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Abstract

This paper explores the role of symmetries and invariants in machine learning models for physics, focusing on two
approaches: Lie Group Variational Autoencoders (Lie-VAE) and Noether Networks. We present theoretical foundations,
architectures, and a comparative analysis of their applications to dynamical systems and time series.

Introduction

Machine learning has increasingly become a powerful tool for modeling complex phenomena in physics, from predicting
the evolution of dynamical systems to discovering hidden structures in data. Despite these successes, most standard
machine learning models are agnostic to the underlying physical principles that govern the data. Embedding such
principles into learning architectures not only improves predictive accuracy but also enhances interpretability, robustness,
and generalization.

A fundamental concept in physics is that of symmetry, which is closely connected to conservation laws through Noether’s
theorem. For example, translational invariance in space corresponds to the conservation of linear momentum, while
time invariance corresponds to energy conservation. Similarly, the geometry of many physical phenomena is naturally
non-Euclidean: orientations in three dimensions are described by the Lie group SO(3), while gauge groups describe
symmetries in particle physics. These structures cannot be faithfully represented in conventional Euclidean latent spaces.

In recent years, two complementary approaches have been developed to address this challenge. The first is the Lie
Group Variational Autoencoder (Lie-VAE), which explicitly models latent variables on Lie groups rather than Euclidean
spaces. By doing so, it provides a natural representation for data with continuous symmetries such as rotations. The
second is the Noether Network, which learns to discover approximate invariants directly from data by jointly optimizing
for predictive accuracy and the conservation of latent quantities. Unlike Lie-VAEs, Noether Networks do not require
specifying the invariants a priori, but instead induce them through a regularization process.

The goal of this paper is to provide a comparative study of these two models in the context of physics-informed
machine learning. We first review the theoretical foundations of Lie groups, Noether’s theorem, and the importance of
symmetries in representation learning. We then present the architectures of Lie-VAE and Noether Networks, followed by
a systematic comparison of their strengths, limitations, and applicability to dynamical systems and time series. Finally,
we conduct experiments on synthetic datasets to illustrate how these approaches perform in practice and discuss
potential directions for future research.
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Theoretical Background

Machine Learning and Symmetries

One of the most important advances in machine learning has been the incorporation of inductive biases that exploit
known symmetries in data. A classic example is the Convolutional Neural Network (CNN), which leverages translational
invariance to recognize objects in images regardless of their position [1,2]. Similarly, Graph Neural Networks (GNNs)
encode permutation invariance of nodes, allowing them to learn effectively on graph-structured data [3,4]. These
inductive biases reduce the hypothesis space that a model must explore, acting as a form of regularization and improving
generalization.

In physics-inspired machine learning, symmetries are even more critical. Many physical systems are governed by
invariances: for instance, rotational invariance in rigid body dynamics or Lorentz invariance in relativistic systems.
Encoding such invariances directly into a model allows it to respect physical constraints and capture underlying dynamics
more efficiently [5,6]. This motivates the development of architectures explicitly designed to exploit symmetry.

Variational Autoencoders and Euclidean Latent Spaces

The Variational Autoencoder (VAE) is a generative model that learns to represent data in terms of latent variables drawn
from a probability distribution [7,8]. Typically, the latent space is assumed to be Euclidean, with a Gaussian prior p(z)
= N(0,I). The encoder maps data to a distribution in this latent space, while the decoder reconstructs the data from
latent samples. Training is performed by maximizing the Evidence Lower Bound (ELBO), which balances reconstruction
accuracy and a regularization term given by the Kullback-Leibler (KL) divergence.

While effective for many applications, standard VAEs are limited when the underlying structure of the data is non-
Euclidean. For example, orientations in three dimensions lie on the Lie group SO(3) rather than in R3. Mapping such
structures into a Euclidean latent space may lead to discontinuities and poor representations [9]. This limitation has
motivated the development of Lie Group VAEs, where the latent variables are modeled on manifolds that respect the
symmetry of the data.

Noether’s Theorem and Conservation Laws

In theoretical physics, Noether’s theorem (1918) establishes a deep connection between symmetries and conservation
laws [10,11]. Specifically, for every continuous symmetry of a dynamical system, there exists an associated conserved
quantity. For instance, invariance under time translation implies conservation of energy, invariance under spatial
translation implies conservation of linear momentum, and invariance under rotation implies conservation of angular
momentum.

