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Abstract

This paper is an improved version of the thesis [5] .The ECT Spin-Gravitational Field theory is the promotion of the
general relativity (Einstein gravitational field theory) in curved spacetime with torsion,it eliminates the contradiction
between the Einstein gravitational field theory and the Dirac electron field theory.The simplified form of the ECT spin-
gravity theory has a limit of Einstein gravitational field theory,so the ECT spin-gravitational theory should be more
correct than the Einstein gravitational field theory. In order to obtaining a clear physical picture and analyzing a specific
physical problem, the given Riemann background presentation of the ECT spin-gravitional field has been established
through separating the physical effect of spin-gravitional field from the given Riemann background spacetime in this
article. In this article,the gauge conditions and simplified form of the ECT spin-gravitational field has been discussed in
a given background spacetime.
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Introduction

There is an irreconcilable contradiction between Einstein’s gravitational field theory and Dirac’s electron field theory [1].
We can eliminate this contradiction by extending Einstein’s gravitational field theory to ECT spin-gravitational field theory
with curved space-time [2]. Since the ECT spin-gravity field theory in its simplified form has the Einstein gravitational
field theory limit, we believe that the ECT spin-gravity field theory is a more correct gravitational theory than the Einstein
gravitational field theory. The force field in the ECT spin-gravitational field theory is a generalized gravitational field:
the spin-gravitational field, which is partially equivalent to the gravitational field in Einstein’s gravitational field theory.

In the standard ECT spin-gravitational field theory, the physical effects of gravitational field and spin field are characterized
by the frame field and frame affine connection describing the space-time structure, respectively. The physical effects of
gravitational field and spin field are manifested as the change of space-time structure, and their mathematical picture
is very clear, but the physical picture is not clear enough [2]. It is well known that the physical picture is very clear in
Newtonian mechanics, special relativity, classical electrodynamics and quantum mechanics. The fundamental reason is
that the motion of matter is assumed to be in a given flat background space-time, and the motion of matter does not
change the space-time structure of the flat background space-time. Therefore, in order to get a clear physical picture
in the ECT spin-gravity field theory, we assume that the spin-gravity field is a complex of the geometric structure of the
given background space-time and the dynamic field under the given background space-time, so the motion of matter
not only has an impact on the space-time structure of the given background spacetime, but also has an impact on the
dynamic field of the spin-gravity field. Only the flat background space-time is not affected by the motion of matter.

In this paper ,we believe: In the ECT spin-gravitation field theory, the physical effects of the spin field and the gravitation
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field are described by the deviation physical quantities of the curved spacetime with torsion to the specified Riemannian
background spacetime, and the spin field and the gravitation field can be essentially decomposed into the geometry of
the given Riemannian background spacetime and the deviation physical quantities in the given Riemannian background
spacetime. In this paper, we discuss the formulation and gauge conditions of the ECT spin-gravity field theory in a
simplified form on a given Riemannian background spacetime.

Introduction to Spacetime Geometry

The real physical space-time is the curved space-time with torsion. In order to study the real physical space-time in
the specified background space-time, we must have a certain understanding of the geometry of the given background
space-time and the curved space-time with torsion. This section briefly introduces some geometric properties of the
given background spacetime and the curved spacetime with torsion, and uses the definition of the coupling differential
to connect the given background spacetime and the curved spacetime with torsion.

Geometry of Riemannian Background Spacetime
Let A« ﬁ(‘; Jis the tetrad field in a given Riemannian background spacetime M/*, g, 8" s the coordinate metric

(7

tensor in a given Riemannian background spacetime M*, 7., .7 is the tetrad metric tensor in a given Riemann

background spacetime A7*, 5;,5{;;; is the unit coordinate tensor and the unit tetrad tensor in the given Riemann

background spacetime A7*. In the given Riemann background space-time A7*, Coordinate indicators use g,8" to

rise and fall ,tetrad indicators use 7,7 to rise and fall, Using 1\, 1 as the transformation between tetrad

indicators and coordinate indicators, there are the following relations:

T@) v _gv J@7p _ g
)’u ﬂ(a) _5;1’1;7 /7’(13) _5(ﬂ)

_ B _ A G
Aaru = Nap” = & ey
S _ (@) Tu _ amv F@)
//Lay_ﬂa l(;;)_g;tv/lva

_ Fu @p) _ F@wuFp
Mapy = M hpro T = A4,
=A@ i smv _ Fauiv
gyv - //i’,u ﬂ’((z)vﬂg =1 ﬂ’(a)

2.1)

where:

— 1 0 (af) _ 1 0
Tap) = 0 _é‘(ab) o1 - 0 _5(ab)

a,f=0,1,2,3a,b=1,2,3

Let T~ , 1 T is the coordinate, tetrad, and spinor affine connections in a given Riemannian background

o= (B>~ u
spacetime, we can define the basic covariant derivative in a given Riemannian background spacetime:

(1) For the scalar ¢:

D$=04
(2.2)
(2) For the tetrad vector 4,4 :
By = 0,40 T
DA =8, 44 + T 4
(2.3)

(3) For the coordinate vector 4,, 4" :
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D,4,=0,4,-17%4

wip

D A" =0,4" +T% 4

(4) For the spinor v, :

Dy =0w+ l:"”x//

Dy =0,y —yL,

And there are the following relationships:

- 1. - ~ ~
ng = Egpl (ao-gly +a,uglo' _aﬂ.g;za)
i 2

=——¢o . [T9 & —L( - )
# =T %@t e Cen T Yo =YY

o

a 3y 7 (a) ~p J(a) 7v
pu = ~Ap 0, A+ TLAT A,
ﬂ(a) = 0>D/1guv = O’Dlgﬂv = O’Dﬂy(a) = al‘y(“) =0

u’v

o

1

_ :(7)
@i = Mian (pyu>
By o) _ joy
fr =12 T, =T

P
vud = (af)u

o

F(aB) _ o (@Nf(h)
Fu =7 F(}/)ll

F(af) _ _P(fa)
(ﬁa)ﬂ’rﬂ - F#

(2.6)

Let R;’W,R((Z)),,v,Rw are the coordinate, tetrad and spinor curvature tensors of a given Riemannian spacetime, there
are:

R, =07 -0 +T71% -4

ouv v© ou Su~ ov v ou

@) _A @) AT @ ) @ )
Ry =08 (g =01 () + T =T 00T )

R,=0,, -8, +[ [ -IT,

Re e JBOp@ e _

ouv (@) “NPuv>~ouv ouv > uv 4 (ap)uv

A

2 i S
P —_Loyemp

=

2.7)

For the scalar¢ . vector A(a),A(“’,Aﬂ,A“and spinory, i ,there are:

-D,D,A,, =-R"

(@)uv

A(ﬁ)

(2.8)

Geometry of Curved Spacetime with Torsion
Let A, 4% is the tetrad field in the curved spacetime with torsion/*, g, ¢ is the coordinate metric tensor in the

curved spacetime with torsion Ar*, U(aﬁ),ﬂ(aﬁ) is the tetrad metric tensor in the curved spacetime with torsion A7,
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5;,5(([‘;; is the unit coordinate tensor and the unit tetrad tensor in the curved spacetime with torsion A7*. In the

curved spacetime with torsion A*, Coordinate indicators use g,,g" to rise and fall ,tetrad indicators use

Nap1 ™ torise and fall, Using A1, 4%, as the transformation between tetrad indicators and coordinate indicators,

there are the following relations:

A9

u Ma)
_ B _ v
Aaru = Mapl” = ey

(@ _ (@f)qu _ uvg(a)
A = Ay =8 A,

ey @B _ (@ ()
Neapy = A hiprus ™ = A4,

_ q(a) u _ q(ayuqv
8w = Ao 8" =2 A

—_ SV g@gp _ s(@)
_5;4’1;7 ﬂ(ﬂ) _5(ﬁ)

(2.9)

where:

1 0 1 0
_ (@h) _
Niap) (0 _5(11}7)]’77 [0 _5(ab)J

a,f=0,1,2,3;a,b=1,2,3

Let Fgﬂ,fgziﬂ,fﬂ are the basic coordinate affine connection (Christoffel symbol), the basic frame affine connection

and the spinor connection in a curved spacetime with torsion, we can define the basic covariant derivative D,,D* in
curved spacetime with torsion:
(1) For the scalar ¢:
D,$=0,4
(2.10)
(2) For the metard vector 4,4 :

— r(5)
D, Aoy =0, A =T ayudip
(a) _ (@) | Tr(a) 4B
DA =0,4°+T% A4
(2.11)
(3) For the coordinate vector 4,4 :

