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Abstract

In this paper, first we introduce the notion of a nonabelian embedding tensor on a 3-Lie algebra. In accordance with
the general principles of deformation theories, a deformation theory of nonabelian embedding tensors is established.
On the one hand, using the higher derived brackets, we construct an Lco-algebra whose Maurer-Cartan elements
are nonabelian embedding tensors. Consequently, given a nonabelian embedding tensor T on a 3-Lie algebras, we
obtain the twisted Loo-algebra that controls deformations of T. On the other hand, a 3-Lie algebra with a coherent
action is identified from a nonabelian embedding tensor T such that the corresponding Loday-Pirashvili cohomology
controls deformations of T. As applications, we use the second cohomology group to study infinitesimal deformations
of nonabelian embedding tensors. In particular, we introduce the notion of a Nijenhuis elements on a 3-Lie algebras to
characterize trivial infinitesimal deformations.
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Introduction

The notion of ternary Lie algebras appeared first in Nambu generalization of Hamiltonian mechanics which use a
generalization of Poisson algebras with a ternary bracket [1]. The algebraic formulation of Nambu mechanics due
to Takhtajan while the structure of n-Lie algebra was studied by Filippov , then completed by Kasmov in [2,3]. The
structure of 3-Lie algebras play an important role in the supersymmetry and gauge symmetry transformations of the
worldvolume theory of multiple coincident #2-branes and is applied to the Bagger-Lambert theory has a novel local
gauge symmetry which is based on the metric 3-Lie algebras (see) Casas, Loday and Pirashvili introduced the n-ary
version of Leibniz algebras , which is called n-Leibniz algebras, whose skew-symmetric counterparts are n-Lie algebras
[4-10]. In, the author introduced a graded Lie brackets on the space of cochains of n-Leibniz algebras and describe an
n-Leibniz algebra structure as a canonical structure [11].

The concept of embedding tensors have been extensively studied and applied in many various areas of mathematics and
physics. Embedding tensors first appeared in the study of gauged supergravity theory [12]. Using embedding tensors
the N = 8 supersymmetric gauge theories and the Bagger-Lambert theory of multiple M2-branes were both examined
in [13]. Also Kotov and Strobl used its to construct tensor hierarchies, which prove the possible mathematical properties
of embedding tensors from the physics point of view [14]. In mathematics, embedding tensors are said to be averaging
operators. Averaging operators on arbitrary types of algebras such as associative algebras and Lie algebras were studied
in [15,16]. In particular, an averaging operator on a Lie algebra can leads to a Leibniz algebra structure. In addition,
averaging operators are closely associated to the operad theory and double algebras theory. For more details see [17-
19].

Schlessinger and Stashe introduced L _-algebras , and it has been used extensively in mathematical physics [20,21]. A

Lie k-algebra is a concept that was first introduced and studied in [22]. For many applications, see [23,24]. Only the
k-ary bracket is nontrivialin a Lie k-algebra, a unique type of L -algebra. Lie 3-algebras and 3-Lie algebras are both
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ternary bracket algebras, but they are not the same. The controlling algebras of embedding tensors were given in [19].

The research on the deformation theory of algebraic structures starting with the seminal work of Gerstenhaber for
associative algebras [25]. Next, Nijenhuis and Richardson expanded the study of deformation theory to Lie algebra
[26,27]. The deformation problem of 3-Lie algebras and n-Lie algebras were studied respectively in and [26,28,29].
for more details see [30,31]. A good tool for connecting invariants to a mathematical structure is cohomology. It is
established, in particular, that deformations are governed by proper cohomologies. A number of various algebraic
structures are associative algebras, Leibniz algebras, Lie algebras, pre-Lie algebras, and n-Lie algebras. Recently, the
deformaions and cohomologies theories for embedding tensor on Lie algebras is considered in [19,32,33].

Main Results and Outline of the Paper. The purpose of this paper is to study nonabelian embedding tensors on
3-Lie algebras and associated structures. For this purpose, first we study actions of a 3-Lie algebra 4 on a 3-Lie algebra
h, which is totally different from the case of 3-Lie algebra actions. next, we introduce the notion of a nonabelian
embedding tensor from a 3-Lie algebra A to a 3-Lie algebra 4 with respect to a coherent action (A, p), and characterize
it using graphs of the hemisemidirect product 3-Leibniz algebra. A nonabelian embedding tensor on 3-Lie algebra A with
respect to a coherent action p : A4 — Der(h) is a linear map 7 - h — A satisfying

[Tu,Tv,Twla = T(o(Tu, Tv)w + [u,v,wly), Yu,v,w €D.

Then, we use Voronovs higher derived brackets to construct an [ -algebra whose Maurer-Cartan elements are
nonabelian embedding tensors. Consequently, we obtain the [ -algebra, it is a dierential graded Lie algebra governing
deformations of a nonabelian embedding tensor. Furthermore, a nonabelian embedding tensor leads to a new coherent
action and the corresponding cohomology of 3-Leibniz algebras is taken to be the cohomology of the nonabelian
embedding tensors. As applications, we use the second cohomology group to study infinitesimal deformations of a
nonabelian embedding tensors 7 on a 3-Lie algebra using the previous cohomology theory. In particular, we introduce
the notion of a Nijenhuis element associated to a nonabelian embedding tensors 7 on a 3-Lie algebra, which leads to a
trivial infinitesimal deformation of the nonabelian embedding tensors 7 on 3-Lie algebra. Also we study their relationship
with the infinitesimal deformations of the associated descendent 3-Leibniz algebra.

The Paper is Organized as Follows. In Section 2, we introduce the notion of a nonabelian embedding tensor on
3-Lie algebra A with respect to a coherent action (b, p) and illustrate the relationship between nonabelian embedding
tensors and 3-Leibniz algebras. In Section 3, we construct an L~-algebra whose Maurer-Cartan elements are precisely
nonabelian embedding tensor on 3-Lie algebras. We also using Getzlers twisted Lw-algebra theory to characterize
deformations of nonabelian embedding tensors on 3-Lie algebras. In Section 4, we introduce the cohomology theory
of nonabelian embedding tensors on 3-Lie algebras. In Section 5, we study infinitesimal deformations of a nonabelian
embedding tensors 7 on a 3-Lie algebra using the cohomology theory given in section 4.

In this paper, we work over an algebraically closed field K of characteristic 0 and all the vector spaces are over K finite
dimensional.

2. Nonabelian Embedding Tensors and 3-Leibniz Algebras
In this section, first we introduce the notion of nonabelian embedding tensors on a 3-Lie algebras, which can be
characterized by the graphs of the hemisemidirect product 3-Leibniz algebras.

Definition 2.1. [35] A 3-Lie algebra is a vector space A equipped with a skew-symmetric trilinear map
[,+Ja : ANAAA — Assuch that for x; € A, 1 <i <5, the following fundamental identity holds:

[x1, x2, [x3, X4, X514 1A (D

= [[x1, x2, x3]4, X4, X514 + [x3, [x1, X2, X4, X514 + [x3, X4, [x1, X2, X5]4]4-

Then adx.x, is a derivation, i.e,
adxl,xz [X3, X4, XS]A = [adxl,xzx39 X4, xS]A + [X3, adxl,xzx4, XS]A + [X3, X4, adxl,xzxs]A'

Definition 2.2. [29] A representation of 3-Lie algebra (A, [-,-,]14) is a pair (V,p), where V is a vector space and
p:ANA - gl(V)is alinear map such that for all x1, x2, x3, x4 € A,

p(x1, x2)p(x3, x4) = p([x1, X2, X3]4, X4) + p(x3, [X1, X2, X4]4) + p(x3, X4)p(x1, X2), 2)
o([x1, x2, x3]4, X4) = p(x1, X2)p(x3, X4) + p(x2, X3)p(x1, X4) + p(x3, x1)p(xX2, X4). 3)

Let (A, [+, -]a) and (b, [,-, ]y) be two 3-Lie algebras. A 3-Lie algebras homomorphism p : A A A — Der(b) is said to be
an action of 4 on b. An action © of 4 on ) is called a coherent action if it satisfies
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[o(x1, x2)u, v,wly =0, VYxi,x2 €A and u,v,w €. 4)

We denote by (b; p) the coherent action. Denote byDer(h) c Der(h) the 3-Lie subalgebra of the derivation 3-Lie algebra
Der(h) satisfying

Der(h) = {D € Der(h)|[Du,v,w]y =0, VYu,v,w € bh}.

