1. 287 

This function is depicted, as a rule, on a double logarithmic scale, the right one often 288 
corresponds to an increase in the averaging time, and the left one to a decrease with a 289 
tendency to zero, with the zero value lying at minus infinity. 290 

The main problems arise at 𝜏𝜏 ≪ 0.01 𝑠𝑠 and at 𝜏𝜏 ≫ 1000 𝑠𝑠: in both cases, the value of 291 
the Allen function obtained experimentally on some part of these axis segments open on 292 
one side increases. This was the reason for the spread of the opinion that the behavior of 293 
this function almost always in these extreme regions can be approximated by oblique as- 294 
ymptotes, that is, the hypothesis that the values of the Allen function actually increase 295 
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value in this segment. Then the differences between subsequent measurement results will 285 
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Figure 1 shows how the time intervals are located at which the average frequency values should be taken.

Evaluation of the frequency stability of frequency primary standards, that is, model generators, is carried out using a 
technique based on measuring the difference frequency of two completely identical generators.

Figure 1: Frequency Increment Diagram (Sparse Packing with Random Interval Between Pairs)

The top chart of Figure 1 shows the average frequency values over several adjacent intervals. Within these intervals, 
the frequency also changes in some way, but the average value is equal to the area formed by the figure, the lower 
boundary of which is a segment of the time axis of length τ, the upper boundary is the function y(t) strictly above 
this segment, and the left and right boundaries are vertical lines. Conventionally, these values can be represented by 
rectangles, the height of which is equal to the average frequency value in this segment. Then the differences between 
subsequent measurement results will be equal to the difference in the areas of these rectangles, as shown in the bottom 
diagram of Figure 1.

This function is depicted, as a rule, on a double logarithmic scale, the right one often corresponds to an increase in the 
averaging time, and the left one to a decrease with a tendency to zero, with the zero-value lying at minus infinity.

The main problems arise at τ ≪ 0.01 s and at τ ≫ 1000 s: in both cases, the value of the Allen function obtained 
experimentally on some part of these axis segments open on one side increases. This was the reason for the spread of 
the opinion that the behavior of this function almost always in these extreme regions can be approximated by oblique 
asymptotes, that is, the hypothesis that the values of the Allen function actually increase unlimitedly for most real 
generators on open intervals corresponding to τ → 0 and τ →  ∞.

Thus, Ryutman claims that a graph σy
2 (2,τ)  on a double logarithmic scale consists of straight-line segments, the slope 

of which he further determines [2]. He states that for frequency flicker noise the two-sample variance σy
2 (2,τ)  is 

independent of τ; The corresponding section of the current on the graph is often called flicker flattening.

He also carries out all further reasoning in relation to the two-sample variance (3), while in the literature it is almost 
always constructed on a double logarithmic scale not the variance (3), but the square root of this variance, which is 
usually called the Allen function: 
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Here and everywhere below, the decimal logarithm is used. The first term gives only 318 
a shift of the graph up or down, the second term describes a line with a slope −20dB/dec, 319 
where 20dB it means a 10-fold change in the value displayed on the graph. Such a func- 320 
tion increases indefinitely as 𝜏𝜏. When 𝜏𝜏 → 0 this value (5) tends to infinity. Accordingly, 321 
the logarithm of a quantity 𝜏𝜏tends to minus infinity, and the logarithm of the inverse 322 
quantity, that is, the logarithm of a quantity 𝜏𝜏taken with a negative sign, tends to infinity 323 
with a plus sign. 324 

 lim𝐹𝐹−1
𝜏𝜏→0

(𝜏𝜏) = ∞.      ( 6) 325 

Figure 2 shows the characteristic form of dependence of type (5) on a double logarith- 326 
mic scale. 327 

If in some area the function weakly depends on the argument, it is displayed by a 328 
line parallel to the x-axis: 329 

𝐹𝐹0(𝜏𝜏) = 𝑘𝑘0  ↔ log 𝐹𝐹0(𝜏𝜏) = log 𝑘𝑘0.    ( 7) 330 

If a function in some area changes almost linearly with increasing argument, then its 331 
graph is a straight line with a slope +20dB/dec: 332 

𝐹𝐹1(𝜏𝜏) = 𝑘𝑘1𝜏𝜏 ↔ log 𝐹𝐹1(𝜏𝜏) = log 𝑘𝑘1 + log 𝜏𝜏.    ( 8) 333 

When 𝜏𝜏 → ∞ the logarithm of this quantity tends to infinity, as does the logarithm 334 
of this quantity: 335 

 lim𝐹𝐹1
𝜏𝜏→∞

(𝜏𝜏) = ∞.       (9) 336 

Figure 3 shows the characteristic form of a dependence of type (8) on a double loga- 337 
rithmic scale. 338 

If quantity (3) includes factors that depend on 𝜏𝜏and on the reciprocal quantity 𝜏𝜏−1, 339 
then they are not simply multiplied with compensation for each other, but have different 340 
effects in different parts of this function. 341 
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As a rule, this value is given in relative units, referred to the average frequency of the generator.
There is a remarkable feature in the graphs presented on a double logarithmic scale. As a rule, all such graphs can be 
described with a fairly good approximation by several straight-line segments, especially if the connecting points of these 
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logarithm of a quantity τtends to minus infinity, and the logarithm of the inverse quantity, that is, the logarithm of a 
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Figure 2 shows the characteristic form of dependence of type (5) on a double logarithmic scale.
If in some area the function weakly depends on the argument, it is displayed by a line parallel to the x-axis:

If a function in some area changes almost linearly with increasing argument, then its graph is a straight line with a slope 
+20dB/dec:

When τ → ∞ the logarithm of this quantity tends to infinity, as does the logarithm of this quantity:

Figure 3 shows the characteristic form of a dependence of type (8) on a double logarithmic scale.

If quantity (3) includes factors that depend on τand on the reciprocal quantity τ-1, then they are not simply multiplied 
with compensation for each other, but have different effects in different parts of this function.

Therefore, just the hypothesis that the function FA (τ) depends on the argument τ according to a power law, where 
there are terms with different degrees, both positive and negative, allows us to quite accurately describe the qualitative 
appearance of this graph. For example, consider a function like this:
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with zero slope. 371 

If we talk about possible types of an arbitrary function on a logarithmic scale, then 372 
we can consider asymptotes with a different slope, in addition to the considered asymp- 373 
totes with a slope of -1, 0 and +1. In particular, if there are terms containing 𝜏𝜏2, then an 374 
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be represented in the following form:

Let us assume for definiteness that T2 < T1. Then we divide the entire x-axis into three intervals:

On the first interval 1 ≫ T1 τ, 1 ≫ T2 τ, therefore

This is the equation of the slanted line (5) with a negative slope.
On the second interval 1 ≪ T1 τ, 1 ≫ T2 τ, therefore

This is equation (7) of a line parallel to the x-axis with zero slope.
On the third interval 1 ≪ T1 τ, 1  ≪ T2 τ, therefore

https://www.primeopenaccess.com/international-journals/journal-of-theoretical-experimental-and-applied-physics.asp


7J Theor Exp Appl Phys, 2025

This is equation (8) of an inclined line with a positive slope. Thus, a function of the form (10) in the general case has 
the following form, as Figure 4 shows: on the left side it asymptotically approaches the inclined line of the form (14), 
on the right side it approaches the asymptotic line of the form (16), and the section of the form (15) in the middle part 
may exist or be completely absent. This section exists if the graphs according to equations (14) and (16) intersect lower 
than the graph according to equation (15). If they intersect higher, then the section according to equation (15) is absent, 
the branch with a negative slope smoothly turns into a branch with a positive slope, practically without a section with 
zero slope.

If we talk about possible types of an arbitrary function on a logarithmic scale, then we can consider asymptotes with a 
different slope, in addition to the considered asymptotes with a slope of -1, 0 and +1. In particular, if there are terms 
containing τ2, then an asymptote with a slope will appear on the rightmost side of the graph. +40dB/dec.If there is a 
term containing τ-2, then an asymptote with a slope will appear on the left side of the graph -40dB/dec. The term with 
a multiplier τ-1/2 will give the conjugate section between the asymptotes with a slope -20dB/decand with a zero slope, 
and the slope of this section will be equal to -10dB/dec.

The term with the multiplier τ1/2 will give the conjugating section between the asymptotes with zero slope and with slope 
+20dB/dec and, and the slope of this section will be equal to +10dB/dec. Both of these sections may not appear if the 
corresponding graphs are completely below the other fragments. So, the assumptions discussed above about the form 
of this function were made solely on the assumption that the function FA (τ) depends on the argument τaccording to a 
power law; no additional theoretical or experimental information was used for these conclusions.

we put (1+q1 τ) in the denominator of function (12) τ, then the left side of the graph will not increase indefinitely, but 
only to the value k_(-1). If we introduce another factor of this type into the denominator of relation (12) (1 + q2 τ), 
provided q2 <T2  then the right side of the branch will not increase indefinitely, but only up to a certain value that can be 
calculated from the given relations, after which the graph will again run parallel to the abscissa axis, and if add another 
such factor to the denominator under the same conditions, then the right side of this graph after a certain value τ will 
begin to decrease with the slope -20dB/dec, gradually tending to the value minus infinity on a logarithmic scale, that 
is, to the zero value.

