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Abstract

In this study, the Lagrange equation for static four-dimensional spacetime in spherical coordinate system was presented;
Introducing the Lie group of transformations about four-dimensional static spacetime, we constructed an infinitely small
generator vector field and its first-order and second-order extensions for four-dimensional static spacetime; Based on
the invariance of the Lagrange equation for four-dimensional static spacetime in spherical coordinate system under
the transformation of Lie group, the Lie symmetry determination equation of the system and its corresponding Lie
symmetry partial differential equation system are given; Solving a series of partial differential equations and obtaining
a definite transformation Lie group; The Lie symmetry theorem for four-dimensional static spacetime in spherical
coordinate system was proposed, and the conservation quantity (first integral) determined by the metric coefficient
of the system was obtained; It has been discovered that any value of the metric coefficient in four-dimensional static
spacetime in a spherical coordinate system corresponds to a conserved quantity, which means that there can be
countless conserved quantities corresponding to the metric coefficient in four-dimensional static spacetime in a spherical
coordinate system. This article systematically establishes the Lie symmetry theory of four-dimensional static spacetime
in spherical coordinate system.

Keywords: 4-Dimensional Spacetime, Lie Symmetry and Conserved Quantity, Lagrange Equation, Spherical Coordinate
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Introduction

As it is generally known, spacetime symmetries have a significant role in the motion of particles specifically in gravity
theories. The classification of spacetime symmetry has become a hot topic in this study, the Lie group analysis is
applied to 4-dimensional spacetime in spherical coordination systems and to give classifications of the systems with
Lie symmetries. Firstly, the Lagrange equations of static space-time in spherical coordination systems are established.
Secondly, Lie symmetry determining equations and Lie theorem of the static spacetime are studied. Thirdly, classifications
of different class equations of systems are discussed along with their Lie symmetries and conservation laws. The main
objective of this research is to obtain all possible forms of Lie symmetry classification for the static spacetime and discuss
their physical significance.in general relativity [1-7]. As widely observed, a dynamical equation is in fact a differential
equation that describe the motion of particles. In 1974, Lie introduced infinitesimal transformations into differential
equations and proposed a symmetric solution for solving differential equations [8]. Afterwards, the symmetry method
became a fundamental method for solving differential equations [9-15]. By using the symmetry solving method, we can
solve dynamical equations; reduce the order of differential equations; and linearize nonlinear dynamical equations. These
methods are used in the reduction of variables in partial differential equations. There are two basic symmetry methods
under the transformation Lie group. One is based on the invariance of the Hamiltonian action of the dynamic system
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under the transformation Lie group, which is called the Noether symmetry method; Other is based on the invariance of
dynamical equations of system under the transformation Lie group, which is called the Lie symmetry method [8,16,17].
In recent years, the Lie symmetry method has been successfully applied to solve problems in conservative and non-
conservative, holonomic and non-holonomic constrained mechanical systems, and phase space constrained mechanical
systems [18-30]. Scholars have applied the Lie symmetry method to the problems of solving electromechanical coupled
dynamic systems and flexible robot systems [31-36].

Apart from symmetries of dynamical equations, there are different types of spacetime symmetries which are used to
classify different space-time [37-39]. This type of categorization of the space-time metrics not only provide different
classes of space-time, but also provides the exact and new solutions of Einstein field equations,

1
R, ~>Rg,, =HT,

uv

where, k = 871G/ ¢* . The categorization of spacetimes metrics comprises a crucial part of research of general theory of
relativity [40,41]. Researchers of general relativity used different techniques to categorize the space-time metrics which
are the exact solutions of Einstein field equations. The categorization of spherical, plane and cylindrical symmetric static
and non-static metrics of spacetime related to different spacetime symmetries are discussed in the above-mentioned
references. Noether symmetries play a significant role in classification of spacetime [42-44]. Generally, the B-R spacetime
acknowledge SO (3) as the minimal isometry group. For static B-R spacetime, there is one isometry corresponding to
the energy content of spacetime and one symmetry is the invariance of differential equations under the transformation
Lie group, i.e. Lie symmetry.

In this article, we will investigate the Lie symmetry and conserved quantities of four-dimensional static spacetime in
spherical coordination systems. The Lagrange equation of the system is obtained, and the transformation Lie group
and determining equations of Lie symmetry for the system are derived. The Lie symmetry theorem and conservation
quantity of the system are proposed., so that all possible conserved quantities of non-null electromagnetic field solution
of the Einstein-Maxwell equations can be found.

Motion Equations of Four-Dimensional Static Spacetime in Spherical Coordinate System
In a 4-dimensional spacetime, generally the line element of nth dimensional spacetime takes the form:

2 T
ds*=g;dx'dx’ 1,j=12,---,n (1)
The Lagrangian L for the metric (1) is given by [3-6]:
L=g,x'i, @

where, the g is metric matrix. The usual Lagrangian L for a general symmetric four-dimensional static spacetime in
spherical coordinate system is

= %[ev(")iz — "2 — et (92 +sin’ 69’ )} 3)

here s is the independent variable, x' are the dependent variableson't, r, 8, ¢ and x' are their derivatives with respect

to curve s; and here v(r).x(-)and2(r) are functions of radial coordinate r. The static spacetime in spherical coordinate
system can be seen as a holonomic dynamical system that satisfies the Lagrange equation:

== =0, q,=4,(st7.0,0). )

The Lagrange equations (4) is different from the Lagrange equation in analytical mechanics [48], as it is the Lagrange
equations in four-dimensional spacetime.

