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Abstract

The global structure of a 3-dimensional paracorner manifold is described using a special adapted global frame. This
enables a description of the curvature of such manifolds. We explore the presence of generalized Ricci-Yamabe solitons
(briefly, GRYS) on such a manifold in dimension three. Concrete examples are given.
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Introduction

C,,-manifolds or corner manifolds are odd dimensional differentiable Riemannian manifolds which are integrable non
normal almost contact metric manifolds. This concept was first introduced in the classification of ChineaGonzalez [1].
The exploration of geometric properties on these manifolds constitutes a broad and dynamic area of research, drawing
considerable attention in recent literature such as [2-6].

On the opposite side, that is, in the paracontact manifolds, and as is the case with the paraSasakian, paraKenmotsu,
and paracosymplectic manifolds, we can establish what corresponds to C12-manifolds, and we will call it paracorner
manifolds. Here we will present a comprehensive study of such manifolds with concrete examples [7-9].

For the second part of this paper, and considering that the generalized Ricci soliton equation (briefly, GRS), as formulated
in a pseudo-Riemannian manifold (M",q), is characterized by its definition (see)

Lyg=—2cV" ® V" + 2028 + 2g, (1.1)

where L, g is the Lie derivative of the metric g along the vector field V

(Lvg)(X,Y) =g(VxV.Y) +g(X,VyV), (1.2)

and 1 is the g-dual of the vector v
(x) = g, v) [10].

Equation (1.1) is a generalization of:

e Killing’s equationc, =c,=A=0.

» Equation for homotheties ¢, = ¢, = 0.

e Riccisolitonc, =0, ¢, =-1.

e Cases of Einstein-Weyl c1 = 1, ¢z = =5,

e Metric projective structures with skew-symmetric Ricci tensor in projective class ¢1 = 1, c2 = it A=0.
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e Vacuum near-horizon geometry equation c1 = 1, co = %

Also, a Ricci-Yamabe soliton (briefly, RYS) is defined as a semi-Riemannian manifold (Mn,g) equipped with a vector field
V on M that satisfies

Lyvg=2aS+2(A+ pr)g, (1.3)

where ¢ € R is constant and r denotes the scalar curvature, defined as the trace of the Ricci tensor S with respect to
the metric g

r="TryS. (1.4)

Likewise, equation (1.3) is a natural generalization of:

e Ricci Soliton (briefly, RS) a = 1, u = 0.

¢ Ricci-Bourguignon Soliton (briefly, GBS) a = 1, u €R.

e Yamabe Soliton (briefly, YS)a =0, u = —1.

Motivated by the work of, we define the concept of a generalized Ricci-Yamabe soliton (briefly, GRYS) as follows [2,11]:
Lyvg=—20V" @V’ +2c:8 +2(\ + pr)g, (1.5)

where c,, ¢, A, p are constants. It is easy to see that all of the above cases are special cases of (1.5), especially (1.1)
and (1.3). In the last section, we will provide proof of the existence of this generalization.

First, we will introduce the basic concepts that we need in this research.
e  Preliminaries
e Paracorner manifolds
An odd-dimensional Riemannian manifold (M"*!, g) is said to be an almost paracontact metric manifold if there exist on
M a (1,1)-tensor field ¢, a vector field & (called the structure vector field) and a 1-form #» such that
n =1,
P*(X) = X —n(X)E, (3.1)
g(eX, oY) = —g(X,Y) + n(X)n(Y),
for any vector fields X, Y on M. In particular, in an almost paracontact metric manifold we also have
wE=0 and nop=20 (3.2)
The fundamental 2-form @ is defined by

P(X,Y) = g(pX,Y). (3.3)

As shown in, any almost paracontact metric manifold (M?"*1, ¢, &, n, g) admits a ¢-basis, that is, a local orthonormal
basis of the form {&: €i, wei}i<i<2n where € and ei are space-like vector fields and ¢e, are time-like vector fields [12].