Sensors 2024, 24, x FOR PEER REVIEW 9 of 39 
 

 

𝐹𝐹𝐴𝐴(𝜏𝜏)depends on the argument 𝜏𝜏according to a power law; no additional theoretical or 385 
experimental information was used for these conclusions. 386 

we put (1 + 𝑞𝑞1𝜏𝜏)in the denominator of function (12) 𝜏𝜏, then the left side of the graph 387 
will not increase indefinitely, but only to the value 𝑘𝑘−1. If we introduce another factor of 388 
this type into the denominator of relation (12) (1 + 𝑞𝑞2𝜏𝜏), provided 𝑞𝑞2 < 𝑇𝑇2 then the right 389 
side of the branch will not increase indefinitely, but only up to a certain value that can be 390 
calculated from the given relations, after which the graph will again run parallel to the 391 
abscissa axis, and if add another such factor to the denominator under the same condi- 392 
tions, then the right side of this graph after a certain value 𝜏𝜏will begin to decrease with 393 
the slope −20dB/dec, gradually tending to the value minus infinity on a logarithmic scale, 394 
that is, to the zero value. 395 

 396 

 397 
Figure 2. Graph of a function of type (5) on a double logarithmic scale 398 
 399 

 400 
 401 
Figure 3. Graph of a function of type (8) on a double logarithmic scale 402 
 403 

 404 
 405 
 406 
Figure 4. Graph of a function of type (10) on a double logarithmic scale: 1 – asymptote 407 

according to relation (14), 2 – asymptote according to relation (15), 3 – asymptote accord- 408 
ing to relation (16) 409 

Sensors 2024, 24, x FOR PEER REVIEW 9 of 39 
 

 

𝐹𝐹𝐴𝐴(𝜏𝜏)depends on the argument 𝜏𝜏according to a power law; no additional theoretical or 385 
experimental information was used for these conclusions. 386 

we put (1 + 𝑞𝑞1𝜏𝜏)in the denominator of function (12) 𝜏𝜏, then the left side of the graph 387 
will not increase indefinitely, but only to the value 𝑘𝑘−1. If we introduce another factor of 388 
this type into the denominator of relation (12) (1 + 𝑞𝑞2𝜏𝜏), provided 𝑞𝑞2 < 𝑇𝑇2 then the right 389 
side of the branch will not increase indefinitely, but only up to a certain value that can be 390 
calculated from the given relations, after which the graph will again run parallel to the 391 
abscissa axis, and if add another such factor to the denominator under the same condi- 392 
tions, then the right side of this graph after a certain value 𝜏𝜏will begin to decrease with 393 
the slope −20dB/dec, gradually tending to the value minus infinity on a logarithmic scale, 394 
that is, to the zero value. 395 

 396 

 397 
Figure 2. Graph of a function of type (5) on a double logarithmic scale 398 
 399 

 400 
 401 
Figure 3. Graph of a function of type (8) on a double logarithmic scale 402 
 403 

 404 
 405 
 406 
Figure 4. Graph of a function of type (10) on a double logarithmic scale: 1 – asymptote 407 

according to relation (14), 2 – asymptote according to relation (15), 3 – asymptote accord- 408 
ing to relation (16) 409 

Figure 2: Graph of a Function of Type (5) on a Double Logarithmic Scale

Figure 3: Graph of a Function of Type (8) on a Double Logarithmic Scale

https://www.primeopenaccess.com/international-journals/journal-of-theoretical-experimental-and-applied-physics.asp


8J Theor Exp Appl Phys, 2025

Sensors 2024, 24, x FOR PEER REVIEW 9 of 39 
 

 

𝐹𝐹𝐴𝐴(𝜏𝜏)depends on the argument 𝜏𝜏according to a power law; no additional theoretical or 385 
experimental information was used for these conclusions. 386 

we put (1 + 𝑞𝑞1𝜏𝜏)in the denominator of function (12) 𝜏𝜏, then the left side of the graph 387 
will not increase indefinitely, but only to the value 𝑘𝑘−1. If we introduce another factor of 388 
this type into the denominator of relation (12) (1 + 𝑞𝑞2𝜏𝜏), provided 𝑞𝑞2 < 𝑇𝑇2 then the right 389 
side of the branch will not increase indefinitely, but only up to a certain value that can be 390 
calculated from the given relations, after which the graph will again run parallel to the 391 
abscissa axis, and if add another such factor to the denominator under the same condi- 392 
tions, then the right side of this graph after a certain value 𝜏𝜏will begin to decrease with 393 
the slope −20dB/dec, gradually tending to the value minus infinity on a logarithmic scale, 394 
that is, to the zero value. 395 

 396 

 397 
Figure 2. Graph of a function of type (5) on a double logarithmic scale 398 
 399 

 400 
 401 
Figure 3. Graph of a function of type (8) on a double logarithmic scale 402 
 403 

 404 
 405 
 406 
Figure 4. Graph of a function of type (10) on a double logarithmic scale: 1 – asymptote 407 

according to relation (14), 2 – asymptote according to relation (15), 3 – asymptote accord- 408 
ing to relation (16) 409 
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Rütmann, a classic in this field, reports: “For a particular generator 𝜎𝜎𝑦𝑦

2(𝜏𝜏)represents 416 
the sum of two or three terms; thus, atomic standards in a cesium beam are often satisfac- 417 
torily modeled using the expression 418 

𝜎𝜎𝑦𝑦
2(2, 𝜏𝜏) = ℎ0

2𝜏𝜏 + 2𝑙𝑙𝑙𝑙2ℎ−1, 419 

Moreover, the values ℎ0and ℎ−1can be determined from measurement data 𝜎𝜎𝑦𝑦
2(𝜏𝜏)if 420 

𝜏𝜏measured within a sufficiently wide range” [2]. 421 
The indexing of the coefficients is surprising. Why the coefficient for the free term 422 

has the index “ −1”, and the coefficient for 𝜏𝜏the power “ −1” has the index “0”, this is 423 
not clear, it should be the other way around. In addition, the meaning of introducing a 424 
logarithm with a coefficient of “2” is not clear; it is enough to simply give the coefficient 425 
ℎ−1, because its numerical value is not defined in any way. There is also no need to enter 426 
a two in the denominator in the first term; it can be absorbed by the coefficient. In the 427 
terms used, it would be more logical to give the following model: 428 

𝜎𝜎𝑦𝑦
2(2, 𝜏𝜏) = ℎ−1

𝜏𝜏 + ℎ0.     (17) 429 

This model coincides in the case of changing letter designations with model (10), pro- 430 
vided that the last term in relation (10) takes a zero value due to the zero coefficient. 431 
𝑘𝑘1. The graph of such a function corresponds to a line that approximately coincides with 432 
the larger of the two asymptotes in Figure 4, with the asymptotes numbered 1 and 2. Prac- 433 
tice has repeatedly shown that the model given by relation (10) is more often obtained as 434 
a result of experimental studies of the stability of atomic and laser frequency standards, 435 
which can be confirmed by many bibliographic references. 436 

Actually, 𝜏𝜏 increases with growth 𝜎𝜎𝑦𝑦
2(𝜏𝜏) or does not increase is an extremely im- 437 

portant question, it is fundamental. 438 
The question of whether the Allan parameter function is parallel to the abscissa axis, 439 

or whether it has a positive or negative slope is the question of fundamental importance. 440 
If the slope is zero or negative, then the generator or laser under study has no frequency 441 
drift, so it can be considered as a potential prototype of a future frequency standard. If the 442 
slope is positive, then the generator (laser) under study cannot even pretend to be consid- 443 
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generator, and the author does not pay attention to this discrepancy. An example is the article [35]. This article presents 
a graph of the Allan function in which the right branch is reliably directed upward, as is the left branch. This graph is 
interpreted by the authors as evidence of the high stability of the created frequency standard prototype, and the most 
important characteristic of this prototype is the point of the minimum value of this function, which we dispute, arguing 
that it is much more important how this function changes at τ → ∞.

The left branch of the graph, caused by a component inversely proportional to τ, is obtained in absolutely all experimental 
studies. This is explained, first of all, by an increase in the error in frequency measurement using the counting method. 
It will be shown below that this error can be reduced due to a specially created measuring device, which proves the 
fact that the first term in relations (17) and (10) is not determined by the properties of the frequency generator (laser, 
quartz oscillator, laser frequency standard, or atomic frequency standard) namely, the frequency measurement method. 
If this term were inherent in the generator itself, and not in the measurement method, then replacing the measuring 
device would in no case reduce the coefficient of this term. Since the decrease in this coefficient has been experimentally 
proven, then the true dependence of the value σy

2 (τ)  in this first interval I1  is less than this term, and the graph of 
this function on a double logarithmic scale lies below the graph of function (14). There is every reason to believe that 
the true value of this quantity τ→0 not only does not tend to infinity, but even tends to zero, which is expressed by 
the simple statement: “The frequency of any source of oscillation cannot change abruptly instantly,” that is, in zero 
time the change in this frequency equals zero. An infinite increase in noise in the region of zero frequencies cannot be 
related to the noise of any physically realizable generator, since the spectrum of frequency noise is always limited in 
frequency, a function with a limited frequency spectrum cannot undergo jumps in zero time, a finite spectrum means the 
differentiability of this function. The term “frequency” is correct ¬only for a random narrow-band process, i.e., a process 
with a limited spectrum, a limited spectrum means zero jumps in strictly zero time [36].

Regarding the right side of the graph of the function shown in Figure 4, the following theses can be consistently put 
forward and proven, based on the assumption that the model of type (10) is incomplete.

