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Abstract

We investigate the implications provided by the modified Painlevé-Gullstrand coordinates in the context of quintessence
for the Kiselev black hole. In this regard, we set up a fully static line element in terms of lapse and shift functions, apart
from including the deformation parameter signaling deviation from the standard Painlevé-Gullstrand metric. We address
two specific issues pertaining to the problems of radiation and dust furnished by the corresponding barotropic index
parameter and study the related consequences by performing a range of analyses to explore the influence imposed
by quintessence. We also discuss the thermodynamical consequences by evaluating the expressions of the Hawking
temperature and the entropy function in closed forms.

Introduction

The term quintessence was coined in a 1998 paper by Caldwell et al after interest in it picked up following influential works
by Ratra and Peebles and Wetterich [1-6]. The core requirement of quintessence is to understand the accelerated rate
of the expansion of the universe, where it plays the central role of a hypothetical form of dark energy. Toward this end,
one introduces a minimally coupled scalar field to gravity in which the cosmic fluid is assumed to be dynamic [7-9]. The
scalar field is beset with a spatially inhomogeneous negative pressure component that changes over time, accompanied
by a gradual evolution of the energy function whose slowness has the implication that the associated potential energy
density exceeds its kinetic energy counterpart: the nature of quintessence being attractive or repulsive depends on what
the ratio of its kinetic and potential energy signifies. Among the different plausible outcomes of quintessence, Kiselev
determined the density of quintessence matter on a Schwarzschild background, while thermodynamical aspects were
studied in [10-12]. Note that quintessence is not to be confused with the non-changing cosmological constant, since to
afford any explanation of dark energy, it has to be dynamic in character.

The purpose here is to examine quintessence in an extended framework of the Painlevé-Gullstrand coordinates based
on the Arnowitt-Deser-Misner (ADM) formalism for the Kiselev black hole (see, for instance and references therein) [13—
15]. Previously, such a class of spherically symmetric black holes was explored as the one with short hair [16]. In the
realm of non-linear geometry, subsequent studies have been carried out [17,18]. Moreover, the inclusion of the effects
of higher-order WKB expansions has been estimated [19]. In the following, our strategy is to follow the procedure
described in where it was shown that the ADM procedure is typically useful for the Hamiltonian formulation formulated
in terms of Poisson brackets [20].

Let us focus on the following modification of Painlevé-Gullstrand coordinates by focusing on an underlying metric given
in general terms

ds® = (./\/'2 — oz,-k./\/i./\/k) dt? — 20, N dtdz? — aypdatda® (1)
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where # is the lapse function, & is the shift function, and aik denote the space components of the ADM metric. The
spherically symmetric ADM line element following (1) is similar to the acoustic metric, where A plays the role of the flow
velocity. With #* = vZ, one can interpret it in the form
ds? = N2dt? — o, (dr — vdt)® — 12d0? — r? sin® 0 dg? (2)
The crossed terms can be removed with the help of the transformation d¢t — dt — g(r)dr, which leaves one with
ds® = (N? — v2a,, )dt? — apr (N2 — 2y, ) TIN2dr? — r2dQ? (3)
where r2dQ? = r2d6? + r?sin® 6 dp?, and g(r) has the restriction

Q¥

90) = Nz aa (4)
With the choice arr = A%,one recovers the fully static line-element
ds® = f(r)dt® — f(r)~'dr* — r?dQ? (5)
accompanied by the pair
2
a2 v _ o(r)
f(T') - N sz g(T) - N4(7“) _ ’02(7") (6)

The above steps serve as the underlying equations for the modified Painlevé-Gullstrand scenario, which corresponds to
the case N /= 1. Of course, the conventional set of Painlevé-Gullstrand coordinates holds for N = 1 when

ds? = dt* — (dr — v(r)dt)® — r2dQ> (7)

Note that we have identified the shift function as the velocity vector field of the freely falling observer, thus relating the
spatial coordinate changes between these foliated hypersurfaces in terms of the ADM formalism.

In an attempt was made to extend the Painlevé-Gullstrand coordinates by adopting a phenomenological form for
the shift function v(r) when the lapse function deviated from the unity value [20]. This allowed one to deal with the
Schwarzschild-de Sitter black hole, which is equipped with two horizons in the ADM framework. In the following, our
task will be to investigate the modified scheme of Painlevé-Gullstrand coordinates for the Kiselev black hole in the
background environment embedded by radiation and dust by exploring similar techniques. We will study these two
cases for different variants of quintessence, as indicated by the specific values of the barotropic index parameter.
Specifically, the existence of the stationary character of the shift function will be our point of focus whose role, as we
will find, is qualitatively different from the Schwarzschild-de Sitter spacetime. Throughout our work, we shall adopt units
c=G="h=k, =4ng, =1, where c is the speed of light in vacuum, G is the gravitational constant, # is the reduced
Planck constant, kB is the Boltzmann constant, and €0 is the permittivity of free space.