It is known that the almost paracontact structure (¢, &, n) is said to be normal if and only if

NO(X,Y) = N, (X,Y) — 2dn(X,Y)¢E =0, (3.4)

for any X, Y on M, where N, denotes the Nijenhuis torsion of ¢, given by

No(X,Y) = @*[X, Y] + [pX, Y] — o([0X, Y] + [X, pY]). (3.5)

Just like almost contact metric structures, there is a fundamental Lemma related to almost paracontact structures which
we present as follows:

Lemma 3.1. For every almost paracontact metric manifold (M,$,&,n,g9), we have

20((Vx)Y.Z) = —3d¢(X,¢Y,¢Z) - 3d9(X.Y, 2)
~g(NO(Y, 2),pX) + NP(Y, Z)n(X)
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+2dn (Y, X)n(Z) — 2dn(eZ, X)n(Y),  (3.6)

for all X,Y and Z vector fields on M.

Proof. Proof is similar to the proof of analogous formula in case of almost contact metric manifolds. The latter can be
found in (, p. 82) [8].

Some special cases are worthy of attention. A paracontact metric structure is an almost paracontact metric structure
with dn = ¢ and a ParaSasakian manifold, is a normal paracontact metric manifold, equivalently, if

(Vxp)Y = —g(X,Y){+n(Y)X.

An almost paracontact metric structure is said to be almost paracosymplectic, if both n and ¢ are closed. If in addition
the structure is normal, the structure is said to be paracosymplectic, equivalently, (Vv,@)Y = 0 [9].

An almost paracontact metric manifold is an almost paraKenmotsu manifold, if dn = 0 and d = 2n A ¢ [8].

Moreover, If the structure (@,§,n) is normal, the manifold is said to be Kenmotsu. This manifold, can be characterized
through their Levi-Civita connection, by requiring

(Vxp)Y = g(X, oY )§ +n(Y)pX.

The above structures paraSasakian, parakenmotsu and paracosymplectic are in the classes F,, F, and F; respectively, of
the classification of G. Nakova [13]. In this classification, the almost paracontact metric structures have been completely
classified. Most of the research related to almost paracontact metric structures is concerned with the normal structures.
In this paper, we focus on the class F,, which is integrable but not normal. This class is characterized by:

(Vxo)(Y. Z) = n(X) (n(Y)a(Z2) = n(Z)a(Y)), (3.7)
for all X,Y and Z vector field on M and @(X) = (V¢¢)(&, X). Then, with the use of (3.1), we get

0(X) = 9(Vep)§, X)
9(Ve, pX).

Itis easy to see that g(V &) = 01i.e., & is orthogonal to V . For the sake of simplicity, we will denote by y the vector field
V £, which represents the mean curvature vector field of any integral curve of D+ where D and D* denotes the mutually
orthogonal distributions associated with the subbundles Kern and span{€} of the tangent bundle TM, respectively.

On the other hand, the existence of three global vector fields & w and ¢y which are naturally pairwise orthogonal,
encourages us to suggest the name “paracorner manifold” instead of F11-manifold. Based on these facts, one can get
the following:

Theorem 3.2. The manifold M endowed with an almost paracontact metric structure (¢,&,n,g) will be called paracorner
manifold if and only if

(Vxp)Y = —n(X)(n(Y)ey + w(pY)E), (3.8)
for all X,Y and Z vector fields on M and w(X) = g(¢, X) = —0(pX).

Proof. The proof is direct, using (3.3) we get

(Vxo)(Y,Z) = Xo(Y,Z)—d(VxY,Z) — (Y, VxZ)
= g((Vxp)Y,2).

Now, just use (3.7).
Corollary 3.3. For any paracorner manifold we have

Vxé=n(X)  and  Vyx&=0. (3.9)

Proof. Assuming (M,®,&,n,q9) is a paracorner manifold. Then, we have

(Vxe)Y = —n(X)(n(Y)pt +w(pY)E),
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setting ¥ = £ gives
eV x& =n(X)ey,
and hence

Vxé = n(X)e*y
= nX)y. (3.10)

To obtain the second formula, replace X by @X in the first one.
Now, we give a new characterization of paracorner manifolds.

