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Abstract 
We prove a simple inequality for a sum of squares of norms of two vectors in an inner product space. Next, using this 
inequality we derive the so–called “reverse uncertainty relation” and analyze its properties.

Keywords: Inequality for a Sum of Norms, Reverse Uncertainty Relation

Introduction
In a linear space X with the inner product, one can prove many inequalities satisfied by vectors belonging to these 
spaces. They have a number of important applications not only in mathematics, but also in mathematical physics, and 
in particular in quantum mechanics. An example here is the Schwartz inequality used in the derivation of Heisenberg’s 
quantum uncertainty principle. Other inequalities are used to derive the so–called “sum uncertainty relations” [1,2]. In 
some applications it is important to know the upper bound on the sum of norms. Such a bound can be found using, for 
example, the Dunkl–Wiliams inequality [3]. An example of this is its use in mathematical physics to derive the so–called 
“reverse uncertainty relation” [4-9]. The reverse uncertainty relation was found as a result of the analysis of the so–
called “stronger uncertainty relation” for the sum of variances (Δϕ A)2 and (Δϕ B)2,
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which has been derived in [2]. Here A and B represent non–commuting observables and |ϕ⟩ is the state of the quantum 
system under considerations. The reverse uncertainty relation may open up new areas of research and applications in 
quantum physics, quantum metrology or quantum technologies. Therefore, finding the simplest possible ways to write 
it in the language of observables and state vectors and making necessary computations easier seem to be extremely 
important. Here we present a simple inequality, (much simpler than that following from the Dunkl–Wiliams inequality), 
which seems to be a new, that can be used in the derivation of the above mentioned reverse uncertainty relation.

The paper is organized as follows: Section 2 contains a derivation of an inequality that can be used, among others, to 
derive the reverse uncertainty relation. Section 3 contains a new derivation of the inverse uncertainty relation. In Sec. 
4 you can find a discussion and concluding remarks.

A Certain Simple Inequality
We start by proving the following theorem:
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Theorem: Consider the linear vector space X with the inner product. Vectors, |ψ1⟩,| ψ2⟩, belonging to such a space 
satisfy the inequality [10].

2  A certain simple inequality 

Theorem: 𝑋𝑋 |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ ∥2  + ∥   |𝜓𝜓2⟩ ∥2≤∥   |𝜓𝜓1⟩  − |𝜓𝜓2⟩ ∥2 +  2|⟨𝜓𝜓1|𝜓𝜓2⟩|   (2) 
≤∥   |𝜓𝜓1⟩  − |𝜓𝜓2⟩ ∥2+ 2 ∥   |𝜓𝜓1⟩ ∥ ∥   |𝜓𝜓2⟩ ∥.   (3) 

Let’s use the identity
∥   |𝜓𝜓1⟩ ∥2 + ∥   |𝜓𝜓2⟩ ∥2 = ∥   |𝜓𝜓1⟩  − |𝜓𝜓2⟩ ∥2     

     + 2 ℜ(⟨𝜓𝜓1|𝜓𝜓2⟩),   (4) 
ℜ (𝑧𝑧) 𝑧𝑧

ℜ(⟨𝜓𝜓1|𝜓𝜓2⟩) ≤ |⟨𝜓𝜓1|𝜓𝜓2⟩|,

–

|⟨𝜓𝜓1|𝜓𝜓2⟩|  ≤∥   |𝜓𝜓1⟩ ∥ ∥   |𝜓𝜓2⟩ ∥.

ℜ(⟨𝜓𝜓1|𝜓𝜓2⟩)
∎

3  Applications: A reverse uncertainty relation 
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𝛿𝛿𝜙𝜙𝐹𝐹 = 𝐹𝐹 − ⟨𝐹𝐹⟩𝜙𝜙 𝐼𝐼 ⟨𝐹𝐹⟩𝜙𝜙 =
𝑑𝑑𝑑𝑑𝑑𝑑 ⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩ 𝐹𝐹

|𝜙𝜙⟩ |𝜙𝜙⟩ ∈ ℋ ℋ
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𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
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∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

If to insert (8) into (2) then we obtain

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

There is 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

. This and the definition (7) means that the inequality (9) takes the 
following form,

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 
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where

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

is a quantum version of the covariance (or, of the correlation function) of the observables A and B in quantum state 
|ϕ⟩. Here defining the correlation function Cϕ (A,B) we follow, e. g. [11,12]. The inequality (9) is a simple variant of the 
“reverse uncertainty relation”.

Another simple variant of the “reverse uncertainty relation” can be obtained using (3). Namely, applying the method 
used to derive the inequality (9) to (3) and keeping in mind all steps leading to (9) we obtain that,

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

which is another, less restrictive, variant of the “reverse uncertainty relation”.

Final Remarks
The Dunkl–Williams inequality for vectors |ψ1⟩,| ψ2⟩ from a real or complex inner product space has the following form 
[3,13].