The 3-Lie algebra Der(p) is said to be the coherent derivation 3-Lie algebra. A coherent action can be alternatively
described by an homomorphism from the 3-Lie algebra A to the coherent derivation 3-Lie algebra Der(l)

Example 2.1. 7he adjoint action ad : A’A — gl(A) is a coherent action of a two-step nilpotent 3-Lie
algebra (see [19]) on itself and we have Der(h) = Der(A).

Definition 2.3. Alinearmap 7 : h — A is called a nonabelian embedding tensor on 3-Lie algebra (A, [, -, -]4) with
respect to a coherent action (b; p) if T satisfies

[Tu,Tv,Twla = T(o(Tu, Tv)w + [u,v,wly), Yu,v,w €b. &)

Definition 2.4. Let T and T’ be two nonabelian embedding tensors on 3-Lie algebra A with respect to a coherent action
(h; 0). A homomorphism from 7’ to T consists of two 3-Lie algebras homomorphisms ¢4 : A - A and ¢ : h — ) such
that

Toyy=yaoT’, (6)
Yy(oCx, Yu) = pWa(x), Ya()Wyw),  VYx,y € A,ueb. @)

In particular, if ¥4 and yy are invertible, (¥4, ¥y) is said to be an isomorphism from 7’ to 7. Consider the direct sum 3-Lie
algebra Der(h) @1, , in which the 3-Lie bracket is defined by

[a+u,b+v,c+w]=lab,c]+[uv,wly, Va,b,ce Der(h)andu,v,w €.

Given p : Der(h) A Der(h) — gl(Der(h) @ b) by

p(a,b)(c +w) = (a+ b)w, Ya,b,c € Der(h) and w € 1.

Then it is straightforward to deduce that p is a coherent action of the 3-Lie algebra Der(p)on the 3-Lie algebra
Der(b) &,

Proposition 2.2. 7he projection pr : Der(h) ®Y) — Der(h) is a nonabelian embedding tensor onthe 3-Lie
algebra Der(h) with respect to the coherent action (Der(h) ®b;p).

Proof. It follows from
pr(p(pr(a+u), pr(b +v))(c+w)+[a+u,b+v,c+w]) = [a,b, c] = [pr(a+u), pr(b +v), pr(c + w)],

for all a, b, c € Der(h) and u,v,w € h. O

Example 2.3. There is a unique non-abelian 3-dimensional 3-lLie algebra. It has a basis {e|,&,&3)
with respect to which the non-zero multiplication is defined by
le1,&2,83] = &

aipr ap a3
Consider a linear transformationTgiven by T = {am axn a23] with respect to the basis {€1,€2,€3} It
as; dsx  asz
straightforward to check that T is a nonabelian embedding tensor with respect to the adjoint
action if and only if

[Te1,Ter, Tes]l = T([Ter1, Ter, 3] + [&1, €2, &3]). (8)

We have
[Ter,Ter, Tes]
= [a11&1,a082,a3383] + [a1181, aznes, axer] + [an182, arner, azzes]

+ [a2182, axnes, a13e1] + [az183, arnel, axzer] + [azi1€3, aner, azen]
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= (a11a22a33 — 11032023 — 421012433 + A21032013 + 431012023 — A31022413)E]
and

I([Te1, Tey, &3] + [e1,&2,€3])
=Tlaner, ane, e3] — Tlaner, ax &2, &3] + Tley, &2, €3]
= (anaxn —apaz + Dae
+ (a11axn —apax + Daz&;

+ (araxn — anaz + azi&3

Thus, T is a nonabelian embedding tensor if and only if

a11a22a33 — a11432023 — A21412433 + az1a32413 + az1a12a23 — A31a22413

= (anaxn — anaz + an
and

(ar1ax —apaz + lax
= (araxn — appaz + 1as
=0.

apy aiz a3
Summarize the above discussion, in particular, T = [ 0 an O ]are nonabelian embedding tensors
with respect to the adjoint action. 0 0 an

The algebraic structure underlying a nonabelian embedding tensor on the 3-Lie algebra (A, [+, -, -]a) is a 3-Leibniz algebra.

Definition 2.5. [16] A 3-Leibniz algebra is a vector space £ together with a trilinear map [-,-,-],: LA LA L > L
such that, for all x,y,u,v,w e L

[x,y, [u, v, wlgle =[xy, ulg, v, wlg + [u, [x,y, VI, wlg + [u, v, [x, y, wlglg. 9)

Definition 2.6. A representation of a 3-Leibniz algebras (L, [, -, 1) is a quadruple (V, [, m, r), where V is a vector
space, Lm,r : L AN L — gI(V) are linear maps, such that the following equalities hold:

1, lu, v) = U[x, y, ul g, v) + W, [x,y, vl ) + u, v)I(x, y), (10)
IO, M, v) = m([x, y, ul g, v) + mu, [x,y,v]g) + m(u, v)I(x, y), (11)
1Ce, I, v) = r([x, y, ul g, v) + r(u, [x,y,vlg) + r(u, v)I(x, y), (12)
m(x, [y, u,vlz) = r(u, v)m(x,y) + m(y, vm(x, u) + l(y, uym(x, v), (13)
r(x, [y, u,vlz) = r(u, vim(x,y) + m(y, v)r(x, u) + I(y, u)r(x, v), (14)

for all x,y,u,ve L.

Proposition 2.4. Let (A,[,-,-]a) and (O, [-,-,-]y) be 3-Lie algebras. Let p:AANA — Der(h) be a coherent
action of Aonh. Then, the direct sum A@ycarries a 3-Leibniz algebra structure given by

[x+u,y+v,z+wl, =[x,y,z]la + plx, )W + [u,v,w]y, Yx,y,z€ Aandu,v,webh, (15)
which is called the nonabelian hemisemidirect product, denoted by A ).

Proof. By the Jacobi identities for the 3-Lie brackets [,-,-]a and [-,-, ]y, and the fact that p is a homomorphism from
the Lie algebra (4, [, -, -]4)to the derivation Lie algebra Der(h), we have

[x1 + w1, x2 + up, [X3 + Uz, X4 + ug, X5 + uslply — [[X1 + w1, X0 + Uz, X3 + uzlp, X4 + ug, x5 + usl,
—[x3 + us, [x1 + uy, xp + up, x4 + M4]p, X5 + u5]p — [x3 + U3, x4 + ug, [x1 + Uy, X2 + up, x5 + u5]p]p
=[x1, x2, [x3, X4, Xs]ala — [[x1, X2, X314, X4, X514 — [x3, [X1, X2, X4]a, X514 — [X3, X4, [x1, X2, X5]alA
+uy, ug, [uz, ug, uslyly — [[ur, w2, usly, ua, usly — [us, [, uz, ualy, usly — [us, ug, [uy, uz, uslyly
+p(x1, x2)[u3, ug, usly — [p(x1, X2)uz, ug, usly — [uz, p(x1, x2)ua, usly — [u3, us, p(x1, X2)usy
+p(x1, x2)p(x3, X4)us — p([x1, X2, X314, Xa)us — p(x3, [x1, X2, Xa]a)us — p(x3, X4)p(x1, X2)uts
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+lut, uz, p(x3, xa)usly — [u3, p(x1, X2)ua, usly — p(x3, x4)[u1, uz, usly

=[uy, uz, p(x3, x4)u5ly — [u3, p(x1, X2)u4, usly — p(x3, Xa)[uy, uz, usly
Using the identity (15) of hemisemidirect product , one can characterize T by their graphs.
Proposition 2.5. Let (A,[-.-,-]a) and (O, [-,-,ly) be 3-Lie algebras. Let p: A*’A — Der(h) be a coherent action
of Aonb. Alinear map T - b — A Is a nonabelian embedding tensor on a 3-Lie algebra A with respect
to the coherent action (h;p) if and only if its graph Gr(T) ={Tu+ulucb} is a 3-Leibniz subalgebra
of the 3-lLeibniz algebra (A®D,[,- ]p).

pProof. Let Tu+u, Tv+vand Tw+w € Gr(T). Then we have

(Tu+u,Tv+v,Tw+wl,
= [Tu,Tv, Twls + p(Tu, Tv)w + [u, v, wly.

Assume that Gr(T) is a Leibniz subalgebra if and only if (5) holds, i.e. T : ) — A is a nonabelian embedding tensor.
Since b and G, are naturally isomorphic, we get the following conclusion immediately.

