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Abstract 
The resonant tunneling frequency and electric current were studied in a nanostructured diode containing a two-fold 
symmetrical right triangular barrier made of AlyGa1-yAs/GaAs/AlyGa1-yAs semiconductors. The complex energy method 
was employed to determine the quasi-energy states, utilizing varying effective masses. The resonant tunneling energy 
decreased exponentially with increasing well width when the barrier thickness was fixed. Keeping the well width and 
barrier thickness constant and increasing the aluminum concentration, decreases the resonant tunneling frequency while 
increasing the resonant tunneling energy. The resonant tunneling frequency was increased to a higher terahertz range 
by reducing the barrier thickness and well width. Wider wells and thicker barriers result in lower resonant frequencies. 
The resonant tunneling current was analyzed and found to be significantly influenced by the diode parameters, including 
aluminum content, well width, and barrier thickness in the collector region. The resonant tunneling current behavior 
aligned well with previous literature findings. It is noted that the structural features of the nanostructured diode, which 
has a two-fold symmetrical right triangular barrier, can be adjusted to function within the targeted frequency range and 
the peak tunneling current. 
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Introduction 
Conventional diodes (CDs) are devices that contain two regions, namely anode and cathode, and can conduct current in 
the forward direction instead of the reverse direction. However, CDs are not suitable for ultrafast applications because 
of their low signal gain. A resonant tunneling diode (RTD) employs the resonant tunneling property. Resonant tunneling 
occurs at certain resonant energy levels, corresponding to the doping level and the width of the quantum well and 
is mainly characterized by the negative differential resistance in the I-V characteristics. A high peak current to valley 
current ratio (Ip/Iv) is desirable because a high value indicates a large RTD gain and a significant negative differential 
resistance and also implies a small valley current, which means less leakage current and reduced power loss [1]. 
The advantages of RTDs over both CDs and triodes are their low power, high speed, and reduced dimensions that 
avoid the problems of heat and parasitic effects. RTDs can reach frequencies in the THz range above that associated 
with transistors that usually operate in the GHz range, which allows them to be part of a variety of nanotechnology 
applications such as high-speed communication systems, high-resolution radars, and low-level imaging systems [2, 
3]. In addition, RTDs have significant advantages over CDs when high reverse voltages are applied; there is a very 
high leakage current in CDs, while for RTDs, there is a symmetric I-V response when forward as well as a reverse bias 
voltage is applied. Therefore, the leakage current is minimized, and RTDs are considered excellent rectifiers. For high-
frequency operation, very high peak current densities are obtained by reducing the QW thickness and increasing the 
emitter doping level [2,4]. Resonant tunneling in heterostructure semiconductor materials has received a lot of attention 
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after the proposal of periodic potentials depending on the change in material type or doping type [5]. The periodicity 
of potentials and the development of deposition techniques yield heterostructure superlattices [6,7]. Many researchers 
have reported experimental evidence of the phenomenon of resonant tunneling of electrons and holes in quantum 
wells bounded by potential barriers, which appear as negative resistance regions in the current-voltage characteristics 
[8-11]. Computational and theoretical analysis have also been addressed to study the resonant tunneling phenomena 
in heterostructures [12-19]. With the novel development of growth techniques, researchers are now able to investigate 
the resonant tunneling in profile-based nanomaterials such as quantum wells, quantum wires, quantum dots, carbon 
nanotubes (CNTs), and double-barrier triangular semiconductor heterostructures [20-34]. Recently, Elabsy and Attia have 
reported resonant tunneling in a double-barrier triangular nanostructure in a free electric field and in the presence of 
an electric field [35,36]. The resonant tunneling effect has also been reported in graphene superlattice heterostructures 
and in transition metal dichalcogenides (TDMs) [37,38]. Terahertz frequency devices have many applications in today’s 
life, such as wireless communications, imaging systems, radar systems, and chemical and biotechnology [39-41]. 
Therefore, the present study aims to go beyond the previous work and proposes a nanostructured diode with a two-fold 
symmetrical right triangular barrier to investigate the resonant tunneling frequency, the associated resonant energy, and 
the resonant tunneling current of electrons through it [32-36].