D,A,=0,4,-T" 4

wp

D, A" =0,4" +T* A

(4) For the spinor ., :

Dy =oy+T,y
Dy =0,y L,

Let F,

Auv >

4, are the torsion tensor and the electromagnetic potential in the curved spacetime with torsion,there are

the following relationships:
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1
TG =78 (0,8, +0,8:0.8,)
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Auv
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r,= _Za<aﬂ)r(ﬂ># ! he 4,
_i @ _ 1o @
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A

_ () @B _ o (an)f(B)
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r/l‘/ _Fvu’ (efyu — F(ﬂa)ﬂ’rﬂ - r/l

(2.14)

Let R ,R® R F,, are the coordinate curvature tensor, the frame curvature tensor, the spinor curvature tensor

ouv > TN (B uv> v
and the electromagnetic field tensor of a curved spacetime with torsion, there are:

R° =0 T7 —0T” +T°T° T~ T°

ouv u-ov ve ou Su~ ov Sv ou

pa) _ A (a) _ A () H(a) T~ (a) ()
Ry =0, (v =0 0 + T 0y =TT (o

R, = 0#FV —0V1—‘ﬂ +F#FV -rr,

F, :DyAV —DVA”

R =P AP p@ B :_ia(aﬂ)ﬁ
4

ouv (@) “XPuv> " Tuv

. e
(ap)uv _I%Fﬂv

L 1 " "
R’ =R’ +E(D‘,HW’J—DVH ")—Z(HW"HW -H, H,")

ouv ouv Ho

(2.15)
For the scalar¢ . vector 4,4, 4,, 4 andspinor 7 ,there are:
D,D,¢—D,D,$=0
D,D, 4, ~-D,D,4, = _1%<(f>)uv‘4<ﬂ>
D,D,A“ ~D,D A =R AP
D,D,A,-D,D,A, = —R;NAJ
D,D,A4”-D,D A" =R, A°
DDy ~D,Dy =R,y
D, Dy ~D,Dy =R,

(2.16)

Formulation of Curved Spacetime with Torsion in Riemannian Background Spacetime
The deviation of a curved spacetime M* with torsion from a specified Riemannian background spacetime A7* is

mainly divided into two types: the curved deviation and the twisted deviation. The curved deviation is described by
the difference between the tetrad field ijf" in the curved spacetime Ar* with torsion and the tetrad field /ij‘) in

the specified Riemannian background spacetime A7*. The twisted deviation is described by the difference physical

quantity between the tetrad affine connection fg;g . inthe curved spacetime A" with torsion and the tetrad affine

; ()
connection I'(%),
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Formulation of Curved Deviation Tensor and Coordinate Affine Connection in Riemannian Background
Spacetime

We can construct the curved deviation tensor @,",w,” from the tetrad field A\, 47, in the curved spacetime

M* with torsion and the tetrad field i}f‘), A, in the specified Riemannian background spacetime /*:

(a) _ v 7(a) u _ qv u
A0 = A0 4 =,

v 2 Ha)

So, there are:

(@ v _ v qu 3(a@) _ _u
ﬂ” /l(a)—a)” ,/1(“)/1‘, =w/’,

_ 7@ B _ p,.. O~
8uv _ﬂ‘ﬂ n(aﬂ)ﬂv =0, 0, 8y

4

MY __ AH (ap) qv  _ ~po u
g =K Ay =80,

This relation decomposes the tetrad field A, 4% in a curved spacetime A* with torsion into the tetrad field

i;“’,/i(’;) of a given Riemannian background spacetime and the curved deviation tensor o,’,@,”.The tetrad field

ifﬁ’,i{;) represent that effects of the geometry of the Riemannian background spacetime. The curved deviation

tensor w,",," represents the physical effect of the gravitational field.

From the properties of the tetrad field 2(’, 1, we can prove the following relation:
wﬂpwpv = wﬂva)ﬂp = 5}‘:
(3.3)

Let the coordinate affine connection (Christoffel symbol) in a curved spacetime Ar* is I/, there are:

1
T =587 (0,2 +0,2,,-0,8,)

([)ug/w +fiﬂg§v +ffug45)
1 . N .
=Egpi +(Dvgﬂ.y+rivgb‘u +Ff1vgi§)

- (ﬁzg,w + +f‘;g5v + l:fag,ns )

. . . .
=00 +2 " (Dugn + D25~ Dig,n)

Substituting (3.2) into the above equation, we get:

- . 1 -
p _TP P m P mi
FW —F#V+wm Dva)ﬂ +Ew'" o HW1

H/Luv = F‘l‘uv +F;M.v _E//Lu
I _ N I A i
F —a)u(D o, —Dva)u)

Auv uv

PR I A !
F,=Dw -Dw,

uv

(3.5)

Therefore, T, can be written as:

Int J Quantum Technol, 2026 e


https://www.primeopenaccess.com/international-journals/international-journal-of-quantum-technologies.asp

P _TP P
r, =I., +N;,

1 ~ ~ ~ . . . . . . .
Where, N/, = Eg"* (D#gw +D,g,, —Dag,w) is a tensor in curved spacetime with torsion, called the coordinate affine

connection deviation tensor.

1 l"’
Nﬂ ZN;/t)p:Egp Dﬂgpﬂ

nm__ p 2 ~ k .1
zUrz wm D;z (gkla)p a)i )

o

nm

P A~ N k 1 ~ kR 1
wn z’Um (gle,uwp a)ﬂ. +gklwp D,uw/i )

o

Dwt

up

] Nl— o—

=

™

Formulation of Twisted Deviation Tensor and Frame Affine Connection in Riemannian Background

Spacetime
Using the tetrad affine connection f%ﬂ in curved spacetime M* with torsion and the tetrad affine connection
ls“ggiﬂ in Riemannian background spacetime M*, we can construct the twisted deviation tensor M((;j))ﬂ in the

following formula:

Fa) _ @) (@
Fiu =T ipu Mg

It can be proved that M((;)’ﬂ is a tensor, which describes the degree of distortion of the Riemannian background

spacetime M*‘ by the curved spacetime M* with torsion, and is called the distortion tensor. Let

M@ = j’(a) io

P ic.
o = A A ML 5 there is:

[P — 2P JBAf@ P mpgmn
ML, =AM ), =, 0,"M,,

The Relation between the Background Covariant Differential 15#,[)” and the Basic Covariant Differential
D ,D*
o

According to the above definitions of various connections, we obtain the following covariant differential relations:

(1) For the scalar ¢:

D¢=D,¢$=0,4
...... (3.8)

(2) For the tetrad vector 4,4 :
D, A, = DHA(a) _M((aﬂ))uA(ﬂ)
DA =D, A +M) AP

...... (3.9)

(3) For the coordinate vector A4,,4“:
D,A,=D,A4,-N} A,
D,A"=D,A"+N" A

...... (3.10)
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(4) For the spinor w,i :

D =Dy +E,w,D,7 =D&,

i e
—_— _ (aﬂ) .
2 =——07'M —i—A
H 4 (ap)u he H

The Background Formulation of the Torsion Tensor in the Curved Spacetime with Torsion
The torsion tensor (the field strength tensor of the gravitational field) in the torsion curved spacetime M* is F,

Auv 1

so there are:

Fyp = Ay (DA =D, A

- (@ @ @ 28 _ pp@ 28

= ﬂ(a)ﬁ( DAY =D AT + MG AL M), 2, )

= Auv +Mlv,u _Mluv

= Auv +M/1/1v _ley
Fﬂ =y _MII’MH :gpaMuﬂcr

...... (3.12)
Substitute the above relation into #,, =F,, +F,, —F,, we get:
H,, = H/I;tv+2M,uvl’H H 2M
...... (3.13)

Where #,, =F,, +F, —F,.F, =a,F .