Modified Painlevé-Gulistrand Coordinates and Quintessence”’
The Kiselev's model of an electrically charged black hole corresponds to the metric function f(r) which is of the form

fr)=1-=2 4 - 2 ®)

where # is the ADM mass, Q is the electric charge, a > 0 is a normalization parameter that indicates the intensity of the
quintessence field, and the barotropic index parameter w reflects the nature of the quintessence field [11,14]. The role
of the parameter w is to account for the late-time cosmic acceleration. The specific values w = % and w = 0 correspond
to whether the black hole is surrounded by radiation or dust, respectively. Kiselev's model was an attempt to solve
Einstein’s equations for quintessence matter and determine solutions in terms of w and a. We will discuss the two cases
of w separately. We first consider the case of radiation.

However, the idea of quintessence does not go without problems [21]. For one thing, there is the fine-tuning problem
concerning the smallness of the energy density in relation to other scales involved, while for another, there is the cosmic
coincidence problem, that requires setting up of the initial condition highly precisely such that the missing energy
density and matter density become comparable today. Furthermore, the Kislev black hole spacetime does not represent
a perfect fluid spacetime as pointed out in [22].
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The Case of Radiation
Here f(r) is given by (w = %)

fi(r) f(r)
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Figure 1: Variation of f(r) with r for Different Values of a for the Radiation Case. The Blue Dashed Line
Represents the Outer Horizon, the Red One Represents the Inner Horizon, and the Green Dotted Line
Corresponds to Where r0 is Minimum. We have Taken M = 1 and Q = 0.75 to Exhibit the Sub-Extremal
Condition

In the conventional Painlevé-Gullstrand scheme (N = 1), the accompanying shift function is given by the reduced relation

_2M Q?—a
= 2

v*(r) (10)

r r

Horizon limits are calculated from (9) by setting f(r) = 0. In this way, we determine the outer limit (r’*%) and the inner
limit (r"2) to be

el = M+ /M2 — (Q2 — «) (11)
The condition of the reality of the square root terms in (11) leadsto M > (Q2 — a) and |Q| = a.

For such a region, we have the criterion

,rrad,rrad 2 _
r< J;l — = @ o (12)
rrad 4 pra 2M

In Figure.1 we plotted the behavior of f(r) as a function of r for two different values of a. We note that f(r) decreases
below a certain value of r by descending to a minimum position and then increases monotonically after undergoing a
sign change. The minimum value of f(r) for the @ = 0.5 case is much lower than the a = 0 case. The gap between
the inner (red dashed line) and outer (blue dashed line) horizons widens with increasing a. This is indicative that the
radiation-dominated background for the Kiselev black hole carrying charge increases the gap between the two horizons.

Turning to the modified Painlevé-Gullstrand setup when N + 1,, we adopt the square of the shift velocity v(r) in the form

N2 =14 () = (1+)) (QM Qi;‘yﬂ) (13)

where A is an appropriate constant that we restrict to be A > —1. Further constraints on A are discussed in the following
paragraphs. One sees straightforwardly that the shift function has a maximum located at the point

2 _
ronMO‘. (14)

The corresponding v(r,) has the value
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v(ro):\/(1+A)(QéWa+)\>:\/(1+>\)(if+/\) (15)

One finds that beyond the maximum point r, the velocity saturates as the lapse function undergoes changes with
respect to the parameter A. From the reality of the square root factor of v(r), A is restricted to belong to the region
defined by