Theory 
It is known that temperature, pressure, and applied bias are important parameters that influence the performance 
of nanostructure diodes, but in this work, we are looking for efficiency, not precision. Therefore, the present analysis 
considers constant temperature, pressure, and zero electric field. The units used are the atomic units, in which the unit 
of energy is Hartree, and the unit of length is Bohr radius, with e (electronic charge) = m0 (mass of a free electron) = 
ℏ (reduced Plank’s constant) = 1, unless stated. The present study employs the effective mass theory with the correct 
masses of the electron in each region of the present diode structure and applies the complex energy technique to 
compute the required energies and their associated frequencies [18,35,36]. The energy band gap profile for the two-
fold symmetrical right triangular barrier diode composed of AlyGa1-yAs/GaAs/AlyGa1-yAs semiconductor heterostructure 
with z-axis is taken as the direction of growth and the potential barrier height, U0, well thickness, 2a, and barrier 
thickness, b, as sketched in Figure 1. 
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Fig. 1. Symmetric two-fold right-triangular barrier nanostructured diode with a barrier height of U0, 

a well width of 2a, and a barrier thickness of b, with the z-axis being the growth direction. 
Figure 1: Symmetric Two-Fold Right-Triangular Barrier Nanostructured Diode with a Barrier Height of u0, 
a Well Width of 2a, and a Barrier Thickness of b, with the Z-Axis Being the Growth Direction
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The total symmetric potential energy, U(z) has the form 

𝑈𝑈(𝑧𝑧) =  {
0; 0 ≤ |𝑧𝑧| ≤ 𝑎𝑎  

𝑈𝑈0
𝑏𝑏 (𝑏𝑏 + 𝑎𝑎 − 𝑧𝑧); 𝑎𝑎 < |𝑧𝑧| ≤ 𝑎𝑎 + 𝑏𝑏

0; |𝑧𝑧| > 𝑎𝑎 + 𝑏𝑏
             (1) 

The general form of Schrödinger equation has the form [35], [36], and [42] 

− 1
2 𝑑𝑑

𝑑𝑑𝑑𝑑
1

𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑Φ𝑛𝑛(𝑧𝑧)
𝑑𝑑𝑑𝑑 + 𝑈𝑈(𝑧𝑧) Φ𝑛𝑛(𝑧𝑧) = 𝐸𝐸𝑛𝑛 Φ𝑛𝑛(𝑧𝑧)               (2) 

Where the subscript, p refers to the well region, a, or barrier region, b, and 𝑚𝑚𝑝𝑝 
∗ (𝑧𝑧) stands for the 

effective mass of the carriers (electrons) in the well p=a or the barrier p=b region, which has the 

form [43]. 

𝑚𝑚𝑎𝑎
∗ = 0.067 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑏𝑏 

∗ = 𝑚𝑚𝑎𝑎
∗ + 0.083 𝑦𝑦,               (3) 

since y is the aluminum mole fraction in the barrier AlyGa1-yAs region. The barrier height, U0, 

depends on the aluminum content (concentration) in the barrier AlyGa1-yAs region, as given by Lee 

et al. [44]  

𝑈𝑈0 = 0.658 ∆𝐸𝐸𝑔𝑔
Γ(𝑦𝑦),                   (4) 

Where ∆𝐸𝐸𝑔𝑔
𝛤𝛤(𝑦𝑦) is the energy band gap discontinuity between the conduction energy bands of the 

GaAs and AlyGa1-yAs materials at the -point and is determined from the relation [45] 

 ∆𝐸𝐸𝑔𝑔
𝛤𝛤(𝑦𝑦) = 1.155 𝑦𝑦 + 0.37 𝑦𝑦2.               (5) 

Φ𝑛𝑛(𝑥𝑥) is the position probability amplitude wavefunction and 𝐸𝐸𝑛𝑛 is the corresponding allowed 

energy for the required energy n-state since the subscript (n = 1) stands for the lowest (ground) 

energy state and (n = 2) to the first excited state. 