Theorem 3.4. An almost paracontact metric manifold is a paracorner manifold if and only if there exists a 1-form w such
that

dn=nAw d¢p=0 and N, =0. (3.11)

Proof. Assume that M is an almost paracontact metric manifold which satisfies (3.11). Then, we can use Lemma 3.6.
We prepare,

N®\(y, 2) (Loyn)(Z) = (Lozn)(Y)
oY (n(2)) = n([eY, Z]) —eZ(n(Y)) +n(l¢Z,Y])

2dn(pY, Z) — 2dn(¢Z,Y), (3.12)

where LX denotes the Lie derivative with respect to the vector field X. Since N¢ = 0 then,
NO(Y, Z) = —2dn(Y, Z)¢. (3.13)
Knowing that for all X,Y,Z vector fields on M
2(n Aw)(X,Y) = w(X)n(Y) = w(Y)n(X), (3.14)
the proof is direct, just replace formulas (3.11) and (3.12)-(3.14) in (3.6) we get the formula (3.8), i.e. M is a parCorner

manifold.
Conversely, assuming

(Vx@)Y = —n(X)(n(Y)et) + w(@Y)E).

With the help of (3.3), we have

W(XY) = L(o(VxEY) ~g(Vre X))
= (nAw)(X,Y).
Using (3.3), we get
3do(X,Y,Z) = X(¢(Y, Z)) + Y(gb(Z,X)) + Z(d)(X, Y))
_¢([X7Y]7Z) - ¢([Y, ZLX) - (b([ZaXLY)

= 9((Vx0)Y. Z2) +9((Vy9)Z.X) +9((Vz0)X,Y),
and using the hypothesis, we obtain
dg¢ = 0.
To show that (o, &, n, g) is an integrable structure, we rewrite the tensor N(I> with the help of the LeviCivita connection as

Ny(X,Y) = o(Vx@)Y — (Vox)Y —o(Vye)X + (Voye) X.

Using the hypothesis, we get N, = 0. This completes the proof.
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The remainder of this paper focuses on the study of the three-dimensional dimension where y is a unit space-like vector
field.

That is,

9(§,6) = 9(¥,¥) = =g, ) =1, g(&, ) = g(&, o) = g(¥, p¢) = 0.

This formulation readily establishes {¢, 1, o1} as a special ¢-basis. This set is commonly referred to as the "fundamental
basis”. As long as the three vector fields for this basis are global, the manifold is parallelizable, this means that its
tangent bundle is trivial (that is, isomorphic to the product M xR3).
In this case, we give two elegant characterizations of 3-dimensional paracorner manifolds as follows:
Theorem 3.5. A 3-dimensional almost paracontact metric structure (@,&,n,g) is a paracorner manifold if and only if
Vx&=n(X), (3.15)
or equivalently,
Vex§=0. (3.16)
for all X vector field on M.
Proof. The necessity was observed in Corollary 3.3. For the sufficiency, suppose that V.& = n(X)y, for all X vector field
on M.
In, the author proved that, for an arbitrary 3-dimensional almost paracontact metric manifold (M, @, &, n, g), we have
(Vxp)Y = g(pVx&Y)E—n(Y)pVxE. (3.17)
So, by replacing V£ in (3.17) we obtain (3.8) [14].

For the second formula, it is sufficient to prove that it is equivalent to the first one. Suppose that V.§ = n(X)y, so by
(3.2) it is easy to see that

V<pX§ =0.

Conversely, suppose that V ,& = 0 and replacing X by X using the formula ¢?X = X — n(X), we obtain V& = n(X)y.
This completes the proof.

Proposition 3.6. Let (M, @, &, n, g) be a 3-dimensional unit paracorner manifold. Then

1) ¢ =—2wA (wo).
2) dw =nA Vew.

Proof. 1) Using the fact that {&,y,py?} is an orthonormal frame, we have

eX = g(X, &+ g(pX, Y)Y + g(eX, o))
w(eX)Y + w(X)pp.
Thus,
P(X,Y) = g(pX,)Y)
= w(EX)w(Y) —w(X)w(pY)
= 2wA(woy))(X,Y)
2) We have
dn =nAw. (3.18)
Taking the exterior differential, one gets
nAdw =0, (3.19)
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hence
(nAdw)(§, X,Y) =0,

we get

dw(X,Y) = n(X)dw(€,Y) + (Y )dw(X, €).
Moreover, also applying (3.15), one has

dw(X, )

(Vxw)é = (Vew)X)

= (X + (Vew)X).