Since Gr('T) is isomorphic to ) as a vector space by the identification 7(«) + © = u. A nonabelian embedding tensor
T induces a 3-Leibniz algebra structure on h given by

[w,v,wlr = p(Tu, Tv)w + [u,v,wly, Yu,v,w €. (16)
Moreover, T is a 3-Leibniz algebra homomorphism from the 3-Leibniz algebra (0, [+, -, 17) to the 3-Lie algebra (A, [-, -, ]4).

The 3-Leibniz algebra (b, [+, -, -]7) is called the descendent 3-Leibniz algebra of the nonabelian embedding tensor T.

Example 2.6. 7he projection pr : Der(h) ®Y) — Der(h) is a nonabelian embedding tensor on the 3-Lie
algebra Der(h) with respect to the coherent action (Der(h) @ b;p), where

[a+u,b+v,c+wlp,

[a+u,b+v,c+w]+ppria+u),pr(b+v))(c+w)

[a,b,c] + (a+ byw + [u, v, w]y,

for all a; b; ¢ € Der(h) and u; v;weDb.

Proposition 2.7. Let T and T’ be two nonabelian embedding tensors on a 3-Lie algebra A with respect to
a coherent action(b;p) and (Y4, yy) a homomorphism from 77 so T. Then ¥y is a homomorphism of 3-Leibniz
Ei]gé'bf‘as from (b’ [" ) ']T’) to (b’ ['a ) ]T)

Proof. Forall u; v;web, we have

Ury([u, v, wlrr)
=Yy (o(T"u, T'VIw + [, v, wly) = p(pa(T 1), g a(T' V)W) + [ty (W), Yy (v), Yry(W)]y
=p(Tyry(w), Ty W)y (W) + [y (), Yy (V), Yy(W)]y = [Yry(), Yy (v), Yy(W)] 7.

Then ¥y is a homomorphism of 3-Leibniz algebras from (. [+, -, -17v) to (b, [+, -, 7). |

3. Maurer-Cartan Elements and Nonabelian Embedding Tensors

In this section, given an action of 3-Lie algebras, we construct an [ -algebra whose Maurer- Cartan elements are
nonabelian embedding tensors T on a 3-Lie algebra. Then we obtain the L.-algebra that controls deformations of
nonabelian embedding tensors 7 on 3-Lie algebras. This fact can be observed as certain justification of nonabelian
embedding tensors 7 on a 3-Lie algebra being interesting structures.

Definition 3.1. [30] A Maurer-Cartan element of an L..-algebra (A = ®czar, {li}2]) is an element o ¢ A° satisfying
the Maurer-Cartan equation

+00

Z i'ln(a,‘-- ,a@) = 0. (17)
n!

n=1

Axis J Math Stat Model, 2026 5


https://www.primeopenaccess.com/international-journals/axis-journal-of-mathematical-statistics-and-modelling.asp

Let @ be a Maurer-Cartan element of an [ -algebra (4, {;}). For all k> 1and x;,---, x, € A, define a series of linear
maps [ : AFA — A of degree 1 by

+00

1
O o) = ) — @@ x ). (18)

!
n=0 n

Theorem 3.1. with the above notations, (A {I{Y'Y) is an Le-algebra, obtained from the Le- algebra
(AALYS) by twisting with the Maurer-Cartan eJement . Moreover,a+a’ is a Maurer- Cartan element
of (A T-14) iF and only if @ is a Maurer-Cartan element of the twisted Le- algebra (A,I{,15,15).

now, we recall that in [33], Th. Voronov extended the theory of higher derived brackets, which is a useful tool to
construct explicit L.-algebras.

Definition 3.2. [33] A 7-data consists of a quadruple (L, F, P, A), where
x(L,[-,—]) is a graded Lie algebra,

* F' is an abelian graded Lie subalgebra of (L, [—, —]),
«P : L — L is a projection, that is # o ¥ = £, whose image is F and kernel is a graded Lie subalgebra of (L, [, -]),

*A is an element in ker (P)! such that [A,A] =

Theorem 3.2. [33] Let (L, F,P,A) be a V-data. Then (F.{k}[3) is an Le-algebra, where

L(ay, - ,ar) = P[ [[A,a1],a2], -+ ,arl, for homogeneous ay,--- ,a; € F. (19)
k

we say (2] the higher derived brackets of the V-data (L, F,P,A).

Let A be a vector space. We consider the graded vector space

C*(A,A) = @,50C"(A, A) = Bpso0Hom(A’A ® - - @ AZA AA, A).
———————

n

Theorem 3.3. [23] The graded vector space C*(A; A) together with the graded bracket
[P,Ol=PoQ—-(-1)QoP, YPeCP(A,A)and Q € Ci(A,A), (20)
is a graded Lie algebra, where Po Q€ CPYi(A,A) is given as follows:
(Po )Xy, , Xgap, X)
=Z(—1)(k_l)P Z sgn(a)P(Xo1y, -+ 5 Xoe1), O Xok)s -+ + » Xortha p—1)s Xkt p)
= oS (k=1,p)

A Yi+p» %k+p+] [ %q+pv X)

q
+Z(—1)(k_1)p Z sgn(o)P(X1y, -+ 5 X1y Xkt p

oeS(k—1,p)
AN OQXokys > Xotkep=1)s Ykrp) A Viaps Xapts o+ > Xgaps X)
+ Z (_l)qpsgn(o-)P(%O'(l)’ ) xo’(q)’ Q(%O'(q‘i-])» ) %(T(qi-p)’ x))'

o€S(q.p)
for all xi:xiAyieAzA,i: 1,2,--- ,q+ pand x € A.
Remark 3.1. Let Q € C*(A, A), so we have

1
E[Q’ Q]3Leib =Qo Q(%], x29 x)
= QQ(X1, y1) A y2, x) + Q1 A QX1 y2), x) — Q(X1, Q(X2, X)) + Q(X2, Q(Xy, x)).
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where, X1 = x1 A X2 € A*A, ¥ = yi A yz € A’A and x € A.Moreover, is a 3-Leibniz bracket if and only if [, Q]3..i = 0, i.e, Q
is a Maurer-Cartan element of (C*(A, A), [—, —13Leib)-

Let p : A2A — Der(h) be an action of a 3-Lie algebra (4, [-,,-]a) on a 3-Lie algebra (0. [-,-,]s). For convenience, we use
7 : A3A > A to indicate the 3-Lie bracket [-.,-14 and i : A%) — bto indicate the 3-Lie bracket [, .-y In the sequel,
we use TE p B i to denote the element in Hom(A*(A &), A @ D) defined by

(rEpBEW(X+u,y+Vv,z+w)=[x,y,2]a +p(x, )W + [u, v, wlp, 21

for all x,y.z € A, u,v,w € b. Note that the right hand side is exactly the semidirect product 3-Leibniz algebra structure
given in Proposition (3.5). Therefore, by remark (3.1), we have

[rBpBux8EEB UL = 0.

Lemma3.4.let T : ) — A be a nonabelian embedding tensor on a 3-Lie algebra (A.[,-,-1a) with respect
to the coherent action (b;p).For all u,v,w €bh, we have

[ &8 p 8, T13Leip, T3Lein(x +u,y + v,y + 2) (22)
=2([Tu,Tv,z]a + [Tu,y, Twla + [x, Tv, Twls — T(o(Tu, y)w + p(x, Tv)w) + p(Tu, Tv)w).

Proof. Forall x,y,z€ Aand u,v,w €D,

[[7 8 p B u, T13-Leibs T13-Lein(X + t,y + v, 2+ W)
=rBpB U T Lei(T(x+u),y+v,z+wW)+ [mBpB U, T3-reip(x+u, T(y +Vv),z+ W)
trEpBu, Threin(x+u,y+v,T(z+w) - Tr8Bp8u, T3-Leip(x +u,z+w)
=mBpBU)(T(x+u),Ty+v),z+w)+(rBpBW(T(x+u),y+v,T(z+w))
—TrnEpB)(T(x+u),y+v,z+wW)+mBpBEW(T(x+u), Ty +v),z+w)

+(mrBpBWXx+u, T(y+v), Tz+w)-TrEpBW)(x+u,T(y+Vv),z+Ww)

+(mBpBEW(T(x+u),y+v,TZ+w)+(mEpBL)(Xx+u,T(y+v),T(z+w))

—TrepBW (X +u,y+v,T(z+w)-TrEpBu)(T(X+u),y+v,z+w)

- TrepBwWx+u, T(y+v),z+w)-TrBpBW(X+Uuy+Vv,T(Z+W))
=2([Tu,Tv,z]a + [Tu,y, Twla + [x, Tv, Twla — T(o(Tu, y)w + p(x, Tv)w) + p(Tu, Tv)w).