The wavefunction corresponding to the (emitter) well region,  0 ≤ |𝑧𝑧| ≤ 𝑎𝑎, has the even solution 

of Eq. (2) as 

 Φ(𝑥𝑥) = 𝐴𝐴1𝑐𝑐𝑐𝑐 𝑠𝑠(𝑞𝑞1𝑧𝑧) ;            0 ≤ |𝑧𝑧| ≤ 𝑎𝑎                   (6) 
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𝑏𝑏 (𝑏𝑏 + 𝑎𝑎 − 𝑧𝑧); 𝑎𝑎 < |𝑧𝑧| ≤ 𝑎𝑎 + 𝑏𝑏

0; |𝑧𝑧| > 𝑎𝑎 + 𝑏𝑏
             (1) 

The general form of Schrödinger equation has the form [35], [36], and [42] 

− 1
2 𝑑𝑑

𝑑𝑑𝑑𝑑
1

𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑Φ𝑛𝑛(𝑧𝑧)
𝑑𝑑𝑑𝑑 + 𝑈𝑈(𝑧𝑧) Φ𝑛𝑛(𝑧𝑧) = 𝐸𝐸𝑛𝑛 Φ𝑛𝑛(𝑧𝑧)               (2) 

Where the subscript, p refers to the well region, a, or barrier region, b, and 𝑚𝑚𝑝𝑝 
∗ (𝑧𝑧) stands for the 

effective mass of the carriers (electrons) in the well p=a or the barrier p=b region, which has the 

form [43]. 

𝑚𝑚𝑎𝑎
∗ = 0.067 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑏𝑏 

∗ = 𝑚𝑚𝑎𝑎
∗ + 0.083 𝑦𝑦,               (3) 

since y is the aluminum mole fraction in the barrier AlyGa1-yAs region. The barrier height, U0, 

depends on the aluminum content (concentration) in the barrier AlyGa1-yAs region, as given by Lee 

et al. [44]  

𝑈𝑈0 = 0.658 ∆𝐸𝐸𝑔𝑔
Γ(𝑦𝑦),                   (4) 

Where ∆𝐸𝐸𝑔𝑔
𝛤𝛤(𝑦𝑦) is the energy band gap discontinuity between the conduction energy bands of the 

GaAs and AlyGa1-yAs materials at the -point and is determined from the relation [45] 

 ∆𝐸𝐸𝑔𝑔
𝛤𝛤(𝑦𝑦) = 1.155 𝑦𝑦 + 0.37 𝑦𝑦2.               (5) 

Φ𝑛𝑛(𝑥𝑥) is the position probability amplitude wavefunction and 𝐸𝐸𝑛𝑛 is the corresponding allowed 

energy for the required energy n-state since the subscript (n = 1) stands for the lowest (ground) 

energy state and (n = 2) to the first excited state. 

The wavefunction corresponding to the (emitter) well region,  0 ≤ |𝑧𝑧| ≤ 𝑎𝑎, has the even solution 

of Eq. (2) as 

 Φ(𝑥𝑥) = 𝐴𝐴1𝑐𝑐𝑐𝑐 𝑠𝑠(𝑞𝑞1𝑧𝑧) ;            0 ≤ |𝑧𝑧| ≤ 𝑎𝑎                   (6) 
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Where A1 is a constant and 𝑞𝑞1 is the propagation wave number of electrons in the well region 

which has the form 

𝑞𝑞1 =  (2𝑚𝑚𝑎𝑎
∗ 𝐸𝐸𝑛𝑛)1/2                       (7) 

In the (collector) well region  |𝑧𝑧| > 𝑎𝑎 + 𝑏𝑏, the solution of Eq. (2), takes the form 

 Φ(𝑧𝑧) =  𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧;                   |𝑧𝑧| > 𝑎𝑎 + 𝑏𝑏               (8) 

where A4 is a constant to be determined. 