In the first step, we will consider whether the actual value can σy
2 (τ)  in practice increase with growth τaccording to a 

power law, which on a double logarithmic scale is represented by a linear increase in the graph, and if this is possible, 
then under what conditions.

Next, we will consider the assumption that, perhaps, this function τ not only does not increase indefinitely with growth, 
but also decreases in some way. We will also consider the conditions for fulfilling this assumption.

Finally, we will consider how legitimate it is to assume or even assert that the indicated function τnot only simply 
decreases with growth, but also τ→∞ tends to zero in the limit at.

First, let’s make two disclaimers.

Firstly, the measurement error of function (4) at different value intervals τ differs significantly, by several orders of 
magnitude. This means that the confidence interval for an experimentally obtained graph is not some band around the 
experimentally obtained values, but can have a more complex form, in particular, expand, for example, proportionally 
or inversely proportional to the value τ.

Secondly, we agree that the results of measuring the specified function (4) not only may differ from its true value, but 
also almost certainly differ from the true value, which does not make the measurement of this dependence meaningless. 
If the error is insignificant compared to the actual value, it can be neglected. If the error significantly exceeds the 
measured value itself, then such a measurement should not be trusted. The problem here is that the measured quantity 
itself is, as a rule, extremely small, so the value of the quantity itself and the error in its measurement may differ by 
several orders of magnitude in some value intervals. τ. For example, to increase the measurement error inversely 
proportional τ to the left side of the graph, it is quite natural and understandable, while an increase in frequency noise 
itself according to this law contradicts the physical nature of frequency noise.

Thirdly, we note that the method of measuring quantity (4) under certain conditions can not only overestimate the 
result, but also underestimate it, that is, the obtained values of quantity (4) at some value intervals τmay be less than 
the actual values.

Ryutman Further writes: “Linear frequency drift leads to a dependence of the form τ + 1 for the square root of the two-
sample variance. This dependence is observed at large values of τ, when a linear frequency drift cannot be excluded 
before statistical processing” [2].

This is indeed true: linear growth of a function σy
2 (τ)  is possible only if the value itself y(t) linearly depends on t. Indeed, 

let, for example, this function have a linear form:
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𝑡𝑡𝑖𝑖
− 1

𝜏𝜏 ∫ 𝑦𝑦(𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑖𝑖+𝜏𝜏
𝑡𝑡𝑖𝑖

=  1
𝜏𝜏 ∫ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑏𝑏𝑏𝑏𝑡𝑡𝑖𝑖+𝜏𝜏

𝑡𝑡𝑖𝑖
.    (21) 524 

Substituting this value from (21) into (3), we get: 525 

𝜎𝜎𝑦𝑦
2(𝜏𝜏) = 1

2 〈(𝑏𝑏𝑏𝑏))2〉𝑖𝑖 =  1
2 𝑏𝑏2𝜏𝜏2.     (22) 526 

Respectively, 527 

𝐹𝐹𝐴𝐴(𝜏𝜏) = √𝜎𝜎𝑦𝑦2(𝜏𝜏) = 1
√2 𝑏𝑏𝑏𝑏.     (23) 528 

So, indeed, the dependence of the Allan function in any range proportionally 𝜏𝜏indi- 529 
cates linear regression. Precisely linear, and not just some arbitrary frequency drift. That 530 
is, the generated frequency has an unambiguous trend: the more time passes from the 531 
start of measurements, the further the frequency goes from the initial value, and this hap- 532 
pens continuously, linearly, that is, at some constant speed and only in one direction; the 533 
frequency does not return back, it never receives increments in the opposite direction, 534 
with the exception of short deviations in both directions with zero average, which is indi- 535 
cated by the third term 𝜁𝜁(𝑡𝑡) in relation (18). 536 

Now it makes sense to ask the question: for what reasons can a generator that gener- 537 
ates a frequency, the value of which continuously changes in one direction at a constant 538 
speed, be considered stable? 539 

Suppose that the frequency first changes at one rate and then at another. In this case, 540 
it is possible to determine the average speed over the entire interval and assert that this is 541 
precisely the component of linear drift. 542 

Let us now assume that the frequency changes first in one direction and then in the 543 
opposite direction, for example, first it increases, then it decreases. Then the average 544 
global drift is equal to the average speed over the entire interval, which, taking into ac- 545 
count the sign, will be less than each of these components. Consequently, in the first part 546 
of this interval, when the frequency, for example, only increased, the drift value will be 547 
greater than the average drift over the entire global interval. Also the average drift in the 548 
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Respectively, 527 

𝐹𝐹𝐴𝐴(𝜏𝜏) = √𝜎𝜎𝑦𝑦2(𝜏𝜏) = 1
√2 𝑏𝑏𝑏𝑏.     (23) 528 

So, indeed, the dependence of the Allan function in any range proportionally 𝜏𝜏indi- 529 
cates linear regression. Precisely linear, and not just some arbitrary frequency drift. That 530 
is, the generated frequency has an unambiguous trend: the more time passes from the 531 
start of measurements, the further the frequency goes from the initial value, and this hap- 532 
pens continuously, linearly, that is, at some constant speed and only in one direction; the 533 
frequency does not return back, it never receives increments in the opposite direction, 534 
with the exception of short deviations in both directions with zero average, which is indi- 535 
cated by the third term 𝜁𝜁(𝑡𝑡) in relation (18). 536 

Now it makes sense to ask the question: for what reasons can a generator that gener- 537 
ates a frequency, the value of which continuously changes in one direction at a constant 538 
speed, be considered stable? 539 

Suppose that the frequency first changes at one rate and then at another. In this case, 540 
it is possible to determine the average speed over the entire interval and assert that this is 541 
precisely the component of linear drift. 542 

Let us now assume that the frequency changes first in one direction and then in the 543 
opposite direction, for example, first it increases, then it decreases. Then the average 544 
global drift is equal to the average speed over the entire interval, which, taking into ac- 545 
count the sign, will be less than each of these components. Consequently, in the first part 546 
of this interval, when the frequency, for example, only increased, the drift value will be 547 
greater than the average drift over the entire global interval. Also the average drift in the 548 
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cates linear regression. Precisely linear, and not just some arbitrary frequency drift. That 530 
is, the generated frequency has an unambiguous trend: the more time passes from the 531 
start of measurements, the further the frequency goes from the initial value, and this hap- 532 
pens continuously, linearly, that is, at some constant speed and only in one direction; the 533 
frequency does not return back, it never receives increments in the opposite direction, 534 
with the exception of short deviations in both directions with zero average, which is indi- 535 
cated by the third term 𝜁𝜁(𝑡𝑡) in relation (18). 536 

Now it makes sense to ask the question: for what reasons can a generator that gener- 537 
ates a frequency, the value of which continuously changes in one direction at a constant 538 
speed, be considered stable? 539 

Suppose that the frequency first changes at one rate and then at another. In this case, 540 
it is possible to determine the average speed over the entire interval and assert that this is 541 
precisely the component of linear drift. 542 

Let us now assume that the frequency changes first in one direction and then in the 543 
opposite direction, for example, first it increases, then it decreases. Then the average 544 
global drift is equal to the average speed over the entire interval, which, taking into ac- 545 
count the sign, will be less than each of these components. Consequently, in the first part 546 
of this interval, when the frequency, for example, only increased, the drift value will be 547 
greater than the average drift over the entire global interval. Also the average drift in the 548 

Here 𝜁(𝑡) is random noise with zero mean:

When averaging over a large time τ based on (19), the third term in (18) can be ne-glected, so we can write that

That's why

Substituting this value from (21) into (3), we get:

Respectively, 

So, indeed, the dependence of the Allan function in any range proportionally τ indicates linear regression. Precisely 
linear, and not just some arbitrary frequency drift. That is, the generated frequency has an unambiguous trend: the 
more time passes from the start of measurements, the further the frequency goes from the initial value, and this 
happens continuously, linearly, that is, at some constant speed and only in one direction; the frequency does not return 
back, it never receives increments in the opposite direction, with the exception of short deviations in both directions with 
zero average, which is indicated by the third term ζ(t)  in relation (18).

Now it makes sense to ask the question: for what reasons can a generator that generates a frequency, the value of 
which continuously changes in one direction at a constant speed, be considered stable?

Suppose that the frequency first changes at one rate and then at another. In this case, it is possible to determine the 
average speed over the entire interval and assert that this is precisely the component of linear drift.

Let us now assume that the frequency changes first in one direction and then in the opposite direction, for example, 
first it increases, then it decreases. Then the average global drift is equal to the average speed over the entire interval, 
which, considering the sign, will be less than each of these components. Consequently, in the first part of this interval, 
when the frequency, for example, only increased, the drift value will be greater than the average drift over the entire 
global interval. Also the average drift in the second section of the interval, when the frequency decreased. Therefore, in 
this case, linear drift will not occur, since the drift speed over a larger time interval will be less than over a smaller time 
interval. Therefore, there will be no linear relationship FA (τ)  in this case.

Now let’s discuss whether in some physical installation, in a real physical generator, the frequency y(t)  can change in 
one and only one direction at a constant speed for an unlimited time?

Any generator can generate frequency y(t)  only within a limited frequency range. In addition, for almost any physically 
realizable generator, even without the use of stabilization methods, the frequency y(t), which varies in a certain range, 
can take on a certain value at each moment of time, and this is a random variable with a distribution, as a rule, according 
to the normal distribution law. This hypothesis is incompatible with the hypothesis of linear frequency drift y(t)  with 
some fixed average rate unlimited in time according to relation (18). Thus, there must necessarily be a turning point on 
the graph FA (τ), after which the growth of this function stops, and then, at a minimum, it does not increase.