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

|⟨𝜙𝜙|𝐹𝐹|𝜙𝜙⟩| < ∞

(𝛥𝛥𝜙𝜙𝐹𝐹)
2 ≡ ⟨𝐹𝐹2⟩𝜙𝜙 − ⟨𝐹𝐹⟩𝜙𝜙2 .

𝐹𝐹 𝐹𝐹 ℋ 𝛥𝛥𝜙𝜙𝐹𝐹 ≥ 0
𝐴𝐴 𝐵𝐵 –

𝐴𝐴 𝐵𝐵 ℋ [𝐴𝐴,𝐵𝐵] |𝜙𝜙⟩ ∈
𝒟𝒟(𝐴𝐴𝐴𝐴)⋂𝒟𝒟(𝐵𝐵𝐵𝐵) 𝒟𝒟(𝒪𝒪) 𝒪𝒪

|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  𝑎𝑎𝑎𝑎𝑎𝑎  |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩.

∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ ∥2+∥ 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2 ≤∥ 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ∥2     
+2|⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩|.   (9) 

(𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  −  𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩) ≡ 𝛿𝛿𝜙𝜙(𝐴𝐴 − 𝐵𝐵)|𝜙𝜙⟩

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2|𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)|,

𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵) = ⟨𝜙𝜙|𝛿𝛿𝜙𝜙𝐴𝐴 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ ≡ ⟨𝐴𝐴𝐴𝐴⟩𝜙𝜙 − ⟨𝐴𝐴⟩𝜙𝜙 ⟨𝐵𝐵⟩𝜙𝜙,

𝐴𝐴
𝐵𝐵 |𝜙𝜙⟩ 𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵)

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤   [𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2  +  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

4  Final remarks 

– |𝜓𝜓1⟩, |𝜓𝜓2⟩

∥   |𝜓𝜓1⟩ −|𝜓𝜓2⟩ ∥ ≥ 1
2 (∥   |𝜓𝜓1⟩ ∥ +∥   |𝜓𝜓2⟩ ∥) ×     

     ×∥
|𝜓𝜓1⟩

∥   |𝜓𝜓1⟩ ∥
−

|𝜓𝜓2⟩
∥   |𝜓𝜓2⟩ ∥

∥,   (13) 

where the condition that |ψ1⟩,| ψ2⟩ are nonzero vectors must be satisfied [3,13]. This inequality was used in to find the 
“reverse uncertainty relation” [4]. Indeed, replacing |ψ1⟩,| ψ2⟩ in (13) by (8) and using the definition (7) after some 
algebra Mondal and co–authors of obtained that

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

where 

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

. The inequality (14) is the reverse uncertainty relation derived in [4].

As can be seen from the inequality (14) this reverse uncertainty relation has rather complicated form and is undefined 
if |ϕ⟩ is an eigenvector of A (or of B). This is because then 

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴, 𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

 and 
then the inequality (13) does not hold. These kinds of weaknesses are absent in inequalities (9) and (12). Although 
inequalities (9) and (12) do not provide any useful information about the upper bound for the sum of two variances, 

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

 is an eigenvector of A (or B), but even in such a case the left and right sides of these 
inequalities are finite and well–defined, which cannot be said about inequality (14). Another weak point of the inequality 
(14) can be found analyzing the following quantity

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

It is obvious that q≤1. Writing q as q=1-ε, where ε≥0 and ε≪1, we see that the denominator in the first term of the 
right–hand side of inequality (14) is simply equal to (1-q)≡ε. This means that the first term of the right–hand side of 
this inequality tends to infinity, when ε→0. Then the upper bound on the sum of variances in inequality (14) is equal 
to infinity and does not allow drawing any conclusions about the upper bound on the sum of variances allowed in the 
quantum system under study. A similar effect occurs when ε is very small and close to zero, ε≃0. This causes, similarly 
to the limiting case of ε→0, the upper bound on the sum of variances to become extremely large, making it impossible 
to draw any useful conclusions about it. On the other hand, inequalities (10) and (12) are insensitive to the effects 
generated by properties of the quantity (15). Moreover, inequalities (10) and (12) seem to be simpler in applications 
than inequality (14).

Reverse uncertainty relations, (10), (12) and (14) have another non–obvious property that is worth mentioning. Namely, 
if the system is in such a state |ϕ⟩ that |ψ1⟩ = δϕ A|ϕ⟩ ⊥ |ψ2⟩ = δϕ B|ϕ⟩, and simultaneously Δϕ A>0 and Δϕ B>0, then it 
is not possible to obtain any useful information about the upper bound for the sum of variances from these relations. 
Indeed, in this case 

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

, and thus 

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵

, and 

|𝜓𝜓1⟩, |𝜓𝜓2⟩

|𝜓𝜓1⟩, |𝜓𝜓2⟩ –

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  2
[𝛥𝛥𝜙𝜙(𝐴𝐴 − 𝐵𝐵)]2

[1 − 𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵]

 −  2 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵,

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵) = ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)]

|𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
|𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩ = 0 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ = 0

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 |𝜙𝜙⟩ 𝐴𝐴 𝐵𝐵
–

𝑐𝑐𝑐𝑐𝑣𝑣𝜙𝜙(𝐴𝐴,𝐵𝐵)
𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵

=
𝑑𝑑𝑑𝑑𝑑𝑑

𝑞𝑞.