In the ECT spin-gravity theory, when g =-8,=1,4,=0,a"=0,y=0 has::

-F

y775%

+F

vAu )

K, = (F

Auv

=(

+(F,, M

< &

VIA )
HVA )

g>

F

Auv

+2M/m —2MW +2M,,

F+F

vAu

=

~R,.~2(M,,~(M,, -

y775%

)

Auv

Where X, =F, —F, +F,,

The Background Formulation of the Curvature Tensor and the Electromagnetic Field Tensor in the Curved
Spacetime with Torsion

Let R{;;W,R(‘;;W be the tetrad curvature tensor in a curved spacetime with torsion and in a Riemannian background

spacetime, respectively. Substituting %) _FEZ;” +M), in the definition of R , we get:
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P _p@ | p@

Bruv = pyuv T gy
A(ot) - DN (@) N (@) (a) ) (@) Ar(r)
Ry =DM gy, = DM gy, + My My, =M 3, M 5,
“DM® _D M@ @ Ao @ Ay
=D My, =DM g, + My, Mg, =M M),
_J@ 30 (P P B P P m P oAgm
=125, (DML, —D,ME,+M[,M?, —M,,M?,)
_F@ e pr hr _ P P > P P m P m
- /’i’p /l(ﬂ)Ro';tv’Ro;uv - D;tMo'v _DVMOW +Mm/1MGV _vaMo;u
...... (3.15)
Where R, is the effective field strength tensor of the spin field.
Let RZ,,R., be the coordinate curvature tensor in a curved spacetime with torsion and in a Riemannian

background spacetime, respectively. Substituting I'”, =T + N7, in the definition of R”_, , we get:
Ro‘;’uv = Ro’;w + Roizv
R;,=D,NJ, -DN, +N, N —N, N
...... (3.16)
Let R(),,.R., be the frame curvature tensor and the coordinate curvature tensor in the Riemannian background

spacetime, respectively. There is:
DDAD_PP @ =p@ 1B _pp 3@
uw-vio vi_u'o

(Pyuvo ouv’p

Substituting D, 4 =0 into the above equation, we obtain:

Br —jr R 7B

ouv (@) (Puv""o

Let 4, is the electromagnetic field potential vector and F,, is the electromagnetic field tensor, then we get:
F,=0,4,-0,4,=D,4,-D A,
...(3.18)

Riemannian Spacetime Background Formulation of the Equations of Motion

The following is a background dependent formulation of the equations of motion for the ECT spin-gravity field theory
with the Einstein limit

Dirac Electron Field Equation of Motion

Since there are: D,y :f)ﬂy/+5#l//,Dﬂl,7:l~)#t/7—w_E#, according to the Dirac electron field equation of motion of the

ECT spin-gravitational field theory:
%(ih]/”Dul// +ihD, (7"1//)) —mcy =0
%(ihDﬂl,?y” +ihD, (7y*))+meig =0

We obtain the formulation of the Dirac electron field equation on the Riemannian background spacetime as:

. 1T 1 PP 1 — —_
lh;/‘Dﬂl//JrEthﬂy”l//—Eh(;/”:y+:.ﬂ7/”)(//—mc://=0

LR 1. _= 1, o _
lhD#!//}/”+51hl//D#}/”+5hl//(}/”zﬂ+:#;/”)+ch=0
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Maxwell’s Equation of Electromagnetic Field Motion
Since there is: D,F*" =D,F* +N,F*", according to Maxwell's electromagnetic field equation of motion:

D,F" =47 "

The equations of motion of Maxwell's electromagnetic field on a Riemannian background spacetime are expressed

as:

D,F™ + N, F" =4z j*

Tang Fei Lin’s spin field equation of motion
Because of:

4 4

(apu ___C€ (@u(B) _ gr(Pu(a) (@u(h) e
s@Pu—__—__B(K -K +——a -
¢ 167rG'B( ) 162G (e Or )
_ c* wiap) € wep) _ q(@u (B | 3 (Bu @)

PK + alF AHEP L PR E
887G 87G

%ﬂ(kﬂ(aﬂ) _2(]\7[@,3)/1 ) +M(ﬁ>ﬂ<a>))

C4 ﬁw(flﬂ) +M(a)ﬂ(ﬁ) _M(ﬂ)ﬂ(a)

Y52 _ @ (ﬁv(ﬂ) _M(ﬁ))+/1<ﬂ)y (ﬁ(a) —]\7[(“))

4
C

%(ﬂgmﬂ) +a(ﬁ~/t(aﬁ) _ J@n ) +/1(ﬂ)yﬁ(a)))

4 4
=| -2 ¢ MPH 4 o ¢ (A(awM(m _l(ﬁ)ﬂM(a))
87G 87G

4
C ~ .
2 - M(a)ﬂ(ﬁ') _M(ﬁ)ﬂ(a)
+( ﬂ+a)87tG( )

(ﬂ[gu(am n a(ﬁu(aﬁ) _(i(a)/xﬁ(ﬁ) _APu e )))

4

c -~ - -
_gﬂ-G N —2,8M( B u +(2ﬂ+a)(M( By _ g Pud ))

+a (l(a)#M(/f) _A(ﬂ)ﬂM(a))

Rlapur _ papu | plepay

(@P)pv _ AlePuv | A@f)uv
g =0+ 0
DVQ(aﬁ)/Jv — DVQ(aﬂ)#v +NVQ(a,B)/1v +M((;e))VQ(7ﬂ)ﬂv +MP Q(W)ﬂv

v

Therefore, according to the equation of motion of the spin field in the ECT spin-gravitational field theory:
Q v 87Z'-K (27 (27
DVQ( B 1 :C_4(Sc§ B u +S; /?)ﬂ)

(af)

h_
slpn =%l//(0' 7+ P Yy

4
g@m ___€ ﬂ(me(ﬁ) _K(ﬂ>u<a))+

(@) u(B) (Bu(a)
o _
g 167G 167G (QE Z )

We obtain the Riemannian background spacetime formulation of the equations of motion for the spin field as:
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8k
(si"ﬂ)” " S;aﬂ)ﬂ)

(af)uv _
DVQ - C4

(,Blgmﬂ) ta (ﬁy(aﬂ) _(ﬂ(a)yﬁ(ﬂ) _ )Pl )))
— SLKS(aﬂ)ﬂ +% ta (A;[uzﬁm " (i(a)ﬂM(ﬂ) _ By ))

4 e
C

~(28+ a)(M(aﬁ)ﬂ _(A;[(aww) _ M Prut@ ))

R OHeruv Y aBuv | (@) NGB uv | 1r(B) Hlaruv 8k K ~
D, O +N,O +M(WQ +M(WQ _4S£aﬂ)ﬂ +_ﬂKu(aﬂ>
~ o~ ~ ~ ~ C
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_E +a(ﬂ(a)y1\2(ﬂ) _l(ﬂ)pj\j[w))

where:
ho_
sCPH = %t//(a(“ﬂ)y” + 7 P Yy

Einstein-Tang Gravitational Field Equation of Motion
Because of?:

1 ~ 1 ~ ~ 1 ~
G,=-R,-—g . R=|R,—~g R|+|R,—-g R
oV ov 2g6V ( oV 2gO'V j [ oV 2gO'V j
2RH@ _ fpatem _ (2]%”(“) —13/1(“)”)4-(21%”‘“’ _R%i(a)u)

K. =K

Auv Auv -

Z(Myvl _M;M.V +MV/1‘M)
Therefore, according to the gravitational field equation of ECT spin-gravitational field theory [2]:
PY 4 PM 4 Py PR
R/“’_l wp +lﬂD KW,_S/ZGN e 4 r Thp g
2g 2 o C4 _ Cc
167G,

a2kt ")

We obtain the formulation of the gravitational field equation on the Riemannian background spacetime as:
Ryv _lg,uvk yng iy wv | DUV
2 BU+ BT+ P+ By

+(1§W - ngé}% BB " 4N ) |

-
167Z'GN +(zﬁvy_gv,uﬁ)

(2 - k)

B, (M7 — 31 4 1)
AN, (317 = 3 )

where:

e

1
R == c(ihy" D,y —ihD, 7y "y ) A7 + LA

4
G P (Br)Ho 1 4D (Brymo | 9(a)p
P = (R(ﬂy)pGQ -0, 0 ]/1

f 167k 47 (By)mo
Py(a)# — %(FpaFya _£5£E;10Fmaj/1(a)p
T
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4
plau __ € mo B)an (Bymo | 4(a)
By _%'B( —2F,, K™ 4 K 5o KT — 55K<ﬂ)maK j’i !
(3.23)
The Equation of Motion for the Charge Current
uje +N =0
...... (3.24)

The Equation of Motion of the Spin Current
Because of

(ePu _ (P u (eP)u (a) (Vﬂ)ﬂ B) glaru
D,s, D Se N+ N s+ M +Ms,

Therefore, according to the equation of motion of the spin current in the ECT spin- gravitational field theory
D \@u _ plba) _ plep)

u-e e e
We obtain the equation of motion for the spin current on a Riemannian background spacetime as:

(ap)u (aP)u (a) (7/3)/1 B) (w)# (fer) (af3)
Ds +N, s+ M +M s, =R —F,

(3.25)

Energy-Momentum Current Equation of Motion
According to Energy-momentum current equation of motion in the ECT spin-gravitational field theory[l

Dv})eﬂv = ( .]e E/ + ; S(aﬁ)vR(aﬂ)vpjg”p +%I)EVO-HHVO'

We obtain the background-dependent formulation of the energy-momentum current equation of motion as:

—j'F +— ! s(”"g)"R
ad ny oV v ew 2 (@he 1 vo [ 171
DR+ NLET + NP =) g+ R (H +2M,))
(af)Vv D
+§Se (@Byp

Riemannian Spacetime Background Formulation of Lagrangian Density and Action
In the ECT spin-gravitional field theory [2], when g =-8,=1,3,=0,a"=0,y =0, there are:

(1) Lagrangian density of Dirac electron field:

1 _
L= c(ingy" D,y ~ihD,j7y"y )~ me'izy

_Le(nigy Dy —ind oy +Lenig (2, —iE

Sty D,y ~ihD,7y"v ) = mcgy + —chip (y'2, ~2, 1" )y

2 1 (ap) .