If the graph of changes in frequency over time has several periods of oscillations, regardless of their shape, then 
averaging over intervals in which several periods fit gives, of course, a significantly smaller difference between the two 
results of subsequent averaged measurements than averaging over intervals equal to a quarter of the period of such 
hesitation. Consequently, for such a dependence of frequency on time, the value of the Allan function decreases FA (τ)  
with increasing τ.

So, if there is a rise in this function with increasing τ, therefore, there is a continuous linear drift of the generated 
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frequency. This drift must be eliminated.

In addition, if the authors of the study present an experimental graph of a function FA (τ)  on a double logarithmic scale 
and the graph shows the growth of this function with increasing τ, this indicates that the information provided is not 
enough: it should be indicated from what value τ the growth of this function, at a minimum, stops, and in a good way 
the frequency should be indicated, starting from which this function then decreases.

However, the continuous increase in the Allan function (4) with increasing is not necessarily explained only by linear 
regression of y(t). It can also be fully assumed that the error in determining this function by experimental methods 
increases due to some reasons, one of which is, for example, non-zero dead time in the experimental measurement of 
the average frequency over an interval, another is incorrect averaging of the frequency over an interval as a consequence 
of the presence of dead time, the third the reason may be insufficient statistics for the graph points in this range of 
values. τ. Figure 6 shows the graph of the function FA (τ)  as it should be on a double logarithmic scale for any real 
oscillator, since the frequency y(t)  varies only over a limited range of values, so it cannot increase or decrease linearly 
over an infinite time interval. Eventually, the frequency drift should weaken and even change sign.

If the frequency standard is characterized by a linear regression of frequency, then either the limits of permissible 
changes in this frequency or the time frame for the specified regression should be estimated and specified. Otherwise, 
the frequency, changing continuously at a constant speed in one direction, can reach any value, which, of course, 
does not happen in any real generator. But if physical boundaries for frequency values or time frames for regression 
are indicated, this indicates that in fact there is no linear regression, but only a fragment of it. Thus, indicating that a 
function grows FA (τ)  with growth τis an insufficient description of the properties of this frequency standard: either 
it is so bad that this function actually grows to indefinitely large values, or this frequency standard was not properly 
certified, and the measurements were obtained with such large errors in this part of the graph, that the actually stopped 
growth of this function was not detected experimentally due to the large error values in this range of values τ, which is 
of particular interest to any user. Indeed, the behavior of the function FA (τ)  with growth τ, although it does not provide 
specific information about the significance of the instability and irreproducibility of the value y(t), is related to these 
values more closely than the lowest point on this graph.

Based on the experience of studying frequency noise of laser and atomic frequency standards and developing equipment 
for measuring them, as well as based on the above reasoning and calculations, the following can be stated.

Conclusion 1
The rise of the experimentally obtained Allan function FA (τ)  with increasing τ is not always associated with linear 
regression, but can be generated by measurement errors, including insufficient statistics for large time intervals τ, or 
incorrect sampling, or periodic frequency modulation of the generators under study at some frequencies and the lack 
of experimentally obtained points of this graph at the highest values of τ. In combination, these two factors can give a 
significant measurement error, which can be taken as a true increase in this function FA (τ)  at τ → ∞.

Let us also discuss the behavior of the function FA (τ) as τ decreases.

Frequency noise is a random process with a limited spectrum. An unlimited increase in the dispersion of this noise with 
increasing frequency would indicate the possibility of an infinite increase in frequency over an infinitesimal time interval, 
which contradicts the principle of physical realizability. Even if such a generator existed, it would not be possible to 
accurately transmit its frequency noise to a measuring device, because the frequency of, for example, a laser frequency 
standard is measured using a conversion path that contains a photodetector and bandpass amplifiers, which also have 
a limited ¬bandwidth. The idea that a physically realized process can be characterized by an increase in noise in the 
region of infinite frequencies to infinity is clearly erroneous.

This conclusion can be justified by the following reasoning. If we imagine light as a stream of photons, then the shorter 
the time interval considered, the fewer photons are emitted by this light. Theoretically, there is such a small value of 
τ that on average only one photon is emitted. Each photon has a radiation frequency described by Planck’s relation 
and, presumably, the photon does not lose energy, since it is considered as an elementary particle. Thus, the radiation 
spectrum can be represented as a superposition of a limited number of quasi-harmonic signals per unit time, something 
like a sum of damped oscillations, each of which has a constant carrier frequency. The spectrum of such a signal is, of 
course, limited, as shown in Figure 7.
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Figure 7. Diagram of the results of changing the average frequency from above and the calculated 668 
values of frequency increments from below for the case when the dead time is zero 669 
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Conclusion 2
The increase in the resulting estimate of the Allan function FA (τ)  with a decrease in τ is associated with the hardware 
error of the digital frequency meter. The true Allen function in the region τ → 0 is described by a descending asymptote 
towards log τ→-∞, rather than an increasing asymptote. That is, the function,  FA (τ)  when moving along the graph 
to the left, does not increase, but, starting from a certain value, decreases down to zero, which corresponds to minus 
infinity on a double logarithmic scale. It should be understood that since the measurement error of the function estimate  
FA (τ) inevitably increases with decreasing τ, the experimentally presented graph will have the opposite trend, it will 
increase with decreasing τ, but this should not be attributed to the properties of the generator.

Methods for Experimental Measurement of the Allan Function
To measure the Allan function, it is necessary to obtain a sequence of average frequency values at closely adjacent time 
intervals of equal duration [2]. The duration of each such interval must be strictly equal τ. Traditionally, the average 
frequency over duration intervals τ is measured by the counting method. Thus, a series of average readings is obtained 
over intervals of frequency values. Let us denote the duration of the shortest possible interval by τ0. In this case, we 
can denote a series of readings

we omit the averaging sign in the form of a bar over the value, which was used in relation (3), so as not to unnecessarily 
complicate the form of further relations for yi.

From this sequence we can obtain a sequence of differences between two successive measurements, as shown in Figure 
7:
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Next, to obtain one point of the desired function, FA (τ0)  it is enough to find the root mean square value of sequence 
(25):
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a continuous measurement over a whole year will be required. If the measurements are limited to only one day, in 
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values can be calculated, made up of n primary measurements. Thus, the amplitude of fluctuations in the experimental 
graph demonstrates the error of this experimental result in a given range of arguments; the smaller the amplitude of 
the deviations, the smaller the error of this estimate. The operator managing the measurement experiment can decide 
in real time whether the accumulation of measurement results should continue, or whether sufficient statistics have 
already been accumulated to calculate the values of the Allan function in the required range of time intervals with an 
error not exceeding a specified maximum value.

This approach to processing the results also solves the problem that Rutman expressed with concern, namely, the problem 
of the influence of periodic noise on the result of estimating the Allan function. If the period of this interference turns 
out to be a multiple of some specific value of the measurement interval, then this interference can give an unreasonably 
larger increment to the Allan function, both in the positive direction and in the negative direction, depending on the 
phase relationships. When using the proposed method, such a deviation will occur only at some points, and neighboring 
points will not be characterized by this deviation, since the phase relationships there are different and the multiplicity 
will be violated. Thus, sharp awl-shaped increases or decreases in the Allan function at some individual points will be 
easily identified, and they will be recognized precisely as the result of the presence of a periodic component in the 
frequency change function, and not as a change in the Allan function near the corresponding value of the argument. 
Thus, calculating the values of the Allan function for all values neliminates the need to invent and implement a method 
for determining the error in the experimental assessment of this function; such an assessment is obtained automatically 
and is clearly displayed on the graph in the form of deviations from the trend.

In the literature, it is often erroneously stated that all successively changing intervals occur, with a slope inversely 
proportional to τ(i.e. -20dB/dec), inversely proportional to the root of τ (i.e. -10dB/dec), the section independent of τ 
(i.e. 0dB/dec), the section, proportional to the root of τ (i.e. 10dB/dec) and proportional to τ (i.e. 20dB/dec). In fact, the 
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two intermediate sections are simply the result of conjugating sections with slopes proportional τ to an integer power 
(minus one, zero and one), as shown in Figure 4. The statement about the existence of extended sections with slopes 
-10dB/decand 10dB/decis, apparently, the results of incompetent or dishonest research, such sections are taken to be 
ordinary conjugating sections; if the length of such sections does not exceed one decade, there is no reason to talk 
about the root dependence of the Allan function on τ.

In order to understand how the Allan function can and should change depending on noise and on the parameter τ, one 
should give an interpretation of this relationship, and one can also use analysis using both an analytical method and a 
numerical modeling method. In essence, relation (4) describes the standard deviation of two subsequent measurements 
of the average frequency at two subsequent time intervals of duration τ. This understanding is sufficient to make the 
prediction that if the function y(t)increases linearly, then function (4) depends τ linearly, as shown by relation (23). 
Accordingly, a proportional dependence √τ  can occur if there is a constant frequency drift with a speed proportional 
to √τ.

Simulation Research
Almost any noise-like function that does not change monotonically is characterized by a limited increase in its Allan 
function; this characteristic necessarily, after reaching a certain value, then begins to fall with growth τ. If the indicated 
graph continues to grow, this may be due to one of the following reasons: a) an increase in the measurement error 
in this area; b) insufficient range of consideration of the schedule; c) incorrect operation of the measuring device or 
incorrect processing of measurement results; d) an extremely low-quality generator that cannot in any way claim to be 
a frequency standard.