𝑞𝑞 ≤ 1 𝑞𝑞 𝑞𝑞 = 1 − 𝜀𝜀 𝜀𝜀 ≤ 0 𝜀𝜀 ≪ 1
–

(1 − 𝑞𝑞) ≡ 𝜀𝜀 –
𝜀𝜀 → 0

𝜀𝜀 𝜀𝜀 ≃ 0 𝜀𝜀 → 0

–
|𝜙𝜙⟩ |𝜓𝜓1⟩ = 𝛿𝛿𝜙𝜙𝐴𝐴|𝜙𝜙⟩  ⊥

 |𝜓𝜓2⟩ = 𝛿𝛿𝜙𝜙𝐵𝐵|𝜙𝜙⟩ 𝛥𝛥𝜙𝜙𝐴𝐴 > 0 𝛥𝛥𝜙𝜙𝐵𝐵 > 0

𝒞𝒞𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0 ℜ [𝒞𝒞𝜙𝜙(𝐴𝐴, 𝐵𝐵)] = 𝑐𝑐𝑐𝑐𝑟𝑟𝜙𝜙(𝐴𝐴,𝐵𝐵) = 0
[𝛥𝛥𝜙𝜙(𝐴𝐴 ± 𝐵𝐵)]2 ≡ (𝛥𝛥𝜙𝜙𝐴𝐴)

2 + (𝛥𝛥𝜙𝜙𝐵𝐵)
2 𝐴𝐴

𝐵𝐵
. The 

first observation is that in such a case observable A and B are uncorelated in this state. Further observations are that 
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in the situation under consideration the inequality (10) takes the form (𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  (𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2

0 ≤ 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵
0 ≤ (𝛥𝛥𝜙𝜙𝐴𝐴  − 𝛥𝛥𝜙𝜙𝐵𝐵)

2

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 𝐴𝐴 𝐵𝐵 |𝜙𝜙⟩

– 𝐴𝐴 𝐵𝐵

–

References 

—

– –

–

, and the 
inequality (12) looks as follows, 

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  (𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2

0 ≤ 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵
0 ≤ (𝛥𝛥𝜙𝜙𝐴𝐴  − 𝛥𝛥𝜙𝜙𝐵𝐵)

2

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 𝐴𝐴 𝐵𝐵 |𝜙𝜙⟩

– 𝐴𝐴 𝐵𝐵

–

References 

—

– –

–

, and finally, inequality (14) takes the form: 

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  (𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2

0 ≤ 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵
0 ≤ (𝛥𝛥𝜙𝜙𝐴𝐴  − 𝛥𝛥𝜙𝜙𝐵𝐵)

2

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 𝐴𝐴 𝐵𝐵 |𝜙𝜙⟩

– 𝐴𝐴 𝐵𝐵

–

References 

—

– –

–

. Neither 
of these results says anything about the upper bound for the sum 

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2  ≤  (𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2

0 ≤ 𝛥𝛥𝜙𝜙𝐴𝐴 ⋅ 𝛥𝛥𝜙𝜙𝐵𝐵
0 ≤ (𝛥𝛥𝜙𝜙𝐴𝐴  − 𝛥𝛥𝜙𝜙𝐵𝐵)

2

(𝛥𝛥𝜙𝜙𝐴𝐴)
2  +  (𝛥𝛥𝜙𝜙𝐵𝐵)

2 𝐴𝐴 𝐵𝐵 |𝜙𝜙⟩

– 𝐴𝐴 𝐵𝐵

–

References 

—

– –

–

. So if observables A and B are 
uncorrelated in state |ϕ⟩ then using only inequalities (10), (12) and (14) nothing can be said about the upper bound on 
the sum of their variances.

To sum up: inequalities (10), (12) and (14) are worth further investigations. Such studies both are extremely important 
because the reverse uncertainty relation shows that in the case of quantum phenomena, the possible dispersion of 
values of physical quantities represented by non–commuting observables A and B always has an upper bound. Strictly 
speaking, as it results from (10), (12) and (14), there is an upper bound for the sum of variances. This complements 
the conclusion resulting from the Heisenberg–Robertson uncertainty relation (and from the uncertainty relation for the 
sum of variances) that the spread of these values cannot be arbitrarily small [2].
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