Then, substituting in the previous formula, one gets the second equation in the statement.

Using the fundamental frame, one can get the following:
Proposition 3.7. For any 3-dimensional unit paracorner manifold, we have

Vfg = wa wa = 07 thwf = Oa
vfl/) = 76 - /QQO’l/J, VWJ’ = 05 ngﬂ/’ = 0“;07/%
Vepth = Kb, Vypth =0, Veyph = ay.

where k = g(Vy,py) and a = 1 + divy.

Proof. First of all, since {§,w,py} is a ¢-basis then for all X vector field on
M we have

X = g(X, )¢+ g(X, ) — g(X, pp) ). (3.20)

The first three relations come from formula (3.15). For the fourth relation, since {€, w, @w} is an orthonormal frame
then,

Vet = g(Ve), §)§ — g(Veh, o) pvb.
Using (3.15), we have
9(Veh,§) = —g(1h, V&) = —1.
Then

Vep = =€ — k) where k= g(Ve, o).

To compute V y, we have

Vyth = g(Vyt), )8 — g(Vyih, o) i)

Using (3.15), we get
9(Vyth,€) = —g(1h, V&) = 0.

For g(quJ,(pr), using Proposition 3.6, we get

2dw(p, ) = —g(Vyth, 09

2(n AVe) (09, 9)
= 0,

then, V= 0. For the sixth relation, we have

Vet = g(Vpypth, £)€ — g(V oy, o) o).

Using (3.15), we have g(VWLp,E) = 0. For g(thu,tbtp) we have
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diviy = g(Ve, &) — g(Vppth, 00)
=91, Ve) — g(Vpth, ot)
= —1—-g(Vupt,00)

then,
9(Vph, o) = =1 — divy.
Substituting into the above equation we find V% = (1 + dive))p. For the remaining relations, just use formulas
VxpY = (Vxe)Y + VY,
and (3.8) with the obtained relations.
Now, we denote by R the curvature tensor, which is defined for all X,Y,Z €X(M) by
R(X,Y)Z =VxVyZ - VyVxZ - VixyZ. (3.21)

Using Proposition 3.7, standard calculations yield (3.21)

RE&#})E): P,

R 57901/} f = _0490@/1,

R(, )¢ = 0, (3.22)
R, o) = (a? + ¢p(a))tp

It is easy to see that
for all X,Y,Z €{€,p,dy} (under the condition @ = —1). This means that the sectional curvature of a 3-dimensional unit
paracorner manifold witha = -1isc = —-1.
The Ricci tensor S, which is defined for all X,Y eX(M) by
S(X,Y) = g(R(X,6¢&,Y) + g(R(X, ), Y) — g(R(X, p0)ph,Y),

is completely described by

ggf/;i/))):a_L 2 _y(a)
) =—1—a°— a),
S(Ev) = S(& pv) = S(w, 1) =0

Considering the signature of the metric from (3.23), the scalar curvature r should be computed as
r=S(68) + S, v) = S(pp,p¥) = —2(1 +a+a’ +y(a)).

Class of Examples
Let us denote (x,y,z) the Cartesian coordinates in M = R3. Let (ei) be the set of vector fields on M defined by:

1 0 1 0 1 0

o200 Pty P a(y,2) 02

where p,T and o are three functions on M non zero every where, such that
gler,e1) = glez,e2) = —gles,e3) =1, glei,ea) = gler, e3) = g(ez, e3) = 0.
That is, the form of the metric g becomes:

ply,2)> 0 0
g= 0 7(y, 2)* 0 .
0 0 70(:%2)2
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Further, we define an almost contact metric (¢,§,n) on R3 by

0 0 0
7 (y.2)
Y = 0 0 % ’ é-:el, n:p(sz) dz.
0 ZZ 0
o(y,z

One can easily check that
nE) =1, @ei=e; —nle)é and g(pei, pe;) = —g(ei, ) +nlei)nle;),
That means (9,,n,9) is an almost paracontact structure on M.