Simulations in the VisSim software verified some theoretical assumptions that only a function that changes monotonically 
in one direction, for example, linear drift, can be characterized by a graph of the Allan function, which increases with 
increasing τ [37]. It has been experimentally demonstrated that all other types of noise result in a decrease in exponent 
(4) with increasing τ.

Figure 7 shows a project in the VisSim program for automatically calculating the Allan function for a signal of any shape, 
including the signal from the output of a noise generator. In this project, to average a signal, it is used to integrate it 
over a given period of time and then divide the result by the duration of the segment. Integrators are denoted by blocks 
marked with the symbol of integration in the domain of Laplace transforms, that is, the symbol 1/s. The value is stored 
using a sample-storage device, indicated in the diagram by a block with symbols S&H. Signal switches are indicated by 
the symbols merge, and the project also contains summing devices, indicated by circles with the symbol Σ, squaring 
blocks, marked by the symbols pow, a division block, indicated by the symbol “/”, as well as scale factor blocks with the 
coefficient value indicated inside the pentagonal symbol, as well There are signal delay devices, that is, pure delay links, 
which are indicated by a symbol e^(-sTd )and bus marks, in the form of rectangles with a mark symbol in the form of 
a Latin letter with a number. All buses with the same marks are considered connected to each other. The signal under 
study is shown on the right side of the graph, and the result of calculating the Allan function is shown on the bottom 
left. It can be seen that while the number of measurements is not enough, this function undergoes changes, but then 
with an increase in the number of accumulated samples involved in averaging, the graph converges to its final value, 
the right side of this graph undergoes very insignificant deviations from the established value.
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The simulation was carried out using signals of various shapes, including deterministic and stochastic signals, as well as 
their sums. For random and periodic signals, the Allan τfunction decreases, as expected, as. In the case of Gaussian, 
binary and homogeneous noise, the value of the Allan function begins to decrease sharply after the value τbegins to 
exceed a quarter of the most characteristic oscillation period; if we are talking about a random signal, then in this case 
one should keep in mind the mathematical expectation of the oscillation period of this signal. The calculation error can 
reach 50% in the case when the measuring interval is no more than 100 τ. When the simulation time reaches the value, 
~200 τthe error in determining the Allan function does not exceed ~10%. As an example, Figure 8 shows what the 
Allan function is for a harmonic signal. The value turns out to be several orders of magnitude less than the amplitude 
of a periodically or chaotically changing function; this applies to a value changing according to a harmonic law, and a 
function in the form of rectangular or sawtooth pulses, and to noise: Gaussian, binary, homogeneous. With an oscillation 
amplitude of one conventional unit, the value of the Allan function even τ  =0.5s decreases over time to a value of the 
order of 3∙10-8. As it increases, τ the Allan function decreases steadily for both regular periodic functions and noise-like 
functions.
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Let’s look at the right side of the graphs. In, in particular, one of the methods for measuring the Allan function is given 
according to the scheme shown in Figure 11 [3]. This method cannot reliably measure the properties of frequency noise 
in the high-frequency region, that is, in the region τ → 0. For clarity, in Figure 12 we highlight two blocks. The first 
block is a low-pass filter block. It cuts off high frequencies from the spectrum of the signal being studied. Therefore, 
measuring the high-frequency noise components of the remaining signal makes no sense. The next block after this block 
is the block of time interval counters. It is used to measure the average frequency at short intervals. The characteristic 
error of such counters depends on the averaging time τin inverse proportion, with a coefficient of the order of 0.5. 
Without special measures, consisting of creating and using an additional channel to refine the measurement result by 
1000 times, any counting type meter is characterized by an error of 0.5 Hz per interval τ = 1s and, accordingly, an error 
of 5 Hz per interval τ = 0.1s, and so on.

In our series of publications  [36,38-42], we described a proposed and repeatedly tested method and hardware-software 
device for reducing this error component by three orders of magnitude, that is, it is equal to approximately ∆τ→0 ≈ 0.0005 
1/τ. Comparison of the measurement results with this meter with meters without a corresponding reduction in this error 
component convincingly shows that the left branch in the graph of the Allan function is explained precisely by the error 
of the digital frequency meter using the counting method at small and ultra-small intervals. Our meter is characterized 
by an error of 0.0005 Hz on the interval τ=1s and, accordingly, an error of 0.5 Hz on the interval τ= 0.001s.
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Figure 12: Dividing the Circuit of Figure 11 into Blocks: The Filter Block Limits the Spectrum, Eliminating 
High-Frequency Deviations, the Time Interval Counter Block Generates the High-Frequency Branch of the 
Allan Function in the Region τ→0 [3]

In there are also examples of fairly correct measurement of the Allan function in the ultra-low frequency region, such 
as the graphs shown in Figures 13 and 14 [3]. In Figure 13, this function, starting from a value of about τ=5∙105 s, 
stops increasing. This indicates a correct measurement and a fairly stable frequency of the generator under study, that 
is, the demonstrated lower limit of stability at the level FA≈1.3∙10-14 is quite justified. It can be expected and stated that 
with growth τthis value will most likely not be exceeded. The same cannot be said for Figure 14. The right side of the 
graph is inclined upward, even considering the increase in the error of these points, a tendency for the value of the 
Allan function to increase appears. Therefore, achieving record low order values for this graph FA (104 )≈3∙10-13 in no 
way characterizes such a frequency standard as stable or accurate, since this function τnot only reaches a larger value 
with growth, FA (5∙105 )≈ 10-12 but also continues to grow rapidly, which should not be the case in practice, and which 
causes large doubt the results of these studies if they are taken from a real experiment.
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Figure 14: An Example of the Allan Function on a Double Logarithmic Scale from [3]: Although the Error 
in the Measurement Result Increases with Increasing τ, the Increase in the Value of the Allan Function 
on the Right Side of the Graph is Proportional to the Value, τ even taking this Error into Account, it Looks 
Reliable, which is an Error

We will also consider how the Allan function should change in the presence of periodic deviation. The work provides 
a graph, which is shown in Figure 15 [3]. This graph shows deterministic fluctuations in the calculation result with 
a constant amplitude around a falling average and with an increasing frequency if evaluated on a logarithmic scale, 
which in fact reveals a constant frequency if The graph was on a linear scale. Natural noise cannot be described by 
such deterministic characteristics with clear periodicity. This result was obtained because signal generation and clock 
generation were used in processing from the same processor in the same computer. Therefore, the deviations turned 
out to be clearly syn-chronized with the measuring interval generator. Random deviations will not be so constantly 
synchronized, so there will be no such deterministic oscillations, they will be blurred, and a random process will result, 
as, for example, shown in Figure 16 from publication [4].
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Discussion
In the literature there is a reference to the presence of dead time that occurs during measurements using the counting 
method. It is proposed to take this dead time into account and introduce some amendments. This is a completely 
unacceptable approach, since the problem of completely eliminating dead time has already been finally solved [36, 
38–42]. It is solved due to the fact that the counters that count counting pulses and count pulses of reference frequency 
never stop, but their readings are read on the fly, for which appropriate synchronization is applied. In this case, long 
counters are not required if reading occurs often enough, overflow and high-order bits are determined by software. Such 
counters never stop, therefore, there is no dead time in principle. Only with such counters can the Allan function in the 
region be measured with sufficient accuracy and reliability τ → ∞, and only such counters can be used for the practical 
use of atomic and laser frequency standards as a time standard. If the counter has dead time, then the clock created on 
its basis will never be highly accurate; their relative error when measuring time intervals or when counting exact time 
will far exceed the relative error of the frequency standard itself used to synchronize measurements as a time standard. 
Therefore, it is high time to simply not raise the problem of dead time, keeping in mind that only frequency meters 
without dead time are used due to the specified technical solutions.

Based on the foregoing, it can be argued that some publications, such as article [43], propose erroneous methods for 
measuring the Allan parameter, and also present errone-ous results of such measurements. While there is confusion 
in this article between Allan variance 𝜎𝑦

2 (𝜏) (quadratic function) and Allan variance 
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in the original the square at the end of the ratio is missing, which makes it incorrect. 935 
But the main errors lie in the measurement technique. For example, article [43] sug- 936 

gests using a closed-loop phase-locked loop system for more efficient use of the counting 937 
measurement method, as shown in Figure 17. Any phase-locked loop system has a limited 938 
processing bandwidth, and only within this bandwidth does it transmit phase changes of 939 
the input signal to output, converting them into identical oscillator phase changes. Out- 940 
side this band, such a system does not transmit any phase changes, and if there are phase 941 
deviations at the output outside this band, then they are generated by the instability of 942 
the applied oscillator without feedback, since outside this band the feedback has a gain 943 
coefficient less than unity and the effect of the feedback in this frequency range is negligi- 944 
ble. For this reason, the graph of the typical dependence of the Allan function given in 945 
article [43] is erroneous. On the graph, the ordinate axis indicates the Allan variation, that 946 
is, the Allan function or standard deviation, in which there cannot be a square. At the 947 
same time, the notation again uses an erroneous mathematical relationship containing an 948 
exponent of the second power, which cannot be there, as shown in Figure 18. On a double 949 
logarithmic scale, it makes no sense to show any quadratic value, since the square is taken 950 
out from under the logarithm and gives a simple doubling scale: log 𝑍𝑍2 = 2 log 𝑍𝑍. For this 951 
reason, quadratic functions are almost never constructed or studied in logarithmic axes; 952 
it makes no sense. The caption states that the graph shows the Allan deviation, not the 953 
variance. At the same time, a double slope is shown on the left and right edges, which 954 
indicates that a quadratic function was constructed, but the names on the axes cast doubt 955 
on this. In addition, the article uses strange terms, such as, for example, “absolute phase 956 
of the resonator,” without any explanation. 957 
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in the original the square at the end of the ratio is missing, which makes it incorrect.