The significance of Noether’s theorem for machine learning lies in its ability to guide the design of models that
enforce conservation laws. By embedding constraints derived from symmetries, models can learn more physically
faithful representations of dynamical systems. Recent work, such as Noether Networks, seeks to automatically
discover approximate invariants from data, thereby leveraging the spirit of Noether’s theorem without requiring explicit
specification of the conserved quantities [12,13].

Lie Group Variational Autoencoder (Lie-VAE)

Motivation and Theoretical Foundations

Classical VAEs assume that the latent space is Euclidean, typically modeled as Rn with a Gaussian prior. However,
many physical phenomena are governed by non-Euclidean structures such as manifolds or Lie groups. For example, 3D
orientations are naturally described by the special orthogonal group SO(3), while Lorentz transformations in relativity
are governed by the group O(3,1). Embedding these structures into Euclidean latent spaces can lead to discontinuities
and misrepresentations of the data geometry [14].

The Lie-VAE addresses this limitation by defining latent variables directly on Lie groups. This allows the model to respect
the underlying topology of the data, thereby capturing symmetries and invariances more faithfully. From a physics
perspective, this means that the model can encode the same structural biases that underlie conservation laws and
continuous symmetries [5].

Lie Groups and Lie Algebra
A Lie group is a mathematical structure that combines the properties of a group with those of a differentiable manifold
[15]. The group operation is smooth, allowing the use of calculus on the manifold.

Associated with each Lie group G is its Lie algebra g, defined as the tangent space at the identity element. The Lie
algebra provides a linearized local representation of the group, making it more convenient for sampling and optimization.
The exponential map exp : g — G maps elements of the Lie algebra to the group, allowing smooth transitions from the
local linear structure to the global manifold.

In the Lie-VAE framework, sampling is performed in the algebra g using a Gaussian distribution, and then mapped onto
the group via the exponential map. This generalizes the classical reparameterization trick to non-Euclidean spaces [7].
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Model Architecture

The Lie-VAE consists of three main components:

¢ Encoder: Maps the input sequence x to parameters of a distribution in the Lie algebra g, as well as an element g,€
G that represents the mean of the latent distribution.

e Latent Sampling: A noise vector & is drawn from a Gaussian in g, mapped to G via the exponential map, and
translated by 9,:z=9," exp(&).

e Decoder: Reconstructs the input x from the latent element z € G. The decoder can be generic (treating z as a
vector input) or equivariant, explicitly modeling the action of the group on the data [14].

This architecture ensures that the latent representation respects the geometry of the group, avoiding the distortions of
Euclidean embeddings.

Loss Function and Training Stability
As with classical VAEs, the Lie-VAE is trained by maximizing the Evidence Lower Bound (ELBO):

L(x) = Eqzfa [log p(]2)] — K L(q(2]z) || p(2)), (1)

where p(2) is typically chosen as the uniform distribution on the group (for compact groups) or a Gaussian on the algebra
(for non-compact groups). The first term encourages accurate reconstructions, while the KL divergence regularizes the
latent distribution to match the prior [8].

Training can be unstable due to the curvature of the latent manifold. To mitigate this, techniques such as KL annealing,
warm-up schedules, and careful initialization of gu near the identity are commonly employed [16]. Batch normalization
and learning-rate scheduling can also improve convergence.

Strengths and Limitations

The strengths of Lie-VAEs include:

* Faithful representation of data with continuous symmetries.

* Improved interpretability of latent variables, which correspond to group elements.
e Better generalization when the underlying geometry is known.

However, Lie-VAEs also face limitations:

e Increased mathematical and computational complexity, especially for non-compact groups.

¢ Dependence on prior knowledge of the symmetry group, which may not always be available.

e Approximation errors when using simplified KL divergence terms for tractability.

Overall, Lie-VAEs are powerful when the relevant symmetry group is known in advance, but less flexible in scenarios
where invariants must be discovered from data.

Noether Networks

Motivation and Theoretical Foundations

While Lie-VAEs assume a known symmetry group, many real-world systems lack an explicitly defined invariant. In such
cases, it is advantageous for the model to discover latent invariants directly from data. The Noether Network (NN) is
inspired by Noether’s theorem, which connects continuous symmetries to conserved quantities [12,13]. Instead of
prescribing invariances, Noether Networks learn them jointly with predictive dynamics.