:Le+§S ﬂF(aﬂ)u_JeflAu

...... (3.27)

where:
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- 1 /., _ ,~ R — _
L= Ec(zh wy“Dy — ZFID”(//}/#I//) —mc*yy
Séaﬂ)# — %1/7(0(“/3)7/” + }/Ho_(ﬂﬁ))y/’
(SPO'ﬂ — P — _Sp/w)
Jt=ewyty, j =wyty

(2) Lagrangian density of Maxwell electromagnetic field:

1
L =-—F F"
r 16z *

(3) Lagrangian density of Tangfeilin spin field:

A

5 5 Aapuv | AlaB)uv
Reapyw + Riapyyuv )(Q +0 )

N A | p A | B A(aB)uv
o +Riapy @ + Ry @ + R gy i@ )

(afp)uv

.(3.29)

(3) Generalized Einstein gravitational field Lagrangian density (Einstein-Tang gravitational field Lagrangian

density)::

4
c

167G,

s
(—ZDVFV +ak+R-- BE,, K™ J

] —2DV(I5V—MV)+a1:2+R
4

167G, +a13+1§+ﬂ(—

1 - - .
ZF:LUVKMN +Mlvalﬂvj

The four-dimensional volume element is:

dQ:Ed4x:|a)|\/§ ‘x

@] =,
...(3.31)
Therefore, the effective action is:
s :1de§2 = J-gd*x =le|w|\/§d4x
C C
(3.32)

Formulation in Flat Spacetime Background
Properties of Flat Spacetime
A Riemannian background spacetime whose tetrad basis vector é(a),é(“’ is a constant vector is called a flat

background spacetime. Thus, there are:
Ns =93 =0D3Y=p 3@ —
Dﬂe(a) - aﬂe(a) - 09 Dﬂe = aﬂe = 0

From the above equation, we obtain:
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r@ =0

B
4.1)
Therefore, we get:
R = 0.5, =0
...... (4.2)

Simplification of the Equations of Motion
Under the flat background space-time, according to the discussion in the previous section, we obtain the simplified ECT
equation

o Simplified form of the equation of motion for the spin field:

A Aah) A(ap) (@) AP T (B) Alar) .
D,0“P" + N,O“P* + M%) 0" + M) QP+ %Swu + K piuen
e
_2IBM(aﬂ)u n (2ﬂ+ a)(}\;[(a)u(ﬁ) _A;[m)u(a)) ¢ Gy
K
+K a(ﬁw(aﬂ) _pou k) +/1(ﬂ)ﬂﬁv(a))
Gy

G +a(/1(a>m;1<ﬂ> _lwnzM(a))

e The simplified form of the equation of motion of the gravitational field:

- 1 N 1 - - ~
MV G HV _ uve uvo _
[R o8 RJ+ 2ﬁ(Dc,K +N_K ) PH 4 P 4 P 4 P
a " uvo 1 uov 1 voy =N 4 A ~
D, (M*7 - M* +M*™) & ¢ a(ZRm_gvﬂR)
+N, (M7 = M* + M) 167Gy

o Simplified form of the equation of motion for the charge current:

Dﬂjg’+Nuje" =0

...... (4.5)
o Simplified form of the equation of motion of the spin current:
Dﬂsfj’ﬁ’” 4 Npsiaﬁ)/t i M((:)L s 4 M(%, s(m = plbe _ plep
...... (4.6)

e Simplified form of the equation of motion of the energy-momentum current:

DvPeﬂv + NgvPeGV + NvPeﬂV = (_];E/p + %Siaﬂ)vé(aﬂ)vpjg#p + %Pevg (ﬁfcr + ZMvaﬂ )

(4.7)

Simplification of Lagrangian Density
Simplified form of the Lagrangian density:

T 1 (ep)uy :
Le :Le+ESe }F(aﬂ)y_-]eﬂAy

= 1 /. _ =~ P =
L = Ec(zh wy“Dy —lhDﬂl//}/”l//) —mcyy

where | s\ = %!/7(0'(’1&7/” +}/”O'(aﬂ))‘//’(sfw =—s" = _Sepw)
je =eyrty. j" =wr'y
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v 16z *
¢t oz
_ ) A(aB)uv
Lf - 641k R(aﬁ)va !
c4

¢ 167G,

(—ZDV (ﬁv —MV)+aI%+I§+ﬂ(—

1 + 3 Decomposition in Inertial Reference System

Flat background space-time can adopt time-axis separated coordinate system (x’,x’). The time-axis separated

coordinate system of flat spacetime is actually an inertial reference system. In the time-axis separated coordinate

system, the flat background spacetime metric tensor can be written in the form:

1 0 1 0 1 0 1 0
”(aﬂ)z[o -5 ]’”(aﬂ):[o _5(ab)j’guv:[0 - J,é“v=( _N,-jj
(ab) 8y 0 -g
" 0 /1;.”) > Ha)u 0 _ﬂ'(a)j > HAa) 0 /’i(Ja) > 0 —/1(“)]

Where ,ZL“’,Z{;), g,,,&" is only related to the spatial coordinate x' and is independent of the time coordinate

t,(x* =ct),a,b,i, j=1,2,3 is that correspond spatial indicator.

The only affine connections [, that are not zero in this case are:

- 1. ~ - ~
1—‘5 = Egkl (aiglj + ajgli _a]gij)
Time is a good spatial scalar in the time-axis separated coordinate system of flat background spacetime.

In curved spacetime with torsion, the ADM decomposition of the metric are [3,4]:

1 N
N*-NN" =N, . | N* N
8w = 8" = .
u -N, -8 _l’ gl
N

8 =8n8"8y =0, N;=g,N",N'=g'N,

J

The g;,¢" in the ADM decomposition above is the 3-dimensional spatial metric. Let 2, 4

., be the tetrad field of

3-dimensional space, @ab),a“‘“b) is the tetrad metric of 3-dimensional space, and ®/,@, is the curved deviation

tensor of 3-dimensional space, there are:

@ _ i@ i _ 5 i
AT =0/ 47 Ay = A,
kG k o Si
o'’ = 0’ =0,

i

~mn

- & mo n i _ -
gij_gmna)i a)j & =8 wm wn 4
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il ) F@ _ o slab) g
Aoy =8 0wy AT = 8,0 A,

Therefore, the ADM decomposition of the tetrad field in curved spacetime with torsion is:

Ja [N N A
“oolo A

Solved by A" = a)ﬂ"i(”) A =2 w ) w0, =5

v 2 a)

v 1 N/
w[N N“jk]],wﬂu N v
0 o 0 o’

This is the ADM decomposition of the tetrad field of a curved spacetime with torsion on a flat background spacetime.