Substituting Lagrangian (3) into equations (4), we obtain the Lagrange equations for the static spacetime in spherical
coordinate system as follows:
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Lie Symmetries and Conserved Quantities of Four-Dimensional Static Spacetime in Spherical Coordinate

System
Lie Symmetries and its Determining Equations of Four-Dimensional Static Spacetime
Introducing infinitesimal transformations on independent variable s and generalized coordinates,

s =s+68(5,90.9, .9, ) 4 =4, +en’(s.90.9,,,q,) k=023 )

where ¢ is an infinitesimal parameter, £ and n* are infinitesimal generators. Introducing the following infinitesimal
generator vector,

X = §£+Z3:77" o (10)
Os o 0q, ’
and, one of its extensions,
3 .
XU = X435 - .82 (1
k=0 aq,

and its secondary expansion,

4
X0 = x4 3 (i 20, -, E) 2. (12
k=1 oq,
The invariance of differential equation (5~8) under infinitesimal transformation (9) is reduced to the following equation:
ﬁ°+2(ﬂﬁj§'—i§'=—)€ (ﬂﬁj, (13)
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dr dr
i’ +2(f;—/1f"¢')+2cot eé(pjg—(pg’ =—x" (%f¢+2cot9@¢j , (16)
r r

Equations (13)~(16) are called the Lie symmetry determination equations for the four-dimensional static spacetime in
spherical coordinate system.

By expanding equations (13)~(16) respectively, we obtain the following partial differential equations of the four-
dimensional static spacetime in spherical coordinate system:
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We intend to classify of the four-dimensional static space-times in spherical coordinate system with respect to their Lie
symmetries by finding the solutions of on system of PDEs.

The Lie symmetry determination equations (17) - (20) for the four-dimensional static spacetime are both very complex
systems of partial differential equations. Finding the solution to the problem is generally very complex and requires the
use of computational software. Equations (17) ~ (20) have the following solutions:

=l =n=n"=n1"=0, X,=—; 1)
Os
0
n’=L¢é=n'=n"=n"=0, X ==; (22)
ot
3 0 1 2 a
n=L5=n=n=n"=0, X,=—; (23)
op

n’ =cosp,n’ =—cotfsing,E=n =1' =0,X, =—cosgoa—aa+cot9$ingoai;(24)
Q

. . 0 0
n’ =sing,n’ =cotOcosp,E=1"=n'=0,X, =sinp—+cotfcosp—.  (25)
00 op
The Lie symmetry generator operator of the four-dimensional static space-time in spherical coordinate system forms a
five-dimensional Lie algebra, which is written as:
[XDXO] = 03 [XDXO] = 07 [X27X3]:_X47 [X25X4]:_X35 [X35X4] = _X 1:19293 (26)

The Egs.(21)-(25) are minimal set, which is 5, of Lie symmetries for the general four-dimensional static spacetime in
spherical coordinate system.

The Egs. (21)~(25) can give the required classification of the four-dimensional static spacetime in spherical coordinate
system according to the Lie symmetries.
Lie Theorem of the Four-Dimensional Static Spacetime in Spherical Coordinate System

Theorem: For the generators & ,770,771,772,773 of infinitesimal transformation of four-dimensional static spacetime in

spherical coordinate system which satisfy the determining equations (13)-(16), if there is gauge function G(s,t, r,0, (0)
satisfies the following equation:

LE+ XL+ 30, (7 — 4.8+ G =0, 7

k=0

then the static spacetime system in spherical coordinate system possesses the following conserved quantity:

I= L§+Z ( ¥~ §,£)+G = const. (28)
k=0 qk
Proof:
——L§+L§+Z——( )+Z3:8—L( ~G§,£-4,€)+G, (29)
5 ds g, k=0 04

Substitution of Eq.(27) to Eq.(29) and making further simplification, we obtain,

Equation (27) is called the structure equation of Lie symmetries of four-dimensional static spacetime in spherical
coordinate system.
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From Egs. (28), it can be seen that there are four conserved quantities containing metric coefficients v(-), «(-), and ()
in four-dimensional static spacetime for spherical coordinates. The metric coefficients can take any value, which means
there are countless conserved quantities in four-dimensional static spacetime for spherical coordinates. If the metric
coefficients are assigned specific values,the four-dimensional static spacetime in spherical coordinates can be classified.
Since the classification of four-dimensional static spacetime has already been studied using Noether symmetry method,
this article will not discuss this classification problem. On the other hand, when we determine the metric coefficients
in equation (28), the five conserved variables are all very simple first-order differential equations. With the given
initial conditions, we can easily obtain the exact solution of four-dimensional static spatiotemporal space in spherical
coordinate system.

Conclusion

This article uses the method of analytical mechanics to study the gravitational field problem in four-dimensional
space-time, and provides several important results: firstly, by introducing four-dimensional space-time coordinates as
generalized coordinates and taking curve coordinates as independent variables, the Lagrange equations (5)-(8) of the
static space-time in a spherical coordinate system are established; the secondly is to introduce transformation of the Lie
groups and corresponding vector fields related to curve coordinates and generalized coordinates for four-dimensional
space-time; thirdly, based on the invariance of the Lagrange equations of the static space-time in a spherical coordinate
system under the transformation of the Lie group, the Lie symmetry determination equations (13)-(16) and a series
of symmetry killing equations (17)-(20) for the four-dimensional static space-time in a spherical coordinate system are
given; fourthly proposed and proved the Lie symmetry theorem for the plane symmetry static space-time in a spherical
coordinate system, and provided the structural equation (27) for the existence of the gravitational fields and the form
of conserved quantities (28) [37-46].
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