But the main errors lie in the measurement technique. For example, article suggests using a closed-loop phase-locked 
loop system for more efficient use of the counting measurement method, as shown in Figure 17 [43]. Any phase-locked 
loop system has a limited processing bandwidth, and only within this bandwidth does it transmit phase changes of 
the input signal to output, converting them into identical oscillator phase changes. Outside this band, such a system 
does not transmit any phase changes, and if there are phase deviations at the output outside this band, then they 
are generated by the instability of the applied oscillator without feedback, since outside this band the feedback has a 
gain coefficient less than unity and the effect of the feedback in this frequency range is negligible. For this reason, the 
graph of the typical dependence of the Allan function given in article is erroneous [43]. On the graph, the ordinate axis 
indicates the Allan variation, that is, the Allan function or standard deviation, in which there cannot be a square. At 
the same time, the notation again uses an erroneous mathematical relationship containing an exponent of the second 
power, which cannot be there, as shown in Figure 18. On a double logarithmic scale, it makes no sense to show any 
quadratic value, since the square is taken out from under the logarithm and gives a simple doubling scale: logZ2=2 logZ. 
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For this reason, quadratic functions are almost never constructed or studied in logarithmic axes; it makes no sense. The 
caption states that the graph shows the Allan deviation, not the variance. At the same time, a double slope is shown 
on the left and right edges, which indicates that a quadratic function was constructed, but the names on the axes cast 
doubt on this. In addition, the article uses strange terms, such as, for example, “absolute phase of the resonator,” 
without any explanation.
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As can be easily seen, in Figure 18, taken from the publication, two asymptotes are unreasonably drawn, conjugating 
sections with a double and a zero slope [34]. Indeed, if there are two conjugate sections on a double logarithmic scale, 
then the difference between the actual curve and the value at the intersection point of the asymptotes is 3 dB for a 
function to the first degree, or, accordingly, 6 dB for a quadratic function. When the leftmost asymptote is conjugated 
with the average asymptote, the deviation from the intersection point of the asymptotes does not exceed a decade, 
and when the rightmost asymptote is conjugated with the average asymptote, the deviation is even smaller, it does not 
exceed one third of a decade, so in this case the very existence of an asymptote with a positive double slope follows 
cast great doubt, especially since this deviation is barely noticeable on the graph of experimental points. Of course, the 
growth of this function in this case is caused by an increase in the experimental error or a lack of statistical data. Thus, 
this article gives another example from many similar examples when experimenters do not understand the essence of 
the random processes they are studying and follow the traditions that introduced these five types of slopes of the Allan 
function graph and assigned specific noise names to each of the slopes: quantization noise, Gaussian noise, flicker noise, 
random drift and continuous drift. Researchers are ready to see signs of these noises even where there are none. If the 
given plot shown in Figure 18 is taken from experimental measurements, then only part of the interval 1 s<τ<10 sis 
credible. The graph for τ<1 sis a graph of the error of the measuring device due to quantization inherent in the counting 
method of measurements. This error can be reduced by 1000 times through the use of technical solutions described in 
patents [41,42]. As for the interval τ>10 s, the growth of the Allan function in this interval can be reduced due to more 
careful measurements and the accumulation of more representative statistical data.
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Nevertheless, there are measurement results in which, reliably for the dispersion, a negative slope of the second order 
turns into a negative slope of the first order, or, more correctly, a negative slope of the first order of the Allan function 
turns into a slope of the order of 0.5. This has its own natural explanation. At short time intervals, usually constituting 
τ<100 sthe average frequency value, it is measured by a counting method without stopping the counter. Therefore, 
there is an inversely proportional dependence of the measurement error by the counting method on the averaging time, 
i.e. ∆FA  (τ)≈0.5/τ. When averaging over time τ>100 sor for some types of frequency meters when averaging over 
time, τ>1000 sthe frequency meter does not provide the ability to continuously count pulses of the measured frequency 
over such a long interval, which is limited by the length of the counters. For this reason, the average frequency value 
is not measured directly experimentally for each report separately and correctly, but is calculated by averaging several 
successively obtained results. But since the counter stops, it is not the decrease in measurement error that is inversely 
proportional to the averaging time, but only statistical averaging. In this case, the dispersion of the measurement results 
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is inversely proportional to the number of samples used in averaging, that is, the quadratic Allan dispersion function is 
inversely proportional to τ, and since the Allan function (standard deviation) is the root of the dispersion, then for the 
Allan function this graph will have a slope inversely proportional to the root from τ. So this asymptote begins where the 
measurement results are obtained not using continuous counting, but using the sum of the measurement results. If 
we use a frequency meter without dead time, as proposed in the patent, then this function will continue to fall with the 
same slope, a multiple of the root of τ, until this measurement error graph intersects the graph of the true instability of 
the generator under study, after then the decrease in this Allan function will stop, and the graph will reach an asymptote 
with a zero slope [42].  

Conclusion
Thus, it is shown that the Allan parameter is far from being a sufficient metrological characteristic of the accuracy 
of frequency standards, but it can characterize stability [1,2]. If a high-precision clock or a high-precision frequency 
standard is required, a highly stable clock or a highly stable frequency standard does not solve this problem, the 
difference between traditional stability indicators and actual accuracy indicators can be several orders of magnitude, as 
we have shown, 5 orders of magnitude or more. In addition, it is shown that the experimentally obtained dependences 
of the Allan function on the averaging time in the form of graphs on a double logarithmic scale often contain unreliable 
branches on the left and right sides of the graphs, namely: an unreasonable infinite growth of the left side, which is 
expressed by an asymptote with a negative slope τ-1, refers not to the properties of the frequency noise of the generator, 
but to the error of the frequency meter based on the counting method, and the unreasonable infinite growth of the 
right side, which is expressed by an asymptote with a positive slope τ, refers to the certification error generated by the 
dead time of the frequency meter, insufficient statistical data, and insufficient interval for studying properties generator 
(not sufficient anymore τto indicate the behavior of the asymptote) or other factors of incorrect measurements. Reliable 
characteristics that have practical value for comparing generators precisely according to the characteristics of their 
accuracy, and not according to the characteristics of the insufficiently important stability characteristic, should have both 
asymptotes at least parallel to the abscissa axis, and if it were possible to reduce the error of the counting method and 
ensure a sufficiently high value τwith sufficient statistical reliability, both of these asymptotes, when moving away from 
the mid-frequency section, should be inclined towards a decrease, that is, at τ→0 the asymptote should have a positive 
slope, and at τ→∞ the asymptote should have a negative slope.
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APPENDIX A: Some Clarifications for Readers
The variance and Allan function are also used to certify generators that do not claim to be a prototype of a frequency 
standard.

We are talking about quartz generators of the following types: OCXO, TCXO, CSAC. The author of the article is not 
engaged in the problem of certification, research or modification of quartz generators. The author of the article was 
engaged in the development of software and hardware for the certification of laser prototypes of frequency standards, 
as well as atomic prototypes of frequency standards. The mentioned generators of the OCXO, TCXO, CSAC types can 
be certified using more accurate generators called primary frequency standards. Such generators can be certified very 
simply using primary or secondary frequency standards, namely: to compare the frequency actually generated by them 
with the frequency that should be generated, using the frequency generated by a higher-order standard as a reference 
generator to measure this difference. For example, if the relative frequency drift of this generator, for example, over 
30 days, is described by the value of 10 -14 Hz , then certification is carried out by comparing the relative drift of two 
identical generators of this type, which in this case is unjustified, since there are generators with a significantly lower 
value of this parameter. For example, a similar parameter of the primary standard is 10 -16 Hz .

To measure the relative frequency deviation from its starting value, it is sufficient to have only two identical generators 
that are being examined. But this is an excessive simplification of the certification method, when it is not the primary 
standard that is being certified, but the secondary one. It would be more reliable to compare the frequency of the 
generator being certified with any standard that is characterized by better frequency formation accuracy. And in this 
case, the question arises about what should be called the “accuracy” of the frequency standard. This question cannot 
be answered in the same way for the primary standard and for all other standards.

The answer to this question for all other standards is very simple: accuracy is the reciprocal of the relative error, and the 
relative error is the difference between the frequency value actually generated by this generator and the more accurate 
value that this generator should actually generate if it had an error no worse than the primary frequency standard. 
Metrological certification in this case could be carried out, for example, by mixing the frequencies of the generator being 
certified and the standard and measuring the difference frequency. In this case, to measure the difference frequency, 
the frequency obtained from the primary standard should be measured using the reference frequency.

Let’s assume that the primary standard generates a frequency of 9.192 GHz. The generator being certified generates a 
frequency of 100 MHz. It is enough to divide the frequency of the primary standard by 90 times, we will get 102.1 MHz, 
then multiply this frequency by the frequency of the generator being certified, we should get a difference frequency 
equal to 2.1 MHz. 