Proposition 3.5. Let (;p) be a coherent action of 3-Lie algebra (A,[-,-1a). Then we have a b-data (L, f,P,A)
as follows:

HC*A®h,A®D), [—, —131eip) IS the graded Lie algebra,
*F = C*(A,A) = ®,50C"(4,A) = EB,,>0H0m(/\2A Q- - QANA NA,A)Ls the abelian graded Lie subalgebra of
> >

n

(C*(Aebh,A®D),[-, —13Lei)

*P : L — L is the projection onto the subspace F,
«A=7THpH LU

Then, we have a 3-Lie algebra (C*(b,A), [, 1), where the trilinear product
[, 1= CP(h, A) x C(b,A) X C"(h, A) — CP*I*"(h, A)
is given by
[P, O,R]l = [[[7 8 p B i, Pl3Leib, Ql3Leibs R3Leib,

For all PeCP(h,A), Qe Ci(h,A)and R € C'(h, A).

Proof. by Theorem (3.2), (FALESD is an Lo-algebra, where Ik is defined by (19) . For all
P € CP(h,A), Q € CY(h,A) and R € C"(h, A), by lemma (3.4), we obtain

[ 8 p B, PlLein € KerP,
[[r &8 p B, Plarein, Qlsreir € KerP.
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Similarly, we have that /k = 0 when & > 4. Thus, the graded vector space C*(b,A) is a 3-Lie algebra with the trilinear
multiplication [-, -, -1 and the other maps are trivial.

Theorem 3.6. Let (b;p) be a coherent action of a 3-Lie algebra (A,[.:,-1a). Then Maurer- Cartan elements
of the 3-Lie algebra (C*(h,A), I, 1) are precisely nonabelian embedding tensor on the 3-Lie algebra
(A, [+, +,-1a) with respect to the coherent action (b; p).

Proo¥. It is straightforward to obtain that

Plllr @ pBu, T3reins Tl3reivs T13Lein(ut, v, 2)
=6(n(Tu, Tv, Tw) — T(o(Tu, Tv)w))
Plrdp 8 u, Tlareip(u, v,w) = =Tu(u,v,w),

Let 7 be a Maurer-Cartan element of the Lw-algebra (C*(y, A), I;, Is). Then we obtain

+00

1
D =T, T, v, w)

n!

n=1
1

=Plrapdu, T3, v,w) + yp[[[ﬂ 8o 8 i, T31eips T 131eit> T13Lein(U, v, W)
=a(Tu, Tv,Tw) — T(o(Tu, Tv)w + u(u,v,w))
=0,

which implies that T'is nonabelian embedding tensor on the 3-Lie algebra (A, [-, -, -]a) with respect to the coherent action
(b; ).

Proposition 3.7. Let T be a nonabelian embedding tensor from a 3-Lie algebratfto a 3-Lie algebra
A with respect to a coherent action (5;p)- Then c¥(b; A) carries a twisted Le-algebra structure as

following:
1
llT(P) =0L(P)+ z[[T, T, P], (23)
(P, Q) = LIT, P, QOl, (24)
(P, Q,R) = LIP, 0, Ol, (25)
I} =0, k>4, (26)

where P € CP(b;p), Q € CI(h; p) and R € C"(b; p).
Proof. Since T is a Maurer-Cartan element of the L-algebra (C*(b, A), [, 3), by Theorem (3.2),we have the conclusion.
The above L«-algebra controls deformations of nonabelian embedding tensors on 3-Lie algebras

Theorem 3.8. Let T : ) — A pe a nonabelian embedding tensor from a 3-Leibniz algebra (b,[-,-, -y
to a 3-Lie algebra (A,['.-,"1a) with respect to a coherent action (0:p). Then for a linear map
T" : b - A T+T is a nonabelian embedding tensor if and only if T' is a Maurer-Cartan element

of the twisted Le-algebra (C*(0,A)11.11.15), that is T’ satisfies the Maurer-Cartan equation:
Iy + 115 (T", T + l1§(T', T',T") = 0. (27)
2 3!
Proof. By Theorem (3.6) T + T’ is a nonabelian embedding tensor if and only if
MT+TN+%IT+T.T+T,T+T']=0.
Applying 1,(T) + 513[[1 T,T] = 0, the above condition is equivalent to

T+ ENT, 7,771 + 3507, T, T'T + 0T, T, T'1 = 0,
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That is, /] (T") + 35(T",T") + %51, T".T'] = 0, which implies that 7’ is a Maurer-Cartan element of the twisted Lo
-algebra (C*(v,A), 11,13, 15).

4. Cohomology of Nonabelian Embedding Tensors on 3-Lie algebras

In this section, we construct a coherent action of the 3-Leibniz algebra (®,[-17) on the vector space A from a
nonabelian embedding tensor T : H — A and we define a cohomology theory for nonabelian embedding tensors via the
Loday-Pirashvili cohomology of the descendent 3- Leibniz algebra.

Set €47, L V) = Hom(A’L®---® NLAL V), (n 2 1) the space of n-cochains. Consider the dierential
n—1

9: 64, ., (L V) — €4l (L V)given by

(af)(xls axn’z)
= Z DL X X, [ g Xl A Vi Xaats o X 2)

1<j<k<n

+ Z (_I)Jf(%ls ’ija“' 9%k—1axk A [xj,)’j,xk]ﬁ,%kﬂf“ ,%naz)

1<j<k<n

(D e &y X, 13,20 + (GO UE N FE o, & %, 2)
=1

+(=1" e, s Bt yn) + O D, ¥, X))

Where X; = x;Ay; € AL, forall i = 1,2,--- ,nand z € L. It was shown in [16,20] that 908 = 0. Thus (&2]¢%, .,(L; V), d)
is a cochain complex.

Definition 4.1. The quotient space H3,,,(L;V)=Z2Z%, . (L;V)/B,,,(L; V), where
Z;Leib('E; V) = {f € @gLeib(L; V)l Gf = 0}

is the space of n-cocycles and

is the space of n-coboundaries, is called the cohomology group of the 3-Leibniz algebra (£, [, -, ],) with coecients in V.
Since eq (16) defines a 3-Leibniz algebra structure on b, then we have the following proposition.

Proposition 4.1. Let T be a nonabelian embedding tensor on a 3-Lie algebra (A,[--,-]a) with respect
to a coherent action (b;p).Define linear maps ly,mr,rr : A*h — gl(A) by

Ir(u,v)(x) = [Tu, Tv, x]a, (28)
my(u,v)(x) = [Tu, x, Tv]s — T(o(Tu, x)v), 29)
rr = —mr, (30)

for all u,vebh,xeA Then(A;lr,mr,rr) is a representation of the 3-lLeibniz algebra (.l -17) on the
vector space A.

Proof. forall uy,uz,us,us € hand x € A, we have

(Ir([ur, ua, uslr, ug) + I (us, [uy, uz, uglr) + Ip(us, ug)lr(uy, uz))(x)
= [Tuy, uz, uslr, Tua, x]a + [Tus, Tluy, uz, uslr, x]a + [Tuz, Tug, [Tuy, Tuz, X]ala
= [[Tuy, Tuz, Tuzla, Tug, x1a + [Tus, [Tuy, Tuz, Tugla, x1a + [Tus, Tug, [Tuy, Tuz, x]ala
= [Tuy, Tup, [Tusz, Tug, x]ala
= Ip(ur, u2)([Tus, Tus, x]a)
= Ir(uy, up)lr (u3, ug)(x),
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which implies that (10) holds.