(AnB)uU(CnND),
where the individual ones A,B,C,D are such that

M M
A={ eR| > -1}, B:{A6R|/\>—T—}, C={eR| A< -1}, D:{A6R|/\<—T—}.
0 0

Our results showing the nature of v(r) for two different ascending values of @ € {0, 0.5} are plotted in Figure 2. It points
to the specific behavior of v(r) for a range of different values of A, each curve tending to saturate at a constant value
as r — oo, We also observe that with the variation of a, the spacing between the inner and outer horizons gradually
widens, as can be expected from our previous analysis of f(r), which is related to v(r) via a simple transformation. As a
increases, we find that just outside the inner horizon, the velocity attains a sharp peak before eventually decreasing and
reaching a constant saturated value. We also show, for each value of a, the velocity trend corresponding to a pair of A
€ {10,507}, including the one that signifies a sudden drop in velocity after the inner horizon is crossed. It is interesting
to comment here that Figure 2(a), which corresponds to a = 0, points to the extremal Reisner-Nordstr“om case for the
special condition M = Q. Here, the gap between the horizons closes, signifying that both inner and outer horizons merge
to a single value. Conditions A and B represent the physical region where, after entering the inner horizon, the particle
eventually stops. The higher the value of A, the stronger the penetrating power of the particle, eventually reaching a
halt position much closer to the singularity at r = 0. For conditions C and D, the behavior is unphysical, in which inside
the inner horizon, the particle velocity suddenly increases exponentially.

v(r) v(r)

50 60;;
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10F : : 10
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Figure 2: Diagrams Illustrating Variation of v(r) with r for the Radiation Case for Different Values of a.
We Have Taken M = 1 and Q = 0.75 to Exhibit the Sub-Extremal Condition. The Panels Correspond to (a)
r, = 0.5625 and (b) r, = 0.0625. The Red Dashed Line is Indicative of the Inner Horizon " +** and the Blue
Dashed Line is Indicative of the Outer Horizon r"*?, The Green Dashed Line Shows the Pointr,

The Dust Case
The value w = 0 applies to the situation where the black hole is surrounded by dust. The function f(r) is then given by

2M + « 2
+Q7
r T

flr)=1-

(16)

The behavior for different values of f(r) for the dust case is shown in Figure.3. The dust case portrays a qualitative
behavior similar to that in the radiation case in that the nature of f(r) decreases below a certain value of r by descending
to a minimum position and then increases monotonically after undergoing a sign change.
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Figure 3: f(r) vs r for Different Values of a for the Dust Case. The Blue Dashed Line Represents the Outer
Horizon, the Red One Represents the Inner Horizon, and the Green Dotted Line Denotes the Minimum
Point r,. We Have Taken M = 1 and Q = 0.75 to Show the Sub-Extremal Case

The accompanying square of the shift function acquires the form

o2 (r) = 2MT+ a %2 (17)
Computing the following values for the horizon limits from (16) by taking f(r) = 0 we obtain
pdust _ (2M +a) £ \/(EM + )2 —4Q? (18)
It gives the sum and product of the outer (r4“*) and inner (r4***) limits
rdust popdust = (M + a),  riustydust = Q2 (19)
which show
L (20)

,r,iust + ,,,d_ust 2(M + a)

The non-negativity of the square root term in (18) places a constraint @ € (—c0,-2(M + |Q|)] U [-2(M - |Q]),0).
However, only the range [-2(M — |Q|),0) is relevant, since in the other case there are no horizons.

Similar to the radiation case, when N /= 1, we adopt v(r) in the form

N2 =1+, v2(r):(1+>\)< (21)

where A(> —1) is a constant. The shift function v(r) has a maximum at the point r = r, where the velocity is zero. This

gives for r,
_ 20
o= 2M + « (22)
The corresponding v(r,) turns out to be
_ (2M + «)? B 2M 4+«

In Figure.4, for the dust case, we present a schematic plot of v(r) against different values of the quintessence parameter
a. It is at once clear from Figure.4 that beyond r, the velocity saturates as the lapse function is varied with respect to
the parameter A. From v(r,), we estimate that the restriction on A is given by
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(PNQ)U(RNS),

where

oM oM
P={AeR|A>-1}, Q={ eR|A>— ja ta

b, R={DeR|A<-1}, S={ eR|A<- }.

27“0
The constraints in A are based on conditions P and Q, since the other two conditions R and S correspond to the

unphysical nature of the velocity profile following a similar argument line as in the radiation case. Note that widening of
the gap between the inner and outer horizons is sensitive to increasing values of a.

v(r) v(r)
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Figure 4: Diagrams Illustrating Variation of v(r) with r for the Dust Case for Different Values of a. We have
taken M = 1 and Q = 0.75. The Panels Correspond to (a) r,= 0.5625 and (b) r, = 0.45. The Red Dashed
Line is Indicative of the Inner Horizon 7%*** and the Blue Dashed Line is indicative of the Outer Horizon

r{"*', The Green Dashed Line shows r,

Thermodynamic Analysis

The idea of an event horizon for a black hole essentially came from Bekenstein’s works, who used the concept of
adiabatic invariants to conjecture that its area was quantized according to the square of Planck length |, [23-25]. With
the gradual evaporation of the black hole, transitions happen between discrete mass states with emission of radiation
occurring via Hawking radiation [26]. The laws of black hole thermodynamics were subsequently postulated by drawing
a parallel with the standard ones of thermodynamics [27]. Also see an alternate formalism of thermodynamics in terms
of quantum tunneling tunneling in BTZ black hole and tunneling in quintessence driven black hole [28-30].