For the generalized ADM decomposition (TFL-ADM decomposition) in the most general case, we can set:

, [N Nao
@, =| _
AN @

i i

...... (4.12)
In this case, it can be solved by @ /0, =@, 0, =3, :
1 N
| N=N"N,, N-N"N,
wﬂ = kA7 kAt j
@'N, ;@ NN’
N-N"N, ' N-N"N,
...... (4.13)

This is the generalized ADM decomposition (or TFL-ADM decomposition) of the tetrad field of a curved spacetime with

torsion on a flat background spacetime. The metric tensor is:
P8 0,7 = wGw'

Nfo,™)(1 0 N,
" 0 -g. N* N ‘Djn

_ _Nko‘)k mgmn N I:I_l
i _mimgmn Nkmkn i

i J

2 k m~ k' n NI k m~ n
-N'o"g.N o, NNj—N O8O
NI m~ k n NI NI m~ n

NN, -0,"g,,N'o, NN, -0,"g 0,

gpvzm

=

Z 7
Z

e

z

Z|
e

z

2 m n N k
— N :N gmnN NE\IJ__N gkj
NN, -g,N* NN, -g;

Formulation in the Background of Generalized ADM Spacetimes
Generalized ADM Decomposition of Tetrad Field
According to the decomposition formula of the tetrad field in flat spacetime in the previous section, we get:
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@ _ g vi@ _ 7,7
A0 =0 A" =w

1 0Y) N N
Lo ZSJ[N“%M @4]
01 0)N N
who ki i)
e o
Ao \N s}

~ 0N N,
o A9 (Nt st

i

—_— D = OO =
s ~

therefore, the generalized ADM decomposition of the tetrad field /1;,"" in curved spacetime with torsion (TFL-ADM

decomposition) is:

Z(l")zl 0 ,w" = IY N]..
’ 0 ﬂ“i(a) u ]vl 5/

...... (5.2)
Solved by @, 0, =@, 'w,/ =5,:
1 ~ N./
| N-N"N, N-N"N,
Pu = N NN’
_ P Sl i
N-N"N, ' N-N"N,
...... (5.3)
Solved by A4, =5, A% AL, =85
u 1 0
@ 7| o ﬁ'([a)
...... (5.4)

Where 4,4, :;,8";6.,,0“" is the tetrad field, coordinate metric, and tetrad metric of the 3-dimensional space,

(ab)>

respectively. And there are:

— q(a) ) i — g1 s(ab)gj
&g = A 5(ab)/lj 8 = ﬂ(g)é /1(1;)
i

=g A A = g 8PN

(ab)™™j 277 (b)

g°g,=0.8,=¢,.8"=¢"

Generalized ADM Space-Time Properties
0

~ 1
According to the tetrad field formula 4\ :(0 4@

],Ev/i;‘f‘) =0 of ADM space-time background, we obtain the

non-zero four-dimensional affine connection formula and curvature tensor formula as follows:

= 1 i 1, =1
r?j :_Eatgg/’rg/ :_Egka,gk/ar(/ :Egk (aigk/ +0,8; _akgg/)

2 2 1 . . 2 1 ~
0) _ (@) _ (a)i i (a) (a) _ (ca)
F(a)i - atl(a)i’r(b)t - 5(’1 atﬂ’(b)i - ﬁ“(b)atﬂ’i )’F(b)i - EHi(cb>5
7 _ K A _E i (a)_ (a) _ (a)
where  H ) = Fia + Foun) = Foua» Fy = 04" —0,4
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B0 _ AP0 OO RO _ATO A0 10 e 0 )
Ry =0T (@ =Tyl (s Riayy = 000y, =0Tty + Ty, =Ty Uiy

B _ A f@ L @ e _ @ e
R(b)ti - 6tr(b)i + F(c)tr(b)i _F(c)ir(b)t

A A ~

R(a) :af(a) _a_f(a) +1=~(a)_1:~(c) _F(a) F(c) +f~(u>_f~(0) _f(a) _f(O)

(b)ij im (b)Jj Jo ()i ()it (b)j (e)j~ (b)i (0)i™ (b)) 0)j~ (b)i

b _pp _ip 7B R@

ouv RU#" - ﬂ'(a)ﬂ’v R(/f)ﬂv

Dynamic Field Properties

The non-zero dynamical field F'2 are: F':)

Formulation in the Background of Einstein Spacetime

According to Einstein, the gravitational field is a geometric effect of Riemannian spacetime, and other force fields are

dynamical effects, so the decomposition of the spin-gravitational field in the background of Einstein spacetime should
be:

v _ vV _ gV
o, =0, _5/4

At this time, there are:

F,, =0

ma

Einstein's theory of gravity becomes R-+R* higher order theory of gravity.

Covariant Gauge Condition
Because the action of the spin-gravitational field is invariant under the transformation of any coordinate system

X' = f (xv ) and the transformation of the Poincare group ( GL(1,3) ® SO(1,3) ) with respect to the tetrad spacetime,
the spin-gravitational field has 4 + 4 + 6 gauge conditions. The gauge conditions are divided into 4-coordinate gauge
conditions, four 4-tetrad translation gauge conditions and 6-Lorentz group gauge conditions. The spin field corresponds
to 6-Lorentz group gauge conditions, and the gravitational field corresponds to 4-coordinate gauge conditions and
4-tetrad translation gauge conditions. The electromagnetic field has the invariance under the U(1) group transformation,
so the electromagnetic field has 1-gauge condition.

Covariant Gauge Condition of Gravitational Field
Since the gravitational field has 8-gauge conditions, in the Formulation of the Riemannian space-time background, the

gravitational field describes the physical effects of gravity by the curved deviation tensor a)yv , S0 we can let the gauge
conditions of the gravitational field be:

D'w, =D'w, =kD,oo=w0
(7.1)

Where & is an undetermined constant and is obtained from the simplest form of the equations of motion.

We can separate the curved deviation tensor «,” into symmetric ¢, and antisymmetric y,, parts in the following
way:

o) =6,+h"=6,+¢,+x,

B = P Xuw = = How v = B + X

So, we get:

b= (0,4 0,) Bt =5 (0, - 0,)

2
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The gravitational field gauge condition then become:
Ep¢p,u = k5;1¢’ Dprﬂ = O’ ¢ = ¢pp
(7.2)

The gravitational field symmetric deviation tensor ¢,, has 6-independent components, and the gravitational field

antisymmetric deviation tensor y,, has 2-independent components.

The gravitational field gauge condition can also be expressed by #,, as:
D’h,, =D"h,, =kD"h,h=h
..(7.3)

Covariant Gauge Condition of Spin Field

Since the spin field has 6-gauge conditions, in the background picture Formulation, the physical effect of the spin

field is characterized by the twisted deviation tensor M((;))ﬂ , S0 we can let the gauge condition of the spin field be:

Dp(Mamp +a(M 0 =My ) +5(4

( ( i p) ~ M, )) =0

(Bu

Where a,b is chosen such that the equations of motion for the spin field are the simplest. It is similar to the Lorentz
gauge condition of the electromagnetic field, so it can be called the Lorentz gauge condition of the spin field.

Covariant Gauge Condition of Electromagnetic Field
Since the electromagnetic field has 1-gauge condition, we can let the gauge condition of the electromagnetic field be:

D’4,=0

It is known as the Lorentz gauge condition, which is called the Lorentz gauge condition of the electromagnetic field.

Non-Covariant Gauge Condition

Gauge Condition for Spatial Isotropy of Gravitational Field

Time is a good spatial scalar in the time-axis separated coordinate system of flat background space-time. Therefore, the
gauge condition of spatial homogeneity can be established in the flat background space-time.

There are 8-gauge conditions for the curved deviation tensor o,“,,” describing the gravitational field, so we can

assume:

N=®,0/ =Q8/,N,=h,N' ==

As a gauge condition for the gravitational field, there is:
Q W
(o W | eQ-hht Q- h i
= - e, = _ _
“ \h Qs )" h, 1. hh'
dQ-hh Q" dQ-h i

Where i, j=1,2,3 is the corresponding spatial index, ®,Q is a three-dimensional spatial scalar, and h",l_zj is a
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three-dimensional spatial vector. Because the pure spatial part of «,” is isotropic, we call this gauge condition the

isotropic gauge condition of the gravitational field. The above isotropic gauge condition of the gravitational field can

also be used as the gauge conditions for the gravitational field in an arbitrary background spacetime. Therefore, the

spacetime metric of a curved spacetime with torsion is:

gHV = (D]J.pgp(f(ovc = WGWT

(@ w1 0 )@ h
b, 8" )0 -, )lh" Q8!

®’-§, h"h"  ®h,-Oh,
®h,-Oh,  -Q’g +hh,

(7.7)

The determinant of the deviation tensor is:
o] =|w,’| = (PQ- R #")
o=l | = o

0’ (0Q-hh")

(7.8)
The contraction of the deviation tensor ", w " is:
o=0/"=0+3Q
o=u/ =é(3+§;i—ﬁﬁl‘k};j
(7.9)

The Gauge Conditions in Time-Separated Coordinate System

In the generalized ADM decomposition, the metric tensor of the Riemannian background spacetime is:

1 0
B = 0 —&;

In this case, the time and space of the Riemannian background spacetime are separated, and a unified time can be

used, in which the time-axis separated coordinate system is actually the inertial coordinate system under the curved

space background, and we can set gauge conditions for the time component or space component of the field

variables in this time-axis separated coordinate system.