Then, for all u1,u2,u3,us € hand x € A, we have

my (u3, ug)ly (uy, u2)(x) + my([ur, uz, uslr, us)(x) + mr(uz, [ur, uz, uglr)(x)
= mr(uz, ug)([Tuy, Tuz, x]a) + [Tluy, uz, u3lr, x, Tugla — T(o(T [uy, uz, uzlr, X)us)
+ [Tus, x, Tlur, uz, ualrla — T(o(Tusz, x)([u, uz, uslr))
[Tus, [Tuy, Tuz, x1a, Tuala — T(o(Tus, [Tuy, Tua, x]a)us) + [([Tuy, Tuz, Tuzla, x, Tuala
— T(o([Tur, Tuz, Tusla, x)us) + [Tus, x, [Tuy, Tuz, Tug]ala
= T(p(Tuz, )p(Tur, Tuz)us) — T(p(Tuz, x)[uy, uz, usly)

[Tuy, Tuo, [Tuz, x, Tuglala — T(o(Tur, Tuz)p(Tus, X)us) — T([u1, uz, p(Tusz, x)usly)

[Tuy, Tuo, [Tuz, x, Tuglala — [Tuy, Tuz, T(p(Tu3z, x)us)a
= Ir(ui, u)([Tuz, x, Tugla — T(p(Tus, x)u4))

(29)+(16)

O+

D)

2 It umr (s, ua) (),
which implies that (11) holds, similarly, (12) holds.
For all ui,uz,u3,us € h and x € A,we have

rr(us, ug)my (uy, u2)(x) + my(uz, ua)mr (uy, uz)(x) + Iy (uz, uz)mr (uy, ug)(x)

= rr(uz, ug)([Tuy, x, Tuza — T(p(Tuy, uz)) + my(uz, us)([Tuy, x, Tuzla — T(p(Tuy, x)uz))
+ Ir(uz, uz)([Tuy, x, Tugla — T(o(Tuy, x)us))

= [[Tuy, x, Tuzla, Tuz, Tugla — T(o([Tuy, x, Tus]a, Tuz)us) — [T (p(Tuy, X)uz), Tuz, Tugla
+ T((T(p(Tuy, x)uz), Tuz)ug) + [Tuz, [Tuy, x, Tuzla, Tusla — T(p(Tuz, [Tuy, x, Tuz]a)us)

= [Tup, T(p(Tuy, x)uz), Tuala + T(o(Tuz, T(0(Tuy, X)uz))ua) + [Tuz, Tuz, [Tuy, x, Tus]ala
— [Tup, Tus, T(o(Tuy, x)us)la

= [[Tuy, x, Tuz]a, Tus, Tugla + [Tua, [Tuy, x, Tuzla, Tugla + [Tua, Tus, [Tuy, x, Tuslala
= T(p(Tua, [Tuy, x, Tuz)a)us) — T(p([Tuy, x, Tuza, Tuz)ug) — [Tuo, Tuz, T (o(Tuy, X)us)]a

(1)

= [Tuy, x,[Tuz, Tuz, Tuglala — T(o(Tuz, [Tuy, x, Tuz]a)us) — T(o([Tuy, x, Tuzla, Tuz)us)
— T(o(Tuz, Tuz)p(Tuy, X)us)

[Tuy, x, Tluz, uz, uglala — T(o(Tuy, x)p(Tuz, Tuz)ug) — T(o(Tuy, x)[uz, us, ugly)

)
= [Tuy, x, Tluz, u3, uslala — T(o(Tuy, x)p(Tuz, Tuz)us)

(16)
= [Tuy, x, Tluz, u3, uslrla — T (p(Tuy, x)([uz, uz, uslr))

=mr(uy, [uz, u3, us]r)(x),

@+®

which means that (13) holds, similarly, we can prove that (14) holds. Thus, (A;lr,mr,rr) is a representation of the
3-Leibniz algebra (0, [, ,-]7) on the vector space A.

Let dr : €, (0:A) — €l (h;A), (n = 1) be the corresponding coboundary operator of the 3-Leibniz algebra
(5, -, -1r) with coecients in the representation (A, Iz, mr, rr). More precisely, 7 : €4}, (H:A) = €471, (5; 4) is given by

(aTB)(ul’ ,un, W)
= Z (=1Y0Q, - 0, - Wy, [, 05 ey A O, Wpr, -+, Wy W)

1<j<k<n

DO T Mg, A T 05 407, W, W, W)

1< j<k<n
n
) (YO, B, R, ) + (DT QUOQL, - T 2, )
j=1

+(_1)n+l(mT(un’ W)e(ul’ Y un*b Dn) + rT(Dm W)g(ula Tt un*l’ un))‘
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Wherel; = u;Av; € A%h, foralli=1,2,--- ,nandw € b. Thus(®; €%, . (5;A),9) is a cochain complex. for ¢ € €3, (0 A).
It is obvious that 6 € €}, ., (b:A) is closed if and only if

[Tu,Tv,0w]a + [6u, Tv, Twls + [Tu,0v, Twla
= T(p(Bu, Tv)w + p(Tu, Ov)w) + 6(o(Tu, Tv)w + [u, v, wly).

Forany ¥ e A A A, we define 5(¥) : ) — A by

S(X)v = Tp(X)v — [X, Tv]a, Vv €. 31)

Proposition 4.2. Let T be a nonabelian embedding tensor on a 3-Lie algebra AL ldwitn respect
to a coherent action (;p). Then §(X) is a 1-cocycle on the 3-Lie algebra (0.l Ir) with coecients in
(A, lr,mr,rr).

Proof. Forany u,v,w € ), we have

(Oro(X))(u, v, w)
== 0(X)([u,v,wlr) + [Tu, Tv,6(X)w]s + [0(X)u, Tv, Tw]a
+ [Tu, 5(X)v, Twlg — T(p(0(X)u, Tv)w) — T (o(Tu, 6(X)v)w)
== TpX)([u, v,wlr) + [X, T[u, v,wlrla + [Tu, Tv, Tp(X)w]a
—[Tu, Tv,[X, Twlgla + [Tp(X)u, Tv, Twls — [[X, Tula, Tv, Tw]xs

= T(Tp(X)u, Tv)w) + T(o([X, Tula, Tv)w) + [Tu, To(X)v, Tw]a
—[Tu, [X, Tv]a, Tw]la — T(o(Tu, To(X)v)w) + T(o(Tu, [X, Tv]a)w)
= Tp(X)(p(Tu, Tv)w) = Tp(X)([u, v, wly) + T((o(Tu, Tv))p(X)w)

+ T(o(Tp(X)u, Tv)w) — T(o(Tp(X)u, Tv)w) + T(o([X, Tuls, Tv)w)
+ T(o(Tu, To(Xw)w) — T(o(Tu, To(X)v)w) + T (o(Tu, [Xu, Tv]s)w)

(16)+(5)+(1)

@+®) 0

Thus, we deduce that 9r6(¥) = 0.

Now, we give a cohomology of nonabelian embedding tensors on 3-Lie algebra (4, [-, -, -]4) with respect to the coherent
action (h: p).

Definition 4.2. Let T be a nonabelian embedding tensor on a 3-Lie algebra (A, [,-,-]4) with respect to a coherent
action (h; p). Define the set of n-cochains by

€, ., (0:A), n>1,
(34 1A) = 3Leib 32
r(5:4) {A/\A, n=0. (32)
Define d” : €(h; A) — €2F1(h; A) by
or, n>1,
dl = {; ’; 0 (33)

Denote the set of n-cocycles by Z7(h;A) and the set of n-coboundaries by 87(h;A). Denote by
Hi(h; A) = Zh(h; A)/B(h; A), n > 0 the n-th cohomology group which will be taken to be the n-th cohomology group
for the nonabelian embedding tensor 7.

Now, we give relationship between the coboundary operator 47 of the nonabelian embedding tensor and the dierential
4 given by (23) using the Maurer-Cartan element T of the 3-Lie algebra (C*(b,A), -, -, -1).

Theorem 4.3. Let T be a nonabelian embedding tensor on the 3-Lie algebra (A,[--,-]a) with respect to
a coherent action (b;p) then we have
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d"0=(-1)""1'6, V6 € Hom(A*D)® - @ (A’ D) Ab,A), n=12---. (34)
Proof. Forall 2; = u; Av; € A%h,i=1,2,--- ,nand w € h, we have

LOQ, Uy, - -+, Uy, w)
=[n@Ep B, 0300, Uy, -+ Wy, w)
=(n@EpBu)of—(-1)"'0o(mmpmu)y,---, U, 2,) A, w)
+ (B p 8O, AU, Wy, 0,), w) + (T8 p B ), AOQL, -+ Wy, 0,), W)

n

Y DT w8 AL O, T U w))
i=1
n-1 k .