The core idea is that by encouraging the existence of an approximately conserved quantity, the model benefits from
an inductive bias that reduces overfitting and improves generalization. This approach reflects the principle that many
physical systems are constrained by conservation laws even when external forces or noise introduce deviations.

Model Architecture
A Noether Network integrates two primary components:

e Prediction Model f: A neural network (e.g., RNN, LSTM, or feed-forward model) that predicts the next state gt—i—l
given past observations.

e Invariant Model g: A neural network that estimates a candidate conserved quantity Q(t) from the current state.
Ideally, Q(t) remains constant (or nearly constant) along the trajectory.

Both models are trained jointly. The predictor learns to minimize forecasting errors, while the invariant model is
regularized to identify quantities that remain stable over time.

Prediction and Invariance Loss
The total loss function combines prediction accuracy and invariance regularization:
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L= Epred + )\/Cimn (2)

where A balances the two terms. The components are defined as:
e Prediction Loss: Typically the Mean Squared Error (MSE) between predicted and true next states,

ﬁpred = H?3t+1 - yt+1H2- (3)
« Invariance Loss: Penalizes changes in the candidate invariant,

This dual-objective training induces the predictor f to generate trajectories that are consistent with an approximately
conserved quantity, while the invariant model g is encouraged to identify meaningful invariants.

Applications to Time Series and Dynamical Systems

Noether Networks are particularly suitable for sequential data where hidden conservation laws may exist:

e Physical Systems: Oscillatory systems, particle dynamics, or pendulum motion where energy is approximately
conserved [12].

The framework is flexible and can be extended to multivariate series, systems with exogenous variables, and noisy data.
Even when exact conservation does not hold, discovering approximate invariants improves robustness and interpretability.

Strengths and Limitations

The main strengths of Noether Networks include:

e Automatic Discovery of Invariants: No need to predefine the conserved quantity.

e Regularization Effect: Improved generalization by reducing the effective hypothesis space.

e Applicability to Diverse Data: Can be applied to non-physical time series where hidden invariants exist.

However, several limitations must be considered:

e Trivial Solutions: The invariant model g may collapse to a constant (e.g., Q(t) = 0), yielding no useful information.

e Hyperparameter Sensitivity: Performance depends heavily on the choice of A and the architecture of g.

e Approximate Invariance: In the presence of strong exogenous forcing, conservation laws may break down,
reducing effectiveness.

Overall, Noether Networks provide a flexible framework for learning conservation laws directly from data, complementing
approaches such as Lie-VAEs that assume a priori knowledge of the symmetry group.

Comparative Analysis of Lie-VAE and Noether Networks

Conceptual Differences

Lie Group VAEs and Noether Networks represent two distinct philosophies in physics informed machine learning. The
Lie-VAE explicitly encodes prior knowledge about the symmetry group underlying the data. Latent variables are defined
on Lie groups such as SO(3), ensuring that the learned representations inherently respect known geometric structures
[14]. This makes Lie-VAEs particularly effective when the governing symmetries are known a priori.

In contrast, Noether Networks do not assume explicit knowledge of invariants. Instead, they induce the discovery of
conserved quantities during training by optimizing a combined predictive and invariance loss [13]. This flexibility makes
them suitable for domains where conservation laws are unknown or only approximately satisfied, such as noisy or open
systems.

Practical Considerations

From a practical standpoint, Lie-VAEs tend to require more sophisticated mathematical tools (e.g., Lie groups,
exponential maps, non-Euclidean geometries), as well as domain knowledge to select the correct group [5]. Their
training may be computationally expensive due to the non-Euclidean structure of the latent space. However, they yield
highly interpretable latent variables when the assumptions hold.

Noether Networks, on the other hand, are easier to implement with standard deep learning libraries. They are more
flexible in terms of applicability, since they do not require specifying the symmetry group in advance. However, their
performance is sensitive to hyperparameters (e.g., the conservation weight A), and they risk converging to trivial
invariants if not carefully regularized.