Time-Dependent Gauge Condition of Spin Field

There are 6-gauge conditions for the spin field, similar to the SU (n) gauge field [5-7], and the gauge conditions can be

set in the time-axis separated coordinate system as:

M(aﬂ)O +ta (M(a)O(ﬁ) _M(ﬂ)o(a) ) +b (Z(H)OM(ﬂ) - ﬂ’(ﬂ)OM(a) ) =0

Radiation Gauge Condition of Spin Field

When the gravitational field adopts the time axis separation gauge condition, the 6-gauge conditions of the spin field

can be expressed as:

D (M api T4 (M @ip ~ Mgy ) +b (j“(a)iM » j(ﬂ)iM (@) )) =0
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Time-Dependent Gauge Condition of Electromagnetic Field
The electromagnetic field has 1-gauge condition, so the gauge condition can be set in the time-axis separated coordinate
system as follows[5-7]:

4,=0

Radiation Gauge Condition of Electromagnetic Field
When the gravitational field adopts the time axis separation gauge condition, the 1-gauge conditions of the electromagnetic
field can be expressed as[5-7]:

D'A =0

i

Linear Approximation of the Field Equation of Motion
According to the above discussion, the curved deviation tensor ®,, can be decomposed into a symmetric curved

deviation tensor ¢

uv

and an anti-symmetric curved deviation tensor y,, . The number of gauge conditions of the

symmetric curved deviation tensor ¢,, is the same as that of the potential-metric components in Einstein gravity

theory. Therefore, the number of gauge conditions for the symmetric curved deviation tensor is consistent with the
number of gauge conditions for the gravitational potential-metric in Einstein theory of gravity. Therefore, the

symmetric deviation tensor ¢ in the ECT spin-gravity field theory is equivalent to the gravitational potential in the

uv
Einstein theory of gravity. The ECT spin-gravitational field theory is an extension of Einstein gravitational theory by

adding the antisymmetric curevd deviation tensor 7, and the twisted deviation tensor A/ . These deviation
tensors are related to the excitation source by:

¢,, - Symmetrical part of energy-momentum current, y,,--- The antisymmetric part of that energy-momentum
current, M/ --- Spin current

Due to the existence of the spin equation of motion (conservation of angular momentum), the antisymmetric part of
the energy-momentum current is equivalent to the rate of change of the spin current in space-time.In fact, the

excitation source is the space-time rate of change of the spin current. Therefore, in fact, the excitation source of y,,

is the space-time rate of change of the spin current.

At the same time, ¢,,,7,,,M,, excites each other.Together, they make up the generalized gravitational field: the

spin-gravity field. Therefore, the linear approximation of the ECT spin-gravitational field theory is to obtain the linear

approximation equation for ¢,,,7,,.M . The following only considers the simplified ECT theory (SECT theory)

ﬂl :_ﬁz :Lﬁ3 =0, a"=0, y=0
under the 1 | condition.
k =Lk, =—ky =0k, =—k; =k 2_5

Linear Approximation of Field Physical Quantities
We consider the case of a weak field in a flat background spacetime, in which the physical quantities of the field are
expanded in series with a given small parameter e:
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w, =8 +h' @, =5 +h'
hW:—hW +0(¢), h,,v = ¢W + X

1 1
" ZE(hW + ) X :E(hyv ~h,)

RS

i i
y e (y+0(e)), 7~ (7 +0(¢))
A, ~ed,+0(e), M), ~eMb,+0(e%)
Do = 68, +OE"), X, = X8, +O(&7)
g, =&, +264,, +0(&"),
g" = g" +2e¢" +0(&%)
So,there are:
F, ~&(D,4,~D,A,)+0()
N, ~£§” (D,8,, +D,¢,, ~D,4,)+0@)
b,b.¢,,~D,b,4,

R., ~(D,N.,-D,N. )+O(") =8| "7 o
: ( “ “) -D,D,4,,+D,D,4,,

}LO(&Z)

. b’D,¢,,~D"D,¢, D,D’$,,-D"D,¢,,
szg[ g é J+0(gz)=g[ i ’

o . . . +0(&%)
_DVDO'¢+DVDp¢O'p _DO'DV¢+DVDp¢0'p

R~2¢(D"D*4,,-D"D,$)+0(c")

L. 1) <= 1
,« 1 R Do'Dp (¢vp _Egvp¢)_Dpr (¢o-v _Ego'v¢)
o 78R8 ) . +0(e%)
DD (0,388 |2 5"D 61,3808

Klﬁp"”v = &k, (E”Mp” —D"M** ) +0(s%)

Kzlé*“’”" = &k, (DPM”"“ —D“M”Vp)+ 0o(s?)

K, (ﬁpﬂcv _ prvou _ powov ]%crvmt)
(53~ 5y

(B M - B M

= ex, +0(e%)

( )
_(DPMU/'V _ D”chwp)
+(DPM =D M)

+D*(M?7 -M"")-D" (M™ - M™
= &K, +Dp MHY _ pfrom _EG (Mypv _Mvp/t)

)
)

Mpva_Movp) {_’_ N”(M”UV—MW”)
) +8K3

+D*
= &k, . +0(&%)
_Dv (MPﬂO' Mo _D° (Mﬂp" MVP#)
—D* (MPGV (Mpvrf MoP ))
+D" (Mp"” —(Mp‘“’ —M““p)) DEMP™ — DY M P
=K, +8K3[ - - J+0(52)
~D7 (M —(M* = M) +DPM ™ — D M*
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R, =g"R

pOUV

~e(D’M,,, +D,M,)+0(s)
K, ( g R — g RHT g R 4 g Igﬂp)
g"(D,M"™ +D"'M”)
~g”(D,M"" +D"M")

= g]('4 - - + 0(82)
-g™(D,M"™" +D"'M")

+g° (f)mM’”’”‘ +l3”M”)
=—&K gpﬂDmMamv - ngDmMGmﬂ gp#DVMG —gpv[)#Ma +0(£%)
! —g””ﬁmMpmv +ngmMp””’ ! —g"”DVM" +g‘”1§”M”

K (gp#ﬁmv _ gpv]'éaﬂ _ gaﬂjépv + gUV],éP#)

g™ (DmM'"V" +D"MV)
-g”(D,M™ +D°M*)
= &K, N N +0(g%)
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—g™D M"™ +g°' D _M"" —g™D’M" + g™ D" M*

R- Wﬁ ~ 26D M, +0(c")

e o7
=2, (g g” -g"g™)D,M"
R, —%gwfe = D" (M, +(2,,M, ~2,,M,,))+ O(e*)
F,, ~¢eF,, +0(),H,, ~eH,, +0(c)

Q/I/Jv ~ ng,uv + 0(82)9 12/1;1\/ ~ glgl,uv + 0(82)
Fl,uv D,uhv/l Dvh,u/l :(D~y¢vﬂ,_5v¢yl)+(5ylwl _DVZM)
F,=(D"¢,,~D,¢)+D"7,,

(u(aﬂ) ﬂ(a)ﬂFzﬁ)"'ﬂ’(ﬂ)#FEa)) Mo AipyE ( oo = &pls + 8o, )

~ 1. ~ 1.
Dp (¢qu _Egoju¢j _Da' (¢p‘u _Egpy¢)
F -8, E+8,F)=| -~ & 1. U 1.
( “pe gp” d+g6ﬂ p) _gpyD (¢o’m_§ga’m¢j+goyD (¢pm_5gpm¢j
+(DpZo'u _Dalpy)-{_(gpmeZo'm _gomeme)

= Kﬂ.,uv = Auv LAV vAu = 2(DAZ;4V _D;IZAV + Dvl/iy)

F,~¢F, +0(),F, =D,A -D,A,

PO < SR 4 O, B = c(ing Dy ~inD gy
P = 0("), P = 0(87), P = O(&7), By = 0(a”)
YR+ 0(e), 7 ~ /{(;;) @ G@h) _ 4(7/((1)},(,5) _y(ﬂ)},(a))

jl=ejl+0(E), jl =apiy
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(@ _ @) FBapou oo _ M pou | o
5. "—eﬂ,p" A sf””,sf"”—Tt//(ap"}/"+;/”a"”)t//

Linear Approximation of the Field Equation of Motion
Substituting the linear approximation of the above field physical quantities into the field equations of motion in the flat
background space-time, we obtain the linear approximation equations (only the linear terms are retained):

(1) Dirac electron field equation of motion:
1/, ~ L
E(zhy”D”t// +ihD, (7/"1//)) —mey =0

Lo = _
E(thﬂl//;/‘ +lhDy(v//;/”))+mcy/ =0

(2) Maxwell's equation of electromagnetic field motion:

D,D'4,~D,D' A, =4xj"