—ED Y DO, e W (8 p 8 )W 1) A D, Wi, W W)
k=1 i=1
n-1 k )

—EDY N DO, D Wy A T p B ) W), Wi, W )
k=1 i=1

—=1 Y EDTOQn, T W (8 p B ) W)
i=1

n-1 k
=— (-1 Z Z(_l)i+lg(ul, o W (1, 0, W) A D Wega, oo, My W)
k=1 i=1
n-1 k '
—D Y DO, D W gy A g, 05 W), W, W)
k=1 i=1
n .
—D Y DO, T 2, i, ),
i=1

by lemma (3.4) we have

2000, Uy, - -+, 2, W)
=[7,T,01Q0, Uz, -+ , Wy, w)
= [[[r 8 p B u, T3reivs T 13Leib> Ol3Lein(M1, Was =<+, Wy, w)
=[[r8p8u, T13Leibs T13Lein(@U1, -+, Wy, W) A Dy, W)
+ [[m 8o Bu, Tireins Tarein(tn A Oy, - -+, Wy, 0,), W)

n
D DT I B 8 g, Thazeis ThaeinW, 020, -+, Wiy, 20, w))
i=1

n-1 k
—DrE Y 3 Do, e W [ @ p 8 1, Tl ety Tlagein(is Weet) A g,
k=1 i=1
uk+2s ) un’ W))

n-1 k
—DE Y S DO, B W e A (@ 8 g1, Thageis Tlazein(Ms s,
k=1 i=1
uk+2s ) una W))

n
—ED Y DO D W, [ 8 p 8 g, T ity TlaLein (i, )
i=1

:mT(un, W)g(ul, R} un) + rT(Dnv W)G(ul, R} Dn)
n

D" D 00 e 2, W)
i=1

n-1 k
_(_l)n_l Z Z(_l)i+19(u19 ) ﬁi, ) uk’p(Tuh Tni)uk+1 A Dk+1’ uk+29 ) uns W)
k=1 i=1
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n-1 k
—EDEY DO, B W ey A PTG To) e 1, Wes, -+ 2, )
k=1 i=1

n
—-D" Y DO, L G 2 p(Ta, Tow),
i=1

Then we deduce that @6 = (—=1)"~'(1(6) + 25[[T, T, 6]), which implies that d”6 = (-1)""'/76.The proof is completed.

We can use these cohomology groups to characterize infinitesimal deformations of nonabelian embedding tensors on
3-Lie algebras in the following section.

5. Infinitesimal Deformations of Nonabelian Embedding Tensors on 3-Lie algebras

In this section, we study infinitesimal deformations of a nonabelian embedding tensor 7 on a 3-Lie algebra using
the cohomology theory given in the previous section. In particular, we introduce the notion of a Nijenhuis element
associated to a nonabelian embedding tensor T on a 3-Lie algebra, which leads to a trivial infinitesimal deformation of
the nonabelian embedding tensors T a 3-Lie algebra. Also we study their relationship with the infinitesimal deformations
of the associated descendent 3-Leibniz algebra.

Definition 5.1. Let 7 be a nonabelian embedding tensor on a 3-Lie algebra 4 with respect to a coherent action
(h;p)and T : ) — Aa linear map. If T, = T + T is still a nonabelian embedding tensor on the Lie algebra 4 with respect
to the coherent action(b; o) for all # € C, we say that T generates a (one-parameter) infinitesimal deformation of
the nonabelian embedding tensor T.

It is direct to deduce that T, = T+tT is an infinitesimal deformation of a nonabelian embedding tensor T if and only if
forany u,v,we |5}

[Tu, Tv, Iw]s = T(o(Tu, Tv)w) (35)
[Tu, Tv, Twla + [Tu, Tv, Twls + [Tu, Tv, Tw]y (36)
=T(EERu, Tv)w + p(Tu, Tv)w) + T(po(Tu, Tv)w + [u, v, wlp).

Note that Eq (36) means that T is a 2-cocycle of the nonabelian embedding tensor T. Hence, T defines a cohomology
class in HZ(h; A).

Let (£,[-,-,-]z) be a 3-Leibniz algebraand ¢ : LA LA L — L be a linear map. If for any ¢ € C, the multiplication [, -Ir
defined by

[u,v,wlr = [u,v,w] + tu,v,w), Yu,v,w € L,

also gives a 3-Leibniz algebra structure, we say that ¢ generates an infinitesimal deformation of the 3-Leibniz algebra
(£, -10)- The two types of infinitesimal deformations are related as follows

Proposition 5.1. I T generates an infinitesimal deformation of a nonabelian embedding tensor T on
a 3-Lie algebra A with respect to a coherent action (b;p), then the product ¢z onl defined by

¢x(u,v,w) = p(Tu,Tv), Yu,v,w €D,

generates an infinitesimal deformation of the associated 3-Leibniz algebra (b,[-,-, 1)

Proof. We denote by [, l: the corresponding 3-Leibniz algebra structure associated to the nonabelian embedding
tensor T +tT. Then we have

[u,v,w]; = p((T +tT)u, (T +T)v)w + [u, v, wly

p(Tu, Tv)w + [u, v, wly + to(Tu, Tv)

[, v, wlr + téz(u,v,w), Yu,v,w € b,

which implies that ¢z generates an infinitesimal deformation of (b, [-, -, 1)

Definition 5.2. Let 7 be a nonabelian embedding tensor on a 3-Lie algebra 4 with respect to a coherent action
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(b;p) Two infinitesimal deformations 7, = T + 1Ty and T} = T + T are called equivalent if there exists an element
X e A2Asuch that (Id4 + fady, Idy + £0(¥)) is a homomorphism from 77 to T;'. In particular, an infinitesimal deformation
T; = T +t¥ of a nonabelian embedding tensor T is called trivial if there exists an element ¥ € A?A such that
(Ida + rady, Idy + 70(X)) is a homomorphism from T, to T

Let (Id4 + fady, Idy + £p(X)) be a homomorphism from 77 to T/'. Then, by we have

(Ida + tadx)(T + 1T1) = (T + 1T)(Idy + tp(X)

thus we have

[(da + tadx)(y), (Ida + tadx)(z), Ida + tadx)(£)]a, Vx,y,2 € A,
[dy + radx)(u), (Idy, + tadx)(v), (Idy + radx)(W)]y, Yu,v,w €D,

(Ids + tadx)[y, z, tla
(Idy + radx)[u, v, wly

which implies that X satisfies
[[%9 X]A, [%, )’]A, [%, Z]A]A = 09 vxa y.Z € A (37)
Then by Eq (6), we get

(T + 13,)(Ady + tp(X))u = (14 + tadx)(T + 1T)(w), Yu b,

which implies
{(zl — T = Tp(¥u—[¥, Tuly, 8)
[X, Toula = Tip(¥)(u), Yueb.
Finally, Eq (7) gives
(Idy + tp(X)p(x, y)(u) = p((Ida + radx)(x, y))(Idy + 10(X)) (), Yx,y € A,u €D,
which implies that x satisfies
p([X, x4, V)p(X) =0, YXe A’Aandy € A. (39)

Next, we have the main result in this section:
Theorem 5.2. Let T be a nonabelian embedding tensor on a 3-Lie algebra A with respect to a
coherent action (b;p). If two infinitesimal deformations T,1 =T + 1T and th =T + 1%, are equivalent,

then¥i and Ty are in the same cohomology class of H*(T).

Proo¥. It easy to observe from the first condition of (38) that
Ti(w) = To(u) + (0X)(w), Yu e,

which implies that ¥; and T, are in the same cohomology class.

Definition 5.3. Let 7 be a nonabelian embedding tensor on a 3-Lie algebra 4 with respect to a coherent action (b; o).
An element X e A%A is said to be a Nijenhuis element associated to 7 if X satisfies

[[%, x]a, [X, y]a, [X,2]ala = 0,
P([X, x]a, Yp(X) = 0,
[X, Tp(X)u — [X, Tulsla =0, (40)
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forall x,y,z€ Aandu €.
Denote by Nij(7) the set of Nijenhuis elements associated to a nonabelian embedding tensor T

It is obvious that a trivial infinitesimal deformation leadds to a Nijenhuis element. Conversely, a Nijenhuis element can
also generate a trivial infinitesimal deformation as the following theorem shows.

Theorem 5.3. Let T be a nonabelian embedding tensor on a 3-Lie algebra A with respect to a coherent
action (h;p) Then for anyX € Nij(T), T, = T+tTwithT = OrX is a trivial infinitesimal deformation of the
nonabelian embedding tensor T.

We need the following lemma to prove this theorem.

Lemma 5.4. Let T be a nonabelian embedding tensor on a 3-lLie algebra A with respect to a coherent
action (0iP) Let YA > Aandys: A — A be two 3-Lie algebra isomorphisms such that Eq. (6) and Eq.
(7) hold. Then llfgl oToyn is a nonabelian embedding tensor on the 3-lLie algebra A with respect
to the coherent action (b;p)

Proof. It follows from straightforward computations.