In the barrier triangular regions,  𝑎𝑎 < |𝑧𝑧| ≤ 𝑎𝑎 + 𝑏𝑏, Eq. (2)  becomes 

𝑑𝑑2Φ𝑛𝑛(𝑧𝑧)
𝑑𝑑𝑧𝑧2 + 2𝑚𝑚𝑏𝑏 

∗ 𝑈𝑈0
𝑏𝑏 [ 𝑧𝑧 +  Ω] Φ𝑛𝑛(𝑧𝑧) = 0,              (9) 

Since,  

Ω = 𝑏𝑏
𝑈𝑈0

𝐸𝐸𝑛𝑛 − (𝑎𝑎 + 𝑏𝑏),                      (10) 

Introduce the parameters, 

Λ = (2𝑚𝑚𝑏𝑏
∗ 𝑈𝑈0
𝑏𝑏 )

1/3
,               (11) 

and 

𝜒𝜒 = − Λ(𝑧𝑧 +  Ω),               (12) 

Eq. (9) takes the form of Airy’s equation as 

𝑑𝑑2Φ𝑛𝑛(𝜒𝜒)
𝑑𝑑𝜒𝜒2 − 𝜒𝜒 𝛷𝛷𝑛𝑛(𝜒𝜒) = 0 .              (13) 

The general solution of  equation (13) is  

 𝛷𝛷𝑛𝑛(𝜒𝜒) =  𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 ).             (14) 
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Φ(𝑧𝑧) = {
 𝐴𝐴1𝑐𝑐𝑐𝑐 𝑠𝑠(𝑞𝑞1𝑧𝑧) ;            0 ≤ |𝑧𝑧| ≤ 𝑎𝑎  

 𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 ); 𝑎𝑎 < |𝑧𝑧| ≤ 𝑎𝑎 + 𝑏𝑏
 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧;                   |𝑧𝑧| > 𝑎𝑎 + 𝑏𝑏

                          (15) 

Imposing the boundary conditions on the wavefunctions,  𝛷𝛷𝑛𝑛(𝑧𝑧) at the triangle face z = a, one 

obtains 

𝐴𝐴1 cos 𝜇𝜇 − 𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜆𝜆1) − 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜆𝜆1) = 0            (16) 

Where  

𝜇𝜇 = 𝑞𝑞1𝑎𝑎 ,                 (17) 

and  

𝜆𝜆1 = − 𝛬𝛬(𝑎𝑎 +  𝛺𝛺).                          (18)  

Applying the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the same 

triangle face z = a, or 

1
𝑚𝑚𝑎𝑎 ∗  𝑑𝑑

𝑑𝑑𝑑𝑑  [𝐴𝐴1𝑐𝑐𝑐𝑐 𝑠𝑠(𝑞𝑞1𝑧𝑧)]|𝑎𝑎 =  1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎         (19) 

which becomes 

− 𝛿𝛿 𝐴𝐴1 sin 𝜇𝜇 + 𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆1) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆1) = 0             (20) 

where 

𝛿𝛿 = 𝑞𝑞1
𝜎𝜎
𝛬𝛬                   (21) 

since  

𝜎𝜎 =  𝑚𝑚𝑏𝑏 
∗ /𝑚𝑚𝑎𝑎 

∗                 (22)  

is the effective mass ratio and 𝐴𝐴𝐴𝐴′ is the derivative of Airy’s function 

Similarly, by imposing the boundary conditions on the wavefunctions, 𝛷𝛷𝑛𝑛(𝑧𝑧) at the triangle edge 

z = 𝑎𝑎 + 𝑏𝑏, one gets 

𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜆𝜆2)  −  𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0.          (23) 
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𝑑𝑑𝑑𝑑  at the same 