The form for the Hawking temperature can be evaluated from

Ty = fry)

y (24)
Which gives for the respective radiation and dust cases the results
o 1 M Q? -«
Trd = o S — = (25)
(M+IP=@ =) (M+ /I (@7 —a))
T](_i]ust — l 2M +a 4Q2 (26)

"\ (@M +0)+ VO F a7 —4Q7) B (M +0) + /@M + )7 —4Q7)

These expressions include the a-correction due to quintessence. Its effects are shown in the graphical description of the
Hawking temperature versus the mass term M as displayed in Figure.5 and Figure.9. For the specific radiation case, the
explicit behavior of 7, with respect to the mass M is plotted in Figure.6 for different values of a. These reveal that with
an increase in quintessence a, the maximum Hawking temperature value increases. Beyond the peak, the temperature
decreases drastically with increasing mass. Note that when the presence of a is turned off, we move on to the familiar
Reisner-Nordstr”om case.

Figure.5 shows the variation of the Hawking temperature T7 with the black hole mass and the quintessence parameter.
The temperature on the outer horizon continues to increase as evaporation continues and the mass # decreases.
Eventually, this temperature reaches a peak and suddenly decreases to a zero value. This remnant mass for the radiation
scenario at which the temperature goes to zero is the extremal case in which the condition ¥ = @? — a is satisfied. The
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extremal condition for the dust case is (27 + a)? = 4@>. This can also be verified for the dust case, as shown in Figure.7.
Both Figure.6 and Figure.10 show the slices of these contour plots for two values of a. For the a = 0 case, when the
metric returns to the Reisner-Nordstr"om case, the peak value TH is much lower in the radiation case compared to
the @ = 0.5 case. This shows that with increasing value of the quintessence parameter a, the maximum value of TH
increases monotonically, and the peak temperature for a /= 0 is almost triple for the radiation case. This trend is not very
prominent in the dust case. Another observation is that the extremal mass value, where 7, — 0, is smaller for higher
values of a for both radiation and dust cases.

When compared to the varying charge, Figure.7 shows a drastic variation with increasing a. Wherein for a = 0, the
value of TH reaches a maximum around ¢ = 0 and a plateau is formed. As a keeps increasing, 7, forms a valley-like
dip around ¢ = 0, which results in 7, — 0. . This is evident from Figure.8 where this feature has been enhanced and
portrayed, although the decrease in absolute value of 7, is not much. For the dust case, this trend is not prominent as
can be seen from Figure.11 and Figure.12.

The entropy of the black hole is
S = % = mr} (27)

where A = 47r3 | The a-corrected forms of the entropy for the Kiselev black hole surrounded by radiation and dust are
respectively given by

et = (M + \/mf (28)
Gust — % ((zM +a)+/(2M + )2 - 4Q2)2 (29)

The behavior of entropy for the radiation case with respect to the mass M and quintessence parameter a is plotted
in Figure.13 while its monotonically increasing rising behavior is shown in Figure.14 for different individual cases of
a-values.

Somewhat analogous results for the dust case are shown in Figures 17,18. It is interesting to see that as Q — /«,
the radiation entropy approaches the square of the mass value. For a similar limiting value of Q, the dust entropy gets
modified with a-correction, implying that s#<¢ is influenced by quintessence in contrast to 5.

For the radiation case, the variation in entropy follows a uniform and smooth variation with both mass and charge, as
can be seen in Figure.13 and Figure.15. The cross sections of these smooth plots for the cases of @ = 0 and a = 0.5
are shown in Figure.14 and Figure.16. A similar trend can be seen for the dust case as is evident for the variation over
mass (Figure.17,18) and over charge (Figure.19, 20).

When the variation in Hawking temperature is observed with respect to mass # for the two cases in Figure.6 and
Figure.10, a common feature arises that the mass never goes to zero even when the temperature falls to zero, indicating
the remnant mass in the extremal case. But when the Hawking temperature is varied with charge @, it can be seen that
for the a = 0 case, when ¢ — 0, a peak 7, is achieved. This phenomenon is reversed in the a = 0.5 value where the TH
is sligtly weaker when ¢ — 0. This behavior deviates from the uncharged Kiselev black hole case. This peculiar trend is
not observed in the dust case, where the ¢ — 0 limit gives a residual peak value of 7,.