The proof of Theorem (5.3): For any Nijenhuis element X € Nij(7),, we define a linear map T:b — A by

T(w) = OrX)m) = To(X)u — [X, Tula, Yueh. 41

Let 7, = T + ¢T. By the definition of Nijenhuis elements, for all x,y,z € A,u,v,w € h, we have

(Idy + fadg)[x,y, 214 2 [(Ids + rady)(x), (I + fady)(y), (Id4 + radz)(2)]a.

(Idy + (p) [, vowly € [(Ady + 1p(X))(w). (Idy + 1)), (1dy + 1p(X) W)y,

(Ids +rady) o T 2 T o (1dy + 1p(X)),

(Idy + tp(X)p(x, ) 2 p((Ids + tadz)x)(Idy + 1p(X), (Id, + radx)y)(Idy + 1p(X))(w0).

Since ad x and p(X) are linear transformations of finite-dimensional C-vector spaces, it follows that 4 + radx and Idy + #o(X)
are 3-Lie algebra isomorphisms for [z suciently small. Thus, by Lemma (5.4)

(Id4 + tady)™ o T o T o (Idy + 1p(¥))

D (—tady) o (T +(Tp(¥))
i=0

+00
T + (Tp(X) — adx o T) + Z(—1)l’zf+1ad; o (Tp(X —ady o T)
i=0

T+6(Tp(X)—adyoT) = T+1T = T,

40)

is a nonabelian embedding tensor on the 3-Lie algebra (A,[-,*,-1a) with respect to the coherent action (b:0) for Il
suciently small. Thus, T given by Eq. (41) satisfies the conditions (35) and (36). Therefore, 7, is a nonabelian embedding
tensor for all t, which means that T given by Eq. (41) generates an infinitesimal deformation of T. It is straightforward
to show that this infinitesimal deformation is trivial.

Now we recall the notion of a Nijenhuis operator on a 3-Leibniz algebra given in [37] which leads to a trivial infinitesimal
deformation of a 3-Leibniz algebra.

Definition 5.4. A linear map N : £ — Lon a 3-Leibniz algebra (£, [-,",-]1z) is said to be a Nijenhuis operator if

[Nu,Nv,Nwly = N([Nu,Nv,wlg + [u, Nv, Nwly + [Nu,v, Nw] s 42)
N[Nu,v,w]y — N[u, Nv,wly — N[u,v, Nw]p
N2[u,v, wle), Yu,v,we L.

+

Axis J Math Stat Model, 2026 15


https://www.primeopenaccess.com/international-journals/axis-journal-of-mathematical-statistics-and-modelling.asp

For its relationship with a Nijenhuis element associated to a nonabelian embedding tensor, we have the following result.

Proposition 5.5. Let Let X € A’A be a Nijenhuis element associated to a nonabelian embedding tensor
Ton a 3-Lie algebra A with respect to a coherent action (0;0) Then p(X) is a Nijenhuis operator on
the descendent 3-Leibniz algebra (b,[--,-Ir).

Proof. For all u,v,w €, we have

p®)([p(¥)u, p(X), wlr + [, p(X)v, p(EWlr + [p(X)u, v, p(E)Wlr — p(X)[p(¥)ut, v, Wlr)

— p(X)([u, p(X)v, wir) = p(E)([u, v, p(E)W]7) + p*(X) ([, v, W]T)) = [o(®u, p(X)v, p(X)wlr

Ep0)(p(Tp(ou, TpEww + [, p@)v, wy + p(Tu, TpEWPEw + [, p(v. p(Ew]y

+ p(Tp(X)u, To(X)v)w + [p(X)u, p(X)v, wly — p(X)p(T p(X)u, Tv)w — p(X)[p(X)u, v, wly
= pX)p(Tu, Tp(X))w — p(X)[u, p(X)v, wly — p(X)p(Tu, Tv)p(X)w — p(X)[u, v, po(X)w]y
+p*(X)p(Tu, TvIw + p*(¥)[u, v, W]b) = p(Tp(X)u, Tp(X)v)p(X)w — [p(X)u, p(X)v, p(X)w]y

o) (p(Tp()u, ToEWw + p(Tu, TpEWp(Ew + p(Tp(X)u, TV)p(X)w
— PO P(T (¥, TvIw — p(E)p(Tu, Tp(¥W)w — p(X)(p(Tu, TV)p(X)w
+ PAR)P(Tu, Tvw) - p(Tp(X)u, TpFEW)p(¥)w
=p([X, Tp(Xyula, Tp(X)) + p(Tp(¥)u, [X, Tp(¥)vla) — p(X)p((X, Tula, Tp(X)v)
— p(OP(T1, [X, Tp(X)W1a) — p(Xp([X, Tp(X)ula, Tv) = p()p(Tp(X)u, [X, Tvla)

+ pX(X)P([X, Tula, Tv) + p*(X)p(Tu, [X, Tv]4)

Do, [X, Tulala, ToEW) + p(Tp(Xu, [X, [X, TvIala) — p()p(LX, Tuls, Tp(X)v)
— p(X)p(Tu, [, [X, Tv1ala) — pCOp([X, [X. Tulalar Tv) — p(E)p(Tp(X)u, [X, Tv])
+ p2(X)p([X, Tula, Tv) + p*(X)p(Tu, [X, Tv]4)

39
(2)0‘

Then, p(X) is a Nijenhuis operator on the 3-Leibniz algebra (. [, -, 17).

Acknowledgment: The authors would like to thank the referee for valuable comments and suggestions on this article.

References

1

2.
3.
4.

10.

11.
12.

13.

14.

Axis J Math Stat Model, 2026

Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev., 1973, D (3) 7, 2405-2412.

Filippov, V. T. E. (1985). n-Lie algebras. Siberian Mathematical Journal, 26(6), 879-891.

Sh. M. Kasymov, On a theory of n-Lie algebras, Algebra i Logika 26 (1987), 277-297. 1, 2.

Bagger, J., & Lambert, N. (2008). Gauge symmetry and supersymmetry of multiple M2-branes. Physical Review D—
Particles, Fields, Gravitation, and Cosmology, 77(6), 065008.

Bagger, J., & Lambert, N. (2008). Gauge symmetry and supersymmetry of multiple M2-branes. Physical Review D—
Particles, Fields, Gravitation, and Cosmology, 77(6), 065008.

Bagger, J., & Lambert, N. (2009). Three-algebras and N= 6 Chern-Simons gauge theories. Physical Review D—
Particles, Fields, Gravitation, and Cosmology, 79(2), 025002.

de Medeiros, P., Figueroa-O'Farrill, J., Méndez-Escobar, E., & Ritter, P. (2009). On the Lie-algebraic origin of metric
3-algebras. Communications in Mathematical Physics, 290(3), 871-902.

de Medeiros, P., Figueroa-O'Farrill, J., & Méndez-Escobar, E. (2008). Metric lie 3-algebras in Bagger-Lambert theory.
Journal of High Energy Physics, 2008(08), 045-045.

Casas, J. M., Loday, J. L., & Pirashvili, T. (2002, January). Leibniz n-algebras. In Forum Mathematicum (Vol. 14, No.
2, pp. 189-208). Berlin; New York: De Gruyter, c1989-.

Takhtajan, L. A. (1994). Higher order analog of hevalley—Eilenberg complex and deformation theory of n-gebras.
Anrebpa n aHanus, 6(2), 262-272.

Rotkiewicz, M. (2005). Cohomology ring of n-Lie algebras. Extracta mathematicae, 20(3), 219-232.

Nicolai, H., & Samtleben, H. (2001). Maximal gauged supergravity in three dimensions. Physical Review Letters,
86(9), 1686.

Bergshoeff, E. A., de Roo, M., & Hohm, O. (2008). Multiple M2-branes and the embedding tensor. Classical and
Quantum Gravity, 25(14), 142001.

Kotov, A., & Strobl, T. (2020). The embedding tensor, Leibniz—Loday algebras, and their higher gauge theories.
Communications in Mathematical Physics, 376(1), 235-258.