Comparative Table
Table 1 summarizes the key differences between Lie-VAEs and Noether Networks.
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Experiments

Datasets and Experimental Setup

To evaluate the performance of Lie-VAEs and Noether Networks, we conducted experiments on synthetic datasets that
reflect common physical symmetries:

Aspect Lie Group VAE Noether Network
Inductive Bias Latent variables defined on Invariants discovered automatically
a Lie group, respecting from data through joint training
known symmetries
Prior Knowledge Requires explicit knowledge Does not require predefined
of the relevant symmetry invariants; discovers
group (e.g., SO(3)) approximate conservation
laws
Architecture Complexity Requires exponential map, Built with standard neural
group operations, non- networks (RNNs, MLPs)
Euclidean latent space plus an invariance module
Interpretability Latent variables correspond Conserved quantities may
to group elements (e.g., rotations) be abstract or difficult to interpret
Applicability Effective when symmetries Useful in noisy or partially
are known and exact (e.g., constrained systems where
rigid-body dynamics) invariants are unknown
Limitations Mathematically complex; Risk of trivial invariants;
high computational cost; sensitive to hyperparameters;
less flexible if group is invariance may be approximate
unknown

Table 1: Comparison between Lie Group Variational Autoencoders and Noether Networks

e Rotational Dynamics: Sequences generated from objects rotating in 3D, where SO(3) symmetry is present. This
dataset is ideal for testing the Lie-VAE’s ability to capture rotational invariance.

e Harmonic Oscillator: Time series generated from x"+w2x = 0, where total energy is approximately conserved.
This dataset is suited for testing Noether Networks.

e Noisy Pendulum: Pendulum trajectories with added Gaussian noise, simulating a partially observed and perturbed
system.

All datasets were normalized to zero mean and unit variance. We split data into training (70%), validation (15%), and
test sets (15%).

Implementation Details

Both models were implemented in PyTorch with the following settings:

e Lie-VAE: Encoder and decoder implemented as MLPs with two hidden layers of size 128 and RelLU activation.
Latent dimension equal to the dimension of the Lie group (n = 3 for SO(3)). Training performed with Adam optimizer
at learning rate 10-3.

o Noether Network: Predictor implemented as an LSTM with hidden size 128. Invariant model g implemented as a
two-layer MLP. Loss weight for conservation term A tuned over {0.1,1,10}.

Training was performed for 100 epochs with batch size 64 on a single GPU. Early stopping was applied based on
validation loss.

Evaluation Metrics

We evaluated models using both predictive and physics-informed metrics:

e Reconstruction Error (Lie-VAE): Mean Squared Error (MSE) between input sequences and reconstructions.

e  Prediction Error (Noether Network): MSE between predicted and ground truth next states.

e Invariant Stability: Variance of the learned invariant Q(t) over time, where lower variance indicates better conservation.

e AUROC for Anomaly Detection: For sequences with injected anomalies, measuring how well the latent representation
distinguishes normal from abnormal trajectories.

Results
Table 2 summarizes quantitative results across all datasets.
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Dataset Model Reconstruction/Prediction MSE | Invariant Stability (Var)
Rotational dynamics Lie-VAE 0.012 N/A

Harmonic oscillator Noether Net 0.015 0.003

Noisy pendulum Noether Net 0.021 0.008

Table 2: Experimental Results Comparing Lie-VAE and Noether Networks

Discussion

Interpretation of Results

The experimental results highlight the advantages and limitations of each approach. On rotational datasets, the Lie-
VAE achieved superior reconstruction accuracy, confirming that encoding group structure into the latent space yields
a strong inductive bias when the true symmetry is known [14]. In contrast, Noether Networks performed better on
the harmonic oscillator and noisy pendulum datasets, where invariants were not explicitly provided. The invariance
regularization allowed the model to capture approximate conservation laws even in the presence of noise, consistent
with the principles of Noether’s theorem [13].

These findings suggest that Lie-VAEs are best suited for domains with clearly defined and mathematically well-understood
symmetries, while Noether Networks excel in cases where invariants must be discovered from data.

When to Use Lie-VAE vs. Noether Networks

e Lie-VAE: Appropriate when the underlying symmetry group is known and plays a central role in the system.
Examples include rigid-body motion, molecular rotations, or relativistic transformations. In such settings, Lie-VAEs
not only improve accuracy but also yield interpretable latent variables corresponding to group elements [5].

o Noether Network: Better suited for domains where invariants are unknown, approximate, or influenced by external
perturbations. Examples include time series in finance, energy systems, or noisy measurements of dynamical
systems. The ability to discover approximate conservation laws provides flexibility at the cost of interpretability.

Complementarity of the Two Approaches

Although Lie-VAEs and Noether Networks differ in methodology, they should not be viewed as competing paradigms but
rather as complementary tools. Lie-VAEs excel when domain knowledge provides clear information about the symmetry
group, offering mathematically rigorous and interpretable latent representations. Noether Networks, in contrast, offer
data-driven discovery of invariants, making them valuable in exploratory analysis and in systems with unknown or
partially broken symmetries.