(3) Equation of motion of spin field:

When («, =—«,), we get:

(s +,) B, (B*M™™ ~ " ™)
+(k, +x,) D, (DM — By

(gD Mg B M J
+x,D, - ~
-g%D M™™" +g” D M"™"
_p* (Mpm/ _(Mpvo’ —M"Vp))
+K.3[)v +lj" (MPU/I _ MPW _M”/’P)) %gepw —(ZGi(D”ZW _gp,quZo'm +gauD~mme)
Dp( uvoe (Mym/ _Mvcm)) N
B (M”Vp (M”pv —MW)) +(2,B+0!)G—’iv<[)#lﬂff _(ﬁﬂzw _ﬁalyp))
_DﬂDm ( oum _(Mom,u _Mymo)) Dp (¢o—,¢ _l ~o—y¢j_Do’ (¢pﬂ _lgpy¢j
_ = 2 2
- +D°D, (M (M7 b)) ) ) C
o 3 +a—| -g"D, (¢m -=g° ¢j
gp,,(DVMJ_DGMV) Gy 2
Ve e EUY I
+x,D, _ 2
g (D'M"-D’M")

+§” (D"M? -D’M*)
+2,(§"D°DM" - "D’ D,M")

_GLQ(MPW +(g~pﬂM0 _gU#MP))

N

+G£(2ﬂ+ a) (M (M7 -p ™))

N

When «, =1,x, =—x,, the above equation becomes:
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+2(x, ~ )( MDD M" - ”’”D’JﬁmMm)

_G_K]Va(Mﬂaﬂ .|_(g/’”M“ —gU”Mp))

+ (2B +a)(MP" (M- M)

N
A. When « =1k, =—k, =

DD, (M""V —%(M”V" —M"V")+%(g”’”M" - g“M*’)]

gikwow
_DVDV (Mprru_l(Mpﬂﬁ_Mrfﬂp)_l_l(gpﬂMU_gGuMp)j [
2 2 _aGL(ﬁﬂlm _gpﬂﬁmlm +gUﬂD~mme)
N

_le gﬂﬂDm(M _E(M -M )+5(g M -g"M )j —ai(f)”;(””—(bf’g”“—ﬁ“;ﬁ"))
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-D°D, [M'W —E(M”’”“ —M“’”")+E( MY - g“mMp)]

+§D, (W % ¢)

—2ai(MP"” —%(M""" —M"””)+%( g Me - g””M”)j

N

B. When «, =1,x, =-x, =1,x, =—«; =k, =0,a =0, the above equation has another simplest form:

[15*‘11 (p7m — (M7 —pr)) ]

-D'D (MPO'# (MP#G_MO'#P))

N N
—g"D, (M7 —(Me =M | | (9.4)
+D7 D, (M —(Mo — M) +2ﬂGLN(ﬁ”ZW (D7 =D7y))
+ _[)ch~ (Mpum _(Mpmu — M ))

GL( Mpucr M‘Tﬂp))

(4) Gravitational field equation of motion
bﬂﬁp[qyp_% ~VD¢j_DpD (¢; ~u ¢j

N 1 ~ ~uv m, 1 ~m,
+D'D,| ¢ -=g*¢ |-g"D,D,| 9" —=&"¢ 872Gy pur
2 2 |7
B(D*D, 4"~ 5D, 1" + B, D" ") —ab, (M 4 (g M- g )

—BD, (M"7 = M*"" + M)
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A. Whenk, =Lk, =—x, = %,zq =—Ky=K,=— ! , B =—a the equation of motion of the gravitational field is:

4
bp, (w—%wj-bvbp(wu%g”vﬁ] s
10> (¢#ﬂ_lg#p¢j_gy\/b b (¢mp_lg”,p¢j = MP;IV_l(MpVﬂ_Muvp)
’ 2 " 2 —2a[)p 2
~a(D"D, %" ~D'D,x"" +D,D"¢") (@M —gm)

B. When «, =1,x, =-x, =1,x, =—k; =k, =0,a =0, the equation of motion of the gravitational field is:

Lo 1 - 1

D“D (¢Vp__ng¢j_DpD (¢NV__g".HV¢J
g 2 g 2 872Gy v

~, 1. B 1. = & ¢ (9.6)

+D'D up L zup _omv D mp _ 1 =mp I ERCES '
p(¢ Zg ¢j g m p(¢ 2g ¢j +ﬂDU (M/_[vo'_M/lo'V+MVO'ﬂ)

+B(B*B, y" — BB, 4" +D,5" ")

Linear approximation of the Gauge Condition
Substituting the linear approximation of the above field physical quantities into the covariant gauge condition in the flat
space-time background, we obtain:

(1) Gravitational field gauge condition:

. 1 - -
Dp¢pﬂ = ED;1¢’ Dpr,u = O’¢ = ¢pp

...... (9.7)
(2) Spin field gauge condition:
AWhenk, =1k, =—«, = %,zqt =—K, =K, = —i,ﬂ =—q thereis
- 1 1. .
D* (MPCW _E(Mp/w _M0ﬂ0)+5(gPﬂM0' _gU/JMP)j =0
...... (9.8)

B.When «, =1,x, =—«, =Lk, =—k; =k, =0, =0 ,there is:

D" (Mpcf# _(MP#O' _Maﬂp))zo

Under this gauge condition, the number of gauge conditions is greater than the number of independent equations,

and only the unique solution A =0 mathematically satisfies the equation solution. We think this does not meet

the physical requirements and abandon it.

(3) The electromagnetic field gauge condition:

D’4,=0

Linear Approximate Equation Expressed by Potential Function
From the above discussion of the gauge condition, we obtain that the only undetermined constant satisfying the
requirements of the simplest linear approximation is:
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1
K =1k, =—kK, =§,K4 =K, =K, :—Z,ﬂz—a

Substituting the above gauge conditions into the equations of motion and omitting O(¢), we get:

(1) he linear approximation equation of motion of the spin field:

ou 1 o 1ro
) Mﬂﬂ_E(Mpﬂ _M/lp)

' +l(gPHMU_gU#MP) 8L4K§fa"—aG£(2ﬁ”;(W—(l~)pZW—ﬁag"p))
2 ¢ N
[ | oL oL
20— N
e N _I_l(gquﬁ_gfwMﬂ)
2

D~y (MPUH _%(MPHJ_MU#P)_i_%(gWMG_gUl‘MP)):O

X PoH :(Mptw _%(Mpw —M‘T"p)-i-%(gp”Ma —QU”MP)j

o (o137

8k

o K (e e
(EVDVX”"” +2a xmﬂJ - ¢ G
Gy _aGL(zDNﬂZPO'_(DNPZIIU_EO'Z#P))

N

DX =0

For X** = (M”f’” —%(M”"" —M"”’J)+%(g”"M" —g"”M")) of the above equation to have a physically meaningful real

solution at rest, it must satisfy: aGL >0,

N

(2) The linear approximate equation of motion of the gravitational field is:

%fwv
Y . 1 ct e
5502 | (e
~aB, 5" " ab, P
+5(gva# _gﬂVMP)

XY :(MPAW _%(Mpw —M”Vp)+%(§va” _gﬂvMp)j

D1 = (¢yv _%g—vyv¢)

2" =D X" + D X" Z" =D X" —D X"

. 4 ~ ~
DPDP(I);W :_( 7T4GN ([Z)#V +Pevu)+azyvj
C
D,®*" =0
o~ 4 ~ ~ _
abD_ D7 " = _[_’Z ?N (P —P*)+ aZ”Vj

D,y =0
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Taking into account §°* =-§ " = -5, , we obtain from the spin-field linear approximation Eq. 9.8:

N N

D'D,Z* +2a =77 |=2a = DD 0™
G G

BBZ 420577 | <[ 1 b s 20 K prp 4
G, 7’ G, r

Substituting the equation of motion of the gravitational field into the above equations, and considering

D5 =P* - P, the equation of motion of the gravitational field is obtained as follows:

. 4 . .
BBz +2a(1+a) Xz | = 20 K ATG (B +B*)
G, G, c
B,z -1 f o

c

Let 7" :%(E”Wﬁ;“),aj :2a(1+a)G£, Finally, the equation of motion of the gravitational field is obtained as

N

follows:

a,’ = 2a(1+a)G£,XW = (Mp’” —%(M”V“ —M‘”p)+%(g’”M” —g”VMp)j
N

v ng 1. v v M v N vou g pv B v N v
(e =(¢/ —Eg” ¢J,Z” =DpX”p +Dpo”,Z” =DpX”p —Dpo”

B,@" =0

N 1 -

DPDpzuv +aL2Z;¢v e 67427( 7’;#1/
[

5B, _(% 7o aZ‘”j

C
prup =0
Bop,z =197 jy s
C

. 4 . _
DDy = _( 0y D" +Z”Vj

ac

...... (9.12)

For Z*" to have a physically meaningful real solution at rest, «,” = 201(1+oz)GL >0 should be satisfied.In general,
N

the D§" =P*—P" 0 of a 1/2 spin particle,this requires: 0.