triangle face z = a, or 

1
𝑚𝑚𝑎𝑎 ∗  𝑑𝑑

𝑑𝑑𝑑𝑑  [𝐴𝐴1𝑐𝑐𝑐𝑐 𝑠𝑠(𝑞𝑞1𝑧𝑧)]|𝑎𝑎 =  1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎         (19) 

which becomes 

− 𝛿𝛿 𝐴𝐴1 sin 𝜇𝜇 + 𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆1) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆1) = 0             (20) 

where 

𝛿𝛿 = 𝑞𝑞1
𝜎𝜎
𝛬𝛬                   (21) 

since  

𝜎𝜎 =  𝑚𝑚𝑏𝑏 
∗ /𝑚𝑚𝑎𝑎 

∗                 (22)  

is the effective mass ratio and 𝐴𝐴𝐴𝐴′ is the derivative of Airy’s function 

Similarly, by imposing the boundary conditions on the wavefunctions, 𝛷𝛷𝑛𝑛(𝑧𝑧) at the triangle edge 

z = 𝑎𝑎 + 𝑏𝑏, one gets 

𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜆𝜆2)  −  𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0.          (23) 

 at the same triangle face z = 
a, or

which becomes

where

since

is the effective mass ratio and 𝐴𝑖′ is the derivative of Airy’s function

Similarly, by imposing the boundary conditions on the wavefunctions, 𝛷𝑛 (𝑧) at the triangle edge z = 𝑎+𝑏, one gets

Where
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎+𝑏𝑏 =  1

𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎+𝑏𝑏 =  1

𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎+𝑏𝑏 =  1

𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎+𝑏𝑏 =  1

𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  

By imposing the boundary conditions on the derivative of the wavefunctions, 
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎+𝑏𝑏 =  1

𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  

 at the same triangle edge 
z = 𝑎 +  𝑏, or

it becomes

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴1 , 𝐴2, 𝐴3, 𝑎𝑛𝑑 𝐴4. The matrix 
equation has only a solution if the determinant of the coefficients vanishes as
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜒𝜒 ) + 𝐴𝐴3 𝐵𝐵𝐵𝐵(𝜒𝜒 )]|𝑎𝑎+𝑏𝑏 =  1

𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  
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Where  

𝜈𝜈 = 𝑞𝑞1 𝜇𝜇 + 𝑏𝑏,  and             (24) 

𝜆𝜆2 =  𝜆𝜆1 − 𝑏𝑏Λ.             (25) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

same triangle edge z = 𝑎𝑎 + 𝑏𝑏, or 

1
𝑚𝑚𝑏𝑏 

∗  𝑑𝑑
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𝑚𝑚𝑎𝑎 ∗  𝑑𝑑
𝑑𝑑𝑑𝑑  [𝐴𝐴4 𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧]|𝑎𝑎+𝑏𝑏         (26) 

it becomes  

𝐴𝐴2 𝐴𝐴𝐴𝐴′(𝜆𝜆2) + 𝐴𝐴3 𝐵𝐵𝐵𝐵′(𝜆𝜆2) + (𝑖𝑖 𝛿𝛿) 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖 = 0                (27) 

Equations (16), (20), (23), and (27) form a matrix equation with non-vanishing coefficients, 𝐴𝐴1 ,
𝐴𝐴2, 𝐴𝐴3, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴4. The matrix equation has only a solution if the determinant of the coefficients 

vanishes as 

||
       cos 𝜇𝜇   −𝐴𝐴𝐴𝐴(𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)            0  
−𝛿𝛿  sin 𝜇𝜇

0
0

𝐴𝐴𝐴𝐴′(𝜆𝜆1)
𝐴𝐴𝐴𝐴(𝜆𝜆2)
𝐴𝐴𝐴𝐴′(𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
 𝐵𝐵𝐵𝐵(𝜆𝜆2)
 𝐵𝐵𝐵𝐵′(𝜆𝜆2)

          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
|| = 0                          (28) 

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant 

tunneling energies and their corresponding frequencies in the form 

tan(𝜇𝜇) =  𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].             (29) 