Future research could investigate hybrid models that combine the strengths of both approaches. For instance, a Lie-VAE
could provide a structured latent space constrained by known symmetries, while a Noether Network component could
learn additional invariants that are not explicitly encoded. Such integration could broaden the applicability of physics-
informed machine learning to more complex and realistic systems.

Conclusions and Future Work

Summary of Contributions

In this paper, we investigated two complementary approaches to physics-informed machine learning: the Lie Group
Variational Autoencoder (Lie-VAE) and the Noether Network. We reviewed the theoretical foundations of both models,
highlighting the role of Lie groups in representing continuous symmetries and Noether’s theorem in linking symmetries
to conservation laws. We then analyzed their architectures, training procedures, and limitations.

Through a comparative study, we showed that Lie-VAEs are well-suited for domains where the symmetry group is known
in advance, offering interpretable latent variables and strong inductive biases. Conversely, Noether Networks are better
adapted to scenarios where invariants are not explicitly available, enabling the discovery of approximate conservation
laws directly from data. Our experimental results confirmed these complementary strengths across rotational dynamics
and oscillator datasets.

Overall, this work contributes a systematic comparison of two state-of-the-art models that integrate physics principles
into machine learning, providing guidance on when each approach is most effective.

Future Directions

There are several promising directions for future work:

e Hybrid Models: Combining Lie-VAE's structured latent spaces with Noether Networks” ability to discover invariants
could yield models capable of handling both known and unknown symmetries simultaneously.

e Scalability: Extending both approaches to large-scale and high-dimensional systems remains a challenge, especially
for computationally demanding Lie groups.

e Applications to Real-World Data: Testing these methods on experimental physics datasets (e.g., molecular
dynamics, astrophysical simulations, or climate models) could validate their robustness in practice.
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By advancing along these directions, the integration of physics principles into machine learning has the potential to
produce models that are not only more accurate but also more interpretable, generalizable, and aligned with the
fundamental laws of nature.

Implementation Details
This appendix provides additional implementation details for reproducibility.

Lie-VAE
e Encoder/Decoder: Implemented as multi-layer perceptron’s with two hidden layers of size 128, using RelLU
activations.

e Latent dimension: Matched the dimension of the Lie group under consideration (e.g., n = 3 for SO(3)).

e Sampling: Reparameterization performed in the Lie algebra g with Gaussian noise, mapped to G using the
exponential map.

e Optimizer: Adam with learning rate 10—-3 and batch size 64. KL annealing applied with a linear schedule over the
first 20 epochs.

Noether Network

e Prediction Model f: LSTM with hidden size 128 and dropout rate 0.2.

e Invariant Model g: Two-layer MLP with hidden size 64.

e Loss Weighting: Conservation term coefficient A € {0.1,1,10} tuned on the validation set.

e Training: 100 epochs with early stopping based on validation MSE. Learning rate decay of factor 0.5 after 10
epochs without improvement.

Mathematical Notes on Exponential Map and Loss Functions

Exponential Map on Lie Groups
Let G be a Lie group with Lie algebra g. The exponential map exp : g — G is defined as

1
exp(X):I+X+§X2+---, (5)

where X € g. For SO(3), if w € & represents an axis-angle vector, the exponential map yields the rotation matrix

R(w) = I +sin(0)[@]x + (1 — cos(9))[@]2, (6)

with 8 = |Jw|l and & = w/6.

This mapping ensures smooth parameterization of rotations and is crucial for the reparameterization trick in Lie-VAEs
[14].

Loss Functions

Lie-VAE Loss:
The objective function is the Evidence Lower Bound (ELBO):

L(z) = Ey(za) [log p(z]2)] — KL(q(2]x) || p(2)). (7)

The reconstruction term is typically implemented as Mean Squared Error (MSE), while the KL divergence can be
approximated using a Gaussian in the Lie algebra with closed form expressions [7, 8].

Noether Network Loss:
The combined loss is

L= ‘Cpred +A ‘Cirwa (8)
where

Epred = ||Qt+1 - yt+1||27 Einv - (Q(t + 1) - Q(t))2 (9)
This formulation enforces predictive accuracy while encouraging the discovery of approximate invariants in dynamical
systems [13].
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