Using the counting method, it is possible to measure this difference frequency with a relative error of about 10-16 , 
which is excessive for this task. Indeed, an error equal to 10-13 for a frequency of 100 MHz corresponds to a value of 
1×10-5 Hz, which is a fraction of 0.5×10-11 for a frequency of 2.1 MHz , that is five orders of magnitude greater than 
can be measured. Thus, the certification of any secondary standard and of a standard of an even lower level is merely 
an elementary engineering task; if it is not carried out, it is only because it is either not required, or is expensive, or, 
although desirable, is considered too complex and/or expensive.

The author of the article is not interested in the problem of certification of any secondary generators, this problem, 
strictly speaking, is not scientific, it is technical, engineering. For this reason, these issues are not considered in this 
article at all.

The author deals with the issues of certification of such generators that cannot be certified using more precise standards, 
since they claim to be prototypes of frequency standards. This means that their indicators are at least higher in some 
parameters than similar indicators of generally accepted frequency standards (or the frequency standard for a given 
country, at least).

Physicists are currently conducting research aimed at creating laser or atomic generators whose stability in terms 
of Allan parameters is estimated at 10-18 or less; there are reports of values of 10-19 being achieved , and for the 
implementation of projects to measure gravitational waves, for example, from the Crab Nebula, the need for a frequency 
standard with an error of 10-24 has been indicated.

The correct terminology is not always used in this area, since measurements may actually require only frequency stability, 
since we are talking about the sensitivity of metrological studies, and not about the accuracy of these measurements. 
If we were talking about accuracy, then the parameters characterizing not stability, but accuracy, should be applied to 
the reference generator.

Stability is relatively easy to measure even for a primary standard. Two identical primary standards should be used for 
this purpose. For example, if such a standard based on a He - Ne laser stabilized by the corresponding absorption lines 
of Methane generates a frequency equal to approximately 89 THz, i.e. 89×10 12 Hz, and the difference frequency, for 
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example, is 10 Hz, then it is sufficient to measure the drift of this difference frequency over different time intervals. 
If the drift were 0.0001 Hz, for example, over 1000 s, then this value is 1.12×10 -18 . This value is better than the 
corresponding characteristic of the state frequency standard. Consequently, it is impossible to use the state frequency 
standard to detect this value, therefore such generators are certified relative to exactly the same generators, as if by 
themselves, autonomously, without using other metrological means of higher accuracy. As we can see, the characteristic 
of high stability can be extremely high, despite the fact that the actual difference in frequencies of two identical 
generators will be 10 Hz, which is 1.12×10 -13 .

For this reason, stability characteristics should be clearly distinguished from accuracy characteristics, just as accuracy 
characteristics are distinguished from sensitivity characteristics of measuring instruments.

For example, a laser is used to measure the difference in distances between mirrors in two different directions. The 
measurement error is 0.05% of the wavelength. In this case, the sensitivity of the method will be approximately this 
value. But if it is required to measure this distance accurately, then the stability of the wavelength in the air should be 
considered, and the absolute error will depend on a combination of factors consisting of a change in the laser generation 
frequency and a change in the refractive index of air due to changes in temperature, pressure, etc. Accordingly, if the 
wavelength is 0.6 μm, then the sensitivity of the method is 0.3 nm . If the relative instability of the laser radiation 
frequency is 1×10 -12 , then at a distance of 2 km, which will give an optical path of 4 km, the error can be 4 nm . In 
this case, the absolute error differs from the sensitivity by more than ten times, but the differences can be much greater.

In some cases, when only sufficient sensitivity of measurements is required, but there are no requirements for absolute 
accuracy, the experiment requires only the stability of the reference generator, but does not require its absolute accuracy. 
However, in cases where high accuracy is required, such measurements are called absolute measurements, then it is 
precisely the provision of high accuracy that is required, and not the provision of high stability of frequency generation. 
In this case, “stability” is an insufficient characteristic of the reference generator. It is necessary to know how much the 
value of the generated frequency differs from the value prescribed for it, this is described only by such a characteristic 
as the relative error (or its inverse value - accuracy), or the absolute error, equal to the product of the relative error and 
the measured value.

Let’s pay attention to the website, which, for example, provides the parameters of the state frequency standard: https://
www.vniiftri.ru/standards/izmereniya-vremeni-i-chastoty/get-1-2022-gosudarstvennyy-pervichnyy-etalon-edinits-
vremeni-chastoty-i-natsionalnoy-shkaly-vremeni/ 
We offer translation of this page
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Among the parameters characterizing the frequency stability, we find values of the order of one to the seventeenth 
digit. However, the value of the generated frequency itself is specified by a number in which only ten significant digits 
are indicated.

If the specified frequency standard produced the required frequency within the error limits corresponding to one 
sixteenth digit, then the value of this frequency should be standardized by a number that contains all sixteen significant 
digits of this value, i.e. the frequency value should be indicated with an accuracy of up to micro-Hertz units.
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Now let’s get back to the topic of the article. If some point of the Allan function on the graph corresponds to a value of, 
say, 1.5×10-13 , say, for a time from 500 to 1000 seconds, but the right side of the Allan function graph has a positive 
slope, then we not only see that this graph, for example, reaches a value of 5.0×10-13 , according to the points shown 
on the graph, but we must also assume that with increasing time this value increases even more, for example, to values 
of 1.0×10-12 and, perhaps, 1.0×10-11 and so on. The conclusion is that if the Allan function graph demonstrates growth 
with increasing averaging time, then this graph does not prove absolutely nothing, no “long-term stability” attributed to 
this generator is a reliable characteristic of this generator, and it cannot be considered as a prototype of a future new 
frequency standard. Even if this characteristic goes in its right part parallel to the abscissa axis, this causes legitimate 
surprise. But the growth of this value with the growth of the averaging time causes categorical objections, that is, the 
allegedly presented “prototype of the frequency standard” should be rejected, or it should be noted that the studies of 
its positive properties were not carried out correctly enough or not fully enough.

This article does not claim to cover all the issues related to the study of frequency standards noise. The task is not set 
that way. Those researchers who set the task of finding the causes of noise in order to combat it or theorists who simply 
set the task of creating adequate models of these noises, of course, can and should discuss Barnes-Jarvis Power Law 
Noise and other noise components. The author did not aim to discuss noise theory; he headed a department whose 
task was to ensure correct measurement of frequency stability parameters. As a result of long and diverse studies, 
the author is of the opinion that stability itself, measured and demonstrated in the form of Allan function graphs, is an 
insufficient characteristic of the accuracy of the frequency standards being created. The author believes that if absolute 
accuracy is not compared or measured in any way, and even admits the impossibility of measuring absolute accuracy, 
with which such a characteristic as frequency “non-reproducibility” would be unambiguously associated, then at least 
special attention should be paid to the behavior of the Allan function in the right part of the graph, corresponding to an 
increase in the frequency averaging time. Proposals for an appropriate assessment are fairly simple and clear. If in the 
example considered above, when two identical generators, for example, stabilized lasers, demonstrate high frequency 
“stability”, but the specified difference frequency is much higher, then the value of the difference frequency itself should 
be considered. For example, it is possible to conduct an experiment on multiple switching on and off of two compared 
identical frequency standards, and if the difference in the frequencies generated by them is a random variable, it would 
also be legal to provide a mathematical expectation and variance for it. The author does not insist on a quantitative 
or qualitative increase in experimental studies of future frequency standards being created, but he draws the readers’ 
attention to the fact that the presence of a minimum point on the Allan function graph and the value of the Allan function 
at this minimum point are not as important as the behavior of the right side of this graph for assessing such a concept 
as “frequency stability”, and considering this graph from the position of its limit behavior as the averaging time tends to 
infinity makes sense at least in theory, while it is not proposed to build models of this noise, introducing such terms as 
“frequency aging” and so on, but it is sufficient to simply state the fact that the specified graph reaches an asymptote 
parallel to the ordinate axis, or an asymptote with a negative or positive slope. This, in the opinion of the author of 
the article, is a very important characteristic, although not sufficient, but a necessary characteristic of any generator 
claiming to be adopted as a prototype of a future frequency standard. In addition, the author aimed to identify obvious 
errors in some publications that are positioned by their authors as explanatory and even educational materials, such as 
the publication in the first version of the article [43]. The author of this article does not understand that in the case of 
using automatic frequency control systems, measuring the Allan function for short time intervals is meaningless, since 
it is illegitimate and incorrect.

Future primary frequency standards should provide the greatest possible long-term stability and actual accuracy. 
The unreliability of the Allan variance is obvious, since it excludes from consideration the constant differences in the 
frequency values generated by different generators. If we created some other way of generating an exact frequency 
and claim that this way is better, which is the task of fundamental metrology in the direction of creating frequency, 
time and length standards, then formally it would be necessary to create a sufficient number of identical “standards”, 
which is called an “ensemble of generators”. All these standards should be included, and they should generate the 
frequency value required for the tasks of metrology. It would be easy enough to measure the differences in the actual 
generated frequency values, but the problem rests on the fact that a statistically reliable number of standards that 
could be called an “ensemble”, which is apparently clearly greater than ten, is practically never achievable in practice. 
In practice, only two prototypes are always available and their frequencies are compared. In this case, according to the 
ergodicity hypothesis, averaging over the ensemble is replaced by averaging over time, which is clearly not sufficiently 
substantiated. Identical standards can be in the same conditions with respect to the following factors: power sources, 
temperature, pressure, magnetic field, gravitational field, and so on. So there can be many factors that make these 
“frequency standards” change the frequencies they generate synchronously. Therefore, the difference in the frequencies 
they generate is an insufficient measure of the stability of each of them individually. But since the experimenters 
cannot offer anything better, they have to accept what they have. Thus, the difference in the frequencies of only two 
“Frequency standards” is measured and the hypothesis is used that the resulting frequency discrepancy is generated 
by approximately comparable deviations of each of them from the ideal value. That is, it is assumed that the deviations 
of the two lasers are independent, and therefore the total contribution of each is calculated not as the sum of the 
contributions of each of them, but as a statistical sum, that is, the variances are summed up, the difference frequency 
is considered equal to the square root of the sum of the squares of the deviation of the frequency of each “Standard” 
from the ideal value. On this basis, for example, if the difference frequency is 10 Hz, then this value is considered to be 
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the result of a deviation of each standard by an amount equal to 7.07 Hz, i.e. the root of two less than 10 Hz.