Where  

𝑇𝑇1 = 𝑖𝑖𝑖𝑖𝐴𝐴𝑖𝑖(𝜆𝜆2) +  𝐴𝐴𝑖𝑖
′(𝜆𝜆2),              (30) 

𝑇𝑇2 = 𝑖𝑖𝑖𝑖𝐵𝐵𝑖𝑖(𝜆𝜆2) +  𝐵𝐵𝑖𝑖
′(𝜆𝜆2),                   (31) 

In the above equations 𝐴𝐴𝐴𝐴′ and 𝐵𝐵𝑖𝑖
′ are the derivative of Airy’s functions, 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 with respect to 

z, respectively.  

Solving the determinant Eq. (28), one obtains a transcendental equation for the even resonant tunneling energies and 
their corresponding frequencies in the form

Where

In the above equations 𝐴𝑖′ and 𝐵𝑖′ are the derivative of Airy’s functions, 𝐴𝑖 and 𝐵𝑖 with respect to z, respectively.

For the odd solution, one replaces the wavefunction in the first-well (emitter) region (0 ≤ |𝑧| ≤   𝑎 by
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For the odd solution, one replaces the wavefunction in the first-well (emitter) region (0 ≤ |𝑧𝑧| ≤ 𝑎𝑎 

by 

Φ(𝑧𝑧) = 𝐷𝐷 sin (𝑞𝑞1𝑧𝑧).                 (32) 

Where D is an arbitrary constant to be determined. 

Applying the boundary conditions on the wavefunctions, 𝛷𝛷𝑛𝑛(𝑧𝑧)  at the triangle face z = a, one gets 

𝐷𝐷 sin 𝜇𝜇 − 𝐶𝐶2 𝐴𝐴𝐴𝐴(𝜆𝜆1) − 𝐶𝐶3 𝐵𝐵𝐵𝐵(𝜆𝜆1) = 0            (33) 

By imposing the boundary conditions on the derivative of the wavefunctions,  1
𝑚𝑚𝑝𝑝 ∗ (𝑧𝑧) 𝑑𝑑𝛷𝛷𝑛𝑛(𝑧𝑧)

𝑑𝑑𝑑𝑑  at the 

triangle face z = a, yields 

 𝛿𝛿 𝐷𝐷 cos 𝜇𝜇 + 𝐶𝐶2 𝐴𝐴𝐴𝐴′(𝜆𝜆1) + 𝐶𝐶3 𝐵𝐵𝐵𝐵′(𝜆𝜆1) = 0            (34) 

Solving the set of equations, (33), (34), (23), and (27) one obtains the determinant for the odd 

solution as 

||
       sin 𝜇𝜇   −𝐴𝐴𝐴𝐴 (𝜆𝜆1)      −𝐵𝐵𝐵𝐵(𝜆𝜆1)             0  

𝛿𝛿 cos 𝜇𝜇
0
0

𝐴𝐴𝐴𝐴′ (𝜆𝜆1)
𝐴𝐴𝐴𝐴 (𝜆𝜆2)
𝐴𝐴𝐴𝐴′ (𝜆𝜆2)

      
  𝐵𝐵𝐵𝐵′(𝜆𝜆1)
𝐵𝐵𝐵𝐵(𝜆𝜆2)
𝐵𝐵𝐵𝐵′(𝜆𝜆2)

 
          0
− 𝑒𝑒𝑖𝑖𝑖𝑖

 (𝑖𝑖 𝛿𝛿)𝑒𝑒𝑖𝑖𝑖𝑖
||                      (35) 

Following the same procedures by solving the determinant Eq. (35), one can obtain a 

transcendental equation for the odd energy states and their associated frequencies in the form 

cot(𝜇𝜇) =  − 𝑇𝑇1∙𝐵𝐵𝑖𝑖
′(𝜆𝜆1) − 𝑇𝑇2∙𝐴𝐴𝑖