By Koszul’s formula, the components of the Levi-Civita connection corresponding to g are given by

— P2 p3 — P2 — P3
Ve, €1 = —pr€2 + o €3 Ve, €2 = or €1 Ve, €3 = o €15
— — P3 — T3
V62€1 = 0, V6262 = paeg, v62€3 = 75625
— — 02 — 02
v@361 = O, Veseg = 75635 ve3€3 = 75625

where p; = and o; = % with i € {1,2}.

9p(y,z)
ox;
According to Theorem 3.5, (M, ¢, &, n, g) is a two parameters family of paracorner manifolds with

Y=Ly B,
TP po

To obtain a unit paracorner manifold i.e. g(y,yp) = 1, it is enough to take

p=o, p3=0 and r=_2
p
Thus we obtain
Ve €1 =63, Vees=—e1, Vees=—e3, Ve3=—ey, others=0,

And

P = eg, w:—&dy, divp = -2 and k=0.
P

Also, in this case we have

R(ey,ea)er = e, R(ei,e3)er =es3, R(es,ez)er =0, R(eg, ez)es = es,

And
S(ey,e1) = S(ea,e2) = —S(es,e3) = —2 and others = 0.
This information confirms the results in Proposition 3.7 and (3.22)-(3.23).
Generalized Ricci-Yamabe Soliton on 3-Dimensional Unit Paracorner Manifold
As we mentioned in the introduction, we will present here the concept of generalized Ricci-Yamabe soliton with proof of

existence on the 3-dimensional unit paracorner manifold.

Definition 4.1. A generalized Ricci-Yamabe soliton (briefly, GRYS) is defined as a semi-Riemannian manifold (M,q)
equipped with a global vector field V on M that satisfies

Lyvg=—2c1V" QV° + 2,8 4+ 2(\ + pr)g. (4.1)

First, note that for a three-dimensional unit paracorner manifold, § and ¢y are Killing vector fields that is

Leg = Loypg =0.
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Then, generalized Ricci-Yamabe soliton with potential vector field & or y is trivial. So, let us take g as a potential vector
field and prove the existence of a non-trivial generalized Ricci-Yamabe soliton on three-dimensional unit paracorner
manifolds.

With the help of Proposition 3.7, the components of the Lie derivative Lyg are given by:

Now, substituting (4.2), (3.23) with r = —2(1+ a +a? +¢(«)) in (4.1), one can get the following system:

ol — 1)+ A+ pr = -1,
k=0,

—c1 —c2(1+a? + () + A+ pr =0, (4.3)
a—l—cQ(aQ—a—i—w(a) —A—pur=0.
From the first equation directly we get
A=co(l —a)—pr—1. (4.4)
By adding the third and fourth equations of the above system, we find:
o =a—ca+1). (4.5)
By substituting for (4.4) and (4.5) in the third equation of the system, we find
a+l=c(l1-0a®—9(a)). (4.6)

By summarizing this discussion, we obtain the following theorem:

Theorem 4.2. Let (M,$,&,n,9) be a three dimensional unit paracorner manifold with k = 0. Generalized Ricci-Yamabe
soliton equation

Lypg=—2c10Qw + 2¢2S + 2(A + ur)g,

admits the following solutions on 3-dimensional unit paracorner manifold:
g =a—ca+1), at+1l=cy(l—a*—1y(a)),

A=—14c(l—a)+2u(l+a+a®+9(a)) and co,pucR.

By analyzing this theorem, we discover two interesting cases:
First, for @ = 0 we get

Second, for a = —1 we obtain
cg=—-1, A=—-14+2co+2u and cy €R.

Example 4.3. For a non-trivial example, let us use the example above. For p =0, p3=0 and 7= -2 we have

proved that (M,$,&,n,g) is a unit paracorner manifold with
P = eg, w:—%dy, divy = -2 and k=0.
and

S(ey,e1) = S(ea,ea) = —S(es,e3) = —2, others =0 and r=—-2.
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Thus, with simple computations we obtain

Lyg(er,er) = —Lyg(es, e3) = =2, others = 0.

According to the second case in the above Theorem (since a = —1), we can see that the equation

Lypg=2wQw+ 2c2S + 2(2¢5 — 1)g,

is satisfied for c, eR.
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