We measure changes in optical frequency, which, if we take a rounded value for simplicity of reasoning, is about 100 
THz, for which two beams of light from two identical lasers stabilized by a special very complex circuit are directed to a 
common photodetector, the difference frequency is transferred by special means to the carrier frequency, for example, 
equal to 1 MHz. We need to measure the deviations and stability of this frequency in Hertz, the result is the result of 
measuring the absolute difference in the frequencies of the two specified lasers, therefore the obtained difference can 
be attributed to the carrier frequency equal to 100 THz = 100,000,000,000,000 Hz, that is, ten to the 14th power Hertz. 
If the obtained deviations at the carrier frequency are 0.01 Hz, then when converted to the original frequency, this gives 
one sixteenth digit. The measurement method is a counting method with a refinement of 1000 times, which is described 
in the article. Due to this, an error equal to 0.001 Hz occurs when averaging over a time equal to 1 s, but in this case 
we are talking only about the component generated by the discreteness of the count. Accordingly, this error decreases 
with an increase in the averaging time inversely proportional to this time, i.e. for 10 seconds it is 0.0001 Hz and so on. It 
is important that the error of the measuring device is less than the value measured in the experiment. If a conventional 
counting method were used, then for a time of 1 s the error would be 1 Hz, and the required error value of 0.001 Hz 
would be achieved only when averaging over 1000 seconds. In this case, the error of the measuring device would be 
comparable and even greater than the error of the frequency standard prototype developed by our colleagues.

Figure B1 shows the Allan function graph from the publication [43]. As we can see, the authors attribute the increase in 
the right branch of the graph to the presence of drift (red line), but they also claim that even after eliminating the drift, 
the increase in the right part of the graph remains, although not as strong (blue line). In a discussion with one of the 
authors, the hypothesis that the increase may be due to some measurement error or insufficient statistics was rejected.
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Figure 1A: Allan Function from Publication [43]

APPENDIX B: Digital Frequency Counter without Dead Time
We have developed firmware (i.e. hardware and software tool) consisting of a hardware part, a software part and 
a computer connected to the hardware part, into which the software part is loaded, which we called the “Freq Lab 
Program”, which is an abbreviation of the full name “Frequency Laboratory”.

The frequency meter has the following characteristics, confirmed by certification [2]:
•	  Three channels for measuring frequency or time interval (period).
•	  Software selection of operating mode.
•	  Range of measured input signal frequencies:
•	  In frequency mode – 5 kHz – 50 MHz,
•	  In period meter mode – 1Hz – 16 kHz.
•	  Input signal – TTL level (or harmonic oscillations with an amplitude of at least 0.5 V and noise of no more than 50 

mV ).
•	  The rate of reflection acquisition is 1000 measurements / (channel × sec).
•	  The error in determining the pulse front time (time resolution) is ~ 1 ns.
•	  “Dead time” is zero.
•	  Communication with a computer via COM port ( RS -232).
•	  Power supply from +9V source – network adapter from 220V × 50Hz network.
•	  Software – the author’s program “ Freq Lab “, supplied on a CD.
•	  Input resistance of measuring inputs 50 Ohm.
•	  It is possible to use an external frequency standard generator of 5 MHz or 10 MHz (selection is provided by software)
•	  The software guarantees all functions using notebook PC.
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Error Δf the measurement of frequency fX on the interval τ (sec) is determined by the relation: ∆f = δf ∙fX, where δf 
– relative error of measuring, determined by the ratio: δf=√(σRO

2+σc
2 )/fL. 

Here 
fL – leading frequency,
σRO – absolute error of the reference oscillator,
σС – absolute counting error, given by the ratio: σc

2= τ-1)∙10-9. 

In the period measurement mode, the error ΔT of the measurement period TX on the interval τ (sec) is determined by 
the relation: ∆T=δf∙TX. In the case of using the measurement mode from the internal generator, the value of σ OG in 
the calculation should be taken as equal to 10-7.

The program’s user interface allows you to accept a file in real time, obtained during measurements, and also to view a 
previously received file in a mode simulating the receipt of data in real time.
The interface has a line menu, a graphical information display area, scale control, and scrolling along the time axis.

The device has three operating modes:
•	  Frequency measurement mode for one, two or three channels
•	  Single channel period measurement mode
•	  Phase difference measurement mode for two channels.

In addition, the following operating modes can be set for calculating functions and displaying the corresponding graphs: 
•	  Oscilloscope
•	  Chart recorder 
•	  Spectrum
•	  Allen function (on short, medium or long time intervals).

The elimination of dead time in the frequency meter developed by us is ensured by synchronizing the reading of the 
counters into the registers. For this purpose, a structure is used, a simplified view of which is shown in Figure B1. Such 
a scheme allows reading the counter readings without stopping their counting. The operation of the synchronization 
trigger is illustrated by the signal diagrams shown in Figure B2. Figure B3 shows the counting pulses that will be formed 
in this case and used for counting. Figure B4 shows the signals in the refinement circuit, which provides a 1000-fold 
reduction in the measurement error in accordance with the technical solutions described in the patents [41,42]. Figure 
B5 shows the complete structure of the frequency meter without dead time and with a refinement of the measuring 
interval, which provides a 1000-fold increase in accuracy. Here, the refinement of exactly 1000 times was chosen 
for convenience; it was possible to implement a frequency meter with a refinement somewhat greater or somewhat 
lesser, which depends on the pulse stretch coefficient, but, of course, this has its limitations. Any further refinement is 
unreliable, since other factors will begin to influence the error, and it is not required, so this particular pulse stretch ratio 
was chosen.
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Figure B1: Structure of a Digital Frequency Counter without Dead Time

Figure B2: Trigger Signal Diagrams
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Figure B3: Frequency Meter Timing Diagrams

Figure B4: Clarification of the Positions of the Fronts of the Measured Frequency Signal Relative to the 
Boundaries of the Measurement Intervals by Generating Correction Pulses Fd

Figure B5: Digital Frequency Meter with Clarification Channel
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The pulse stretch circuit used for refinement is shown in Figure B6. Figure B7 shows the signals that explain the 
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Figure B7: Signals in the Stretch Circuit: Uc – Voltage on the Capacitor

Figure B8: The Appearance of the Frequency Meter Developed and Implemented in the Experiment

Figure B9: The Example of the Window of Software “Freq Lab” in the Mode of the Os-cilloscope

Figure B10: The Example of the Window of Software “Freq Lab” in the Mode of the Oscilloscope with the 
Virtual Ruler

Sensors 2024, 24, x FOR PEER REVIEW 37 of 39 
 

 

 1469 

Figure B8. The appearance of the frequency meter developed and implemented in the experiment 1470 

 1471 

Figure B9. The example of the window of software “FreqLab” in the mode of the oscilloscope 1472 

 1473 

Figure B10. The example of the window of software “FreqLab” in the mode of the oscilloscope with 1474 
the virtual ruler 1475 

Sensors 2024, 24, x FOR PEER REVIEW 37 of 39 
 

 

 1469 

Figure B8. The appearance of the frequency meter developed and implemented in the experiment 1470 

 1471 

Figure B9. The example of the window of software “FreqLab” in the mode of the oscilloscope 1472 

 1473 

Figure B10. The example of the window of software “FreqLab” in the mode of the oscilloscope with 1474 
the virtual ruler 1475 

Sensors 2024, 24, x FOR PEER REVIEW 37 of 39 
 

 

 1469 

Figure B8. The appearance of the frequency meter developed and implemented in the experiment 1470 

 1471 

Figure B9. The example of the window of software “FreqLab” in the mode of the oscilloscope 1472 

 1473 

Figure B10. The example of the window of software “FreqLab” in the mode of the oscilloscope with 1474 
the virtual ruler 1475 

https://www.primeopenaccess.com/international-journals/journal-of-theoretical-experimental-and-applied-physics.asp


30J Theor Exp Appl Phys, 2025

Sensors 2024, 24, x FOR PEER REVIEW 38 of 39 
 

 

 1476 

Figure B11. Example of the FreqLab software window in recorder mode 1477 
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Figure B12. Example of the FreqLab sottware window in the mode of frequency deviations 1479 
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Figure B12: Example of the Freq Lab Sottware Window in the Mode of Frequency Deviations

Figure B13: Example of Freq Lab Software Window in Real Time Mode (Short, Middle and Long Allan 
functions)
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Figure B14. Example of FreqLab program window in period measurement mode 1484 
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Figure B15. Example of a histogram window 1486 
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Figure B15. Example of a histogram window 1486 

Figure B14. Example of Freq Lab Program Window in Period Measurement Mode

Figure B15: Example of a Histogram Window
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