(3) Linear approximate equation of motion for electromagnetic field:
D,D" A" =4z "
D,4” =0

According to the above discussion, for the linear approximation of the gravitational and spin field equations to have
physically meaningful real solutions at rest, the undetermined constants must satisfy:
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Therefore, there are two sets of solutions:

(a) The first set of solutions: o >0, « >0; (b) The second set of solutions: -1<a <0, kx<0-

Conclusion
Formulation of ECT Spin-Gravitational Field Theory in Riemannian Background Spacetime

By decomposing the frame field 4., 4/, and the frame affine connection fE;Q ., of the ECT spin-gravity field theory

on a curved spacetime M* with torsion into a frame field /ifj’”,ﬂ?‘ a frame affine connection I'?) , a curved

() ! (Var

deviation tensor ,",@,” and a twisted deviation tensor M/ on a Riemannian background spacetime, We can

obtain the formulation of ECT spin-gravity field theory in Riemannian background spacetime:

(a) _ v 7(a) o qv M P v o_ P vV _ Qv
A =0, A0 = A, e =7 o) =0,

v 2 Ha) a

P@) _ e (@ @ _ F@io yrp _
1q(ﬁ)ﬂ - r(ﬁ)ﬂ +M(ﬂ)u’M(ﬁ)ﬂ - ﬁ’p ﬂ’(ﬁ)M«w’Aﬂ - Aﬂ

Where 4, is the electromagnetic field potential, M((;;))# is the spin field potential, and o,",@,” is the gravitational
field potential.

When the Riemannian background spacetime is flat, we get:

[@ _0,R® —0.R" =0

(V)% » T P uv ouv

The time-axis separated coordinate system under the flat space-time background is adopted, and the metric of the

flat space-time background is:

(10 wp (10 Y (1 0Y__ (1 0
SR T A T A P
OISR BRI,
" 0 /‘tj(_a) > Mayu 0 _l(a)j > Ha) 0 ﬂ’(/a) > 0 _l(a)/

...... (10.3)
The kinetic part of the gravitational field on a flat background spacetime is:
1 N

, (N N’ , | N-N"N, N-N"N,
o, =| — e, = — —
! N, o/ ! wik N, J wik NN’

- O, =

N-N"N, ' N-N"N,

...... (10.4)

The time-axis separated coordinate system is adopted in the generalized ADM background spacetime, and the metric of
the generalized ADM background spacetime is:
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10 wh (L0 )y (1 03 __ (1 0
n(aﬁ) =(0 _5(ab)j’77 _(0 _5(uh)J’gyv _{0 _gijjag _(0 —giIJ
R ) L R & S A e )
u 0 lj(_a) > Ha)u 0 _ﬂ“(a)j > Ha) 0 l(ja) > 0 _ﬂ(‘l),/

The kinetic part of the generalized ADM background spacetime is:

1 N
. (N N) , | N-N"N, N-N"N,
o, =| — @, = — — .
N s ) N, . NN’
N-N"N, N-N"N,

Covariant Gauge Conditions for ECT Spin-Gravitational Field Theory
( 1) Covariant Gauge Condition of Gravitational Field:

e _ e — D )
D’w,, =D a)#p—kD”a),a)—a)p

Where k& is chosen such that the equation of motion for the spin field is the simplest.

(2) Covariant gauge condition for spin field:

g (M @pp T4 (M @) ~ Mg ) +b (’@awM ®» - ’{(ﬂmM (@ )) =0

Where a,b is chosen such that the equations of motion for the spin field are the simplest.

(3) Covariant gauge condition of electromagnetic field:

Dra,=0

Noncovariant Gauge Conditions for ECT Spin-Gravitational Field Theory

The time-separated coordinate system of the generalized ADM background space-time is actually the inertial coordinate
system of the curved space, and the following gauge conditions can be obtained in the time-separated coordinate
system.

The Spaces Isotropic Gauge Condition of Gravitational Field:

e M
(o W | oQ-hit OQ—h
T ’w/t =

}_Zi Qé"] - _ ]/_lz l 5j+ ]/_lzhj
oQ-h i QT dQ-h i

The spaces isotropic gauge condition of the gravitational field is applicable to an arbitrary background spacetime.

Letting % =Q(y, +¢)=Qh,h=®(y,—¢)=h,, we can obtain the spaces isotropic gauge condition of the

gravitational field denoted by (®,Q,¢, 7,):
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(@ or) 1 D Q
“lan Q8 T ISR | 1 L = =
i 290 Sl ==h (8 (1-mt )+ )
@

...... (10.10)

Time-dependent and Radiation Gauge Conditions of Spin Field
(1) Time-dependent gauge condition of spin field

M upyo +a (M @0 ~ Mo ) +b (’1<a>oM » = ApoM ) =0
...... (10.11)
(2) Radiation gauge condition of spin field
D (M (api T4 (M @i» ~Mpyia ) +b (’%x)x’M » ~HpiM )) =0
...... (10.12)

Time-Dependent and Radiation Gauge Conditions of Electromagnetic Field

(1) Time-dependent gauge condition of electromagnetic field

4,=0
...... (10.13)
(2) Radiation gauge condition of electromagnetic field
D'4,=0

...... (10.14)

Linear Approximation of ECT Spin-Gravitational Field Theory

The linear approximation of ECT spin-gravitational field theory is to obtain the linear approximate equation of motion

for @,,.2.,.M,,,4, inthe flat background space-time.

(1) Dirac electron field equation of motion:
| N

E(zhy”Dﬂy/ + thﬂ(;/”l//)) —mcy =0

| e _

E(th”t//y” +ihD, (l//;/”)) +mecy =0

...... (10.15)

(2) The linear approximate equation of motion for the gravitational field in its simplest form is:
(K, =1k, =K, :%,19 =—K, = K, :—l,a£> 0,a,’ :2a(1+a)£ ):

4 Gy G,

XA — (MPHV _%(Mpvu _wa)_,_%(gvau _gpr )j

v v 1 ~ v v N pv 2 v 7 uv N v N Vv
o =(¢” & ¢j,z*‘ = D, X" +D X", Z" = D X" — D X"

D,®"” =0

167tk
c4

o
T

f)”DpZ”V + aLZZ‘” =—a
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oD, = _(@ 7o aZ”VJ
c

Np/”{”p =0

s = 167k ~ .,

D?D 1" =~ = D 5"

N T v 4zG, =~ ~ v 7

D’D, x* =—(—ac4N D 5" + 7" j
...... (10.16)

For Z* to have a physically meaningful real solution at rest, «,” = 204(1+05)GL >0 should be satisfied. In general,

N

D s =pP* - p"™ £0 for 1/2 spin particles, which requires

P e e

a=0.

(3) The linear approximate equation of motion for the spin field in its simplest form

1 1
5,K4:_Ks =K :_Z:ﬁ:_a ):

(K =LK, =-K, =

XPH = (MP‘T,U _ (Mpuo —Ma”p)+%(gp”MU —§"M” )j

1

2

(D,uv — [¢yv _lg;zv¢)
2

8K .
—3

oD - e

~ o~ K Cc ¢ GN
[DVDVX""” +2aG—X"""]:— o ) )
N _aG_N(zD#ZPJ_(DPZW_DUZ#P))

D X" =0

u

...... (10.17)

For X** to have a physically meaningful real solution at rest, 2aG£2 0 should be satisfied
N

(4) The linear approximation equation of motion for the electromagnetic field:

{DVE”A” =4zj*
Dr4,=0

...... (10.18)

Finally, we obtain the undetermined constant as:

ﬁl :_ﬂz :13183 :030!”=0,7=05/3=—a
1
— K, =K, =Ky =—

2
(a>0,x>0)or(-1<a<0,k<0)

1
K =LK, =—kK = "
a),uv = g;lv + hyv’hyv = ¢yv +l‘uv
¢pv = ¢\/y’ Zyv = _ZV/I’MpD';l = _Mo'py
¢ = gﬂv¢,uv ’Mﬂ = gpo-M,upo'

The linear approximation of the ECT spin-gravitation field theory is applicable to the weak field case.
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