16


https://www.primeopenaccess.com/international-journals/axis-journal-of-mathematical-statistics-and-modelling.asp
https://www.to.infn.it/~mussod/PhysRevD.7.2405.pdf
https://link.springer.com/article/10.1007/BF00969110
https://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=al&paperid=1979&option_lang=eng
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.77.065008
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.77.065008
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.77.065008
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.77.065008
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.79.025002
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.79.025002
https://link.springer.com/article/10.1007/s00220-009-0760-1
https://link.springer.com/article/10.1007/s00220-009-0760-1
https://iopscience.iop.org/article/10.1088/1126-6708/2008/08/045/meta
https://iopscience.iop.org/article/10.1088/1126-6708/2008/08/045/meta
https://www.math.uni-bielefeld.de/lag/man/027.pdf
https://www.math.uni-bielefeld.de/lag/man/027.pdf
https://www.mathnet.ru/eng/aa446
https://www.mathnet.ru/eng/aa446
https://eudml.org/doc/40888
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.86.1686
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.86.1686
https://iopscience.iop.org/article/10.1088/0264-9381/25/14/142001/meta
https://iopscience.iop.org/article/10.1088/0264-9381/25/14/142001/meta
https://link.springer.com/article/10.1007/s00220-019-03569-3
https://link.springer.com/article/10.1007/s00220-019-03569-3

15.
16.

17.
18.

19.

20.
21.
22,
23.
24,
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.

36.
37.

Axis J Math Stat Model, 2026

Aguiar, M. (2000). Pre-poisson algebras. Letters in Mathematical Physics, 54(4), 263-277.

Zheng, S., Guo, L., & Rosenkranz, M. (2015). Rota—Baxter operators on the polynomial algebra, integration, and
averaging operators. Pacific Journal of Mathematics, 275(2), 481-507.

Pei, J., & Guo, L. (2015). Averaging algebras, Schréder numbers, rooted trees and operads. Journal of Algebraic
Combinatorics, 42(1), 73-109.

J. Pei, C. Bai, L. Guo and X. Ni, Replicating of binary operads, Koszul duality, Manin products and average operators,
New Trends in Algebras and Combinatorics (2020), 317-353.

Sheng, Y., Tang, R., & Zhu, C. (2021). The Controlling Loo-Algebra, Cohomology and Homotopy of Embedding
Tensors and Lie-Leibniz Triples: Y. Sheng, R. Tang, C. Zhu. Communications in Mathematical Physics, 386(1), 269-
304.

Schlessinger, M., & Stasheff, J. (1985). The Lie algebra structure of tangent cohomology and deformation theory.
Journal of Pure and Applied Algebra, 38(2-3), 313-322.

Stasheff, J. (2006, November). Differential graded Lie algebras, quasi-Hopf algebras and higher homotopy algebras.
In Quantum Groups: Proceedings of Workshops held in the Euler International Mathematical Institute, Leningrad,
Fall 1990 (pp. 120-137). Berlin, Heidelberg: Springer Berlin Heidelberg.

Hanlon, P., & Wachs, M. (1995). On Lie k-algebras. Advances in Mathematics, 113(2), 206-236.

De Azcarraga, J. A., & Pérez Bueno, J. C. (1997). Higher-order simple Lie algebras. Communications in mathematical
physics, 184(3), 669-681.

Getzler, E. (2009). Lie theory for nilpotent-algebras. Annals of mathematics, 271-301.

M. Gerstenhaber, On the deformation of rings and algebras, Ann. Math. (2) 79 (1964), 59-103.

A. Arfa, N. Ben Fraj and A. Makhlouf, Cohomology and deformations of n-Lie algebra morphisms, J. Geom. Phys.
132 (2018) 64-74.

Nijenhuis, A., & Richardson Jr, R. W. (1966). Cohomology and deformations in graded Lie algebras.
Figueroa-O’Farrill, J. M. (2009). Deformations of 3-algebras. Journal of mathematical physics, 50(11).

Makhlouf, A. (2016, November). On deformations of n-Lie algebras. In Non-Associative and Non-Commutative
Algebra and Operator Theory: NANCAOT, Dakar, Senegal, May 23-25, 2014: Workshop in Honor of Professor Amin
Kaidi (pp. 55-81). Cham: Springer International Publishing.

A. Guan, A. Lazarey, Y. Sheng, Yunhe and R. Tang, Review of deformation theory I: concrete formulas for deformations
of algebraic structures, Adv. Math. (China) 49 (2020), no. 3, 257-277

Schlessinger, M., & Stasheff, J. (1985). The Lie algebra structure of tangent cohomology and deformation theory.
Journal of Pure and Applied Algebra, 38(2-3), 313-322.

Hu, Meiyan, et al. "Deformations and cohomologies of embedding tensors on 3-Lie algebras.” arXiv preprint
arXiv:2302.08725 (2023).

Tang, R., & Sheng, Y. (2023). Nonabelian embedding tensors. Letters in Mathematical Physics, 113(1), 14.
SCHEUNEMAN, J. H. (1966). TWO-STEP NILPOTENT LIE ALGEBRAS (Doctoral dissertation, Purdue University).
Voronov, T. (2005). Higher derived brackets and homotopy algebras. Journal of pure and applied algebra, 202(1-3),
133-153.

Zhang, Tao. "Deformations and Extensions of 3-Lie algebras.” arXiv preprint arXiv:1401.4656 2 (2014).

T. Lada and J. Stasheff, Introduction to SH Lie algebras for physicists, Internat. J. Theoret. Phys. 32 (1993), 1087-
1103.

17


https://www.primeopenaccess.com/international-journals/axis-journal-of-mathematical-statistics-and-modelling.asp
https://link.springer.com/article/10.1023/A:1010818119040
https://msp.org/pjm/2015/275-2/p09.xhtml
https://msp.org/pjm/2015/275-2/p09.xhtml
https://link.springer.com/article/10.1007/s10801-014-0574-x
https://link.springer.com/article/10.1007/s10801-014-0574-x
C:\Users\DELL\Desktop\vamsi\PRIME PDFS\AJMSM\AJMSM-26-05\Pei, J., Bai, C., Guo, L., & Ni, X. (2012). Replicating of binary operads, Koszul duality, Manin products and average operators. arXiv preprint arXiv:1212.0177
C:\Users\DELL\Desktop\vamsi\PRIME PDFS\AJMSM\AJMSM-26-05\Pei, J., Bai, C., Guo, L., & Ni, X. (2012). Replicating of binary operads, Koszul duality, Manin products and average operators. arXiv preprint arXiv:1212.0177
https://link.springer.com/article/10.1007/s00220-021-04032-y
https://link.springer.com/article/10.1007/s00220-021-04032-y
https://link.springer.com/article/10.1007/s00220-021-04032-y
https://www.sciencedirect.com/science/article/pii/0022404985900192
https://www.sciencedirect.com/science/article/pii/0022404985900192
https://link.springer.com/chapter/10.1007/BFb0101184
https://link.springer.com/chapter/10.1007/BFb0101184
https://link.springer.com/chapter/10.1007/BFb0101184
https://www.sciencedirect.com/science/article/pii/S0001870885710389
https://link.springer.com/article/10.1007/s002200050079
https://link.springer.com/article/10.1007/s002200050079
https://www.jstor.org/stable/40345464
https://www.jstor.org/stable/1970484
https://www.sciencedirect.com/science/article/pii/S0393044018300809
https://www.sciencedirect.com/science/article/pii/S0393044018300809
https://projecteuclid.org/journals/bulletin-of-the-american-mathematical-society/volume-72/issue-1.P1/Cohomology-and-deformations-in-graded-Lie-algebras/bams/1183527432.pdf
https://pubs.aip.org/aip/jmp/article/50/11/113514/931033
https://link.springer.com/chapter/10.1007/978-3-319-32902-4_4
https://link.springer.com/chapter/10.1007/978-3-319-32902-4_4
https://link.springer.com/chapter/10.1007/978-3-319-32902-4_4
https://arxiv.org/abs/1911.04611
https://arxiv.org/abs/1911.04611
https://www.sciencedirect.com/science/article/pii/0022404985900192
https://www.sciencedirect.com/science/article/pii/0022404985900192
https://arxiv.org/abs/2302.08725
https://arxiv.org/abs/2302.08725
https://link.springer.com/article/10.1007/s11005-023-01637-3
https://search.proquest.com/openview/0e2850a2327ff8d595daafb809a2bf8f/1?pq-origsite=gscholar&cbl=18750&diss=y
https://www.sciencedirect.com/science/article/pii/S0022404905000186
https://www.sciencedirect.com/science/article/pii/S0022404905000186
https://link.springer.com/article/10.1007/BF00671791
https://link.springer.com/article/10.1007/BF00671791