While analysing the entropy scenario, it is evident for both the radiation and dust cases that entropy always increases
with mass M as can be seen from Figure.14 and Figure.18 respectively. When varied with charge Q, the peak entropy is
possible in the uncharged (Q = 0) case. With increasing charge entropy reduces and reaches a residual value when the
square root term vanishes in the expression of entropy for the radiation (28) and dust (29) case. The same can also be
observed through Figure.16 and Figure.20.
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Figure 5: Hawking Temperature T, Plotted Versus Mass M and o for the Radiation Case. Here we have
taken Q = 0.75
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Figure 6: Hawking Temperature TH vs Mass M for Different Values of a for the Radiation Case. These Plots
are the Slices of a = 0 and a = 0.5 taken from Figure 5. Here we have taken Q = 0.75
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Figure 7: Hawking Temperature TH Plotted Versus Charge Q and a for the Radiation Case. Here we have
takenM =1
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Figure 17: Entropy S Plotted Versus Mass M and a for the Dust Case. Here we have taken Q = 0.75

Sdust Sdust
80
60
60
40
40
20 20
0.5 1.0 1.5 2.0 2.5 0.5 1.0 1.5 2.0 2.5
(a) a=0 (b) a=0.5

Figure 18: Entropy S vs Mass M for Different Values of a for the Dust Case. These Plots are the Slices of a
= 0 and a = 0.5 taken from Figure 17. Here we have taken Q = 0.75

Figure 19: Entropy S Plotted Versus Charge Q and a for the Dust Case. Here we have taken M =1
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Figure 20: Entropy S vs Charge Q for Different Values of a for the Dust Case. These Plots are the Slices of
a = 0 and a = 0.5 taken from Figure 19. Here we have taken M = 1

Summary

One of the key advantages of employing Painlevé-Gullstrand coordinates is that one does not have to encounter
coordinate singularities at the event horizon, in contrast to the Schwarzschild metric. In this paper, we have implemented
a modified version of Painlevé-Gullstrand coordinates, defined principally in terms of lapse and shift functions, to
investigate certain interesting features of Kiselev black hole spacetime. The metric function of the latter consists of
reference to the quintessence parameter a that plays a crucial role in identifying the range of the accompanying shift
function through restrictions placed on the limits of the physical horizon arising due to the avoidance of any square
root singularity. In our analysis, we have considered two particular problems of radiation and dust corresponding to the
specific values of the barotropic constant. For the radiation case, by exploring the plausible limits on the shift function,
we have noticed that the spacing between the inner and outer horizons increases with increasing values of a. One
such value actually corresponds to the standard Reisner-Nordstr“om case when the quintessence parameter a = 0. We
observe that increasing the value of the parameter A increases the maximum value where velocity saturates for all cases
of a. This is true for both the radiation and the dust case. Parameter A, which is a signature of the modified Painlevé-
Gullstrand coordinates, is directly proportional to the velocity of the incoming particle falling into the black hole.

For the dust case, by performing a similar analysis by plotting v(r) corresponding to different values of the quintessence
parameter a, we see that beyond the maximum r,, the velocity saturates as the lapse function is varied with respect
to the modified Painlevé-Gullstrand parameter A. Specifically, we note that, as in the radiation case, the constraints on
A show that the gap between the inner and outer horizons is much wider and enhanced when compared to its dust
counterpart. This indicates that Kiselev black hole carrying charge having a radiation-dominated background has a much
wider horizon barrier as compared to the dust case.

Finally, we made some thermodynamic study of our results by determining the Hawking temperature and entropy for the
cases of radiation and dust. The results are obtained in closed forms and show their sensitivity to quintessence. These
are graphically illustrated where variation of Hawking temperature is studied with respect to the behavior against charge
Q, apart from individual variation with a and the black hole mass M. We also show explicitly the entropy behavior for the
radiation and dust cases in the plots made with respect to the variation in mass M and charge Q for the quintessence
parameter a. The monotonically rising behavior of the entropy varied against mass M is also noted for different
individual values of a. As we observe that the radiation entropy approaches the square of the mass value, while the
result for the dust entropy is seen to be influenced by the correction factor arising due to a. Another interesting feature
to note is that entropy is always maximum for the uncharged Kiselev black hole, whereas there is some remnant mass
even when the Hawking temperature TH goes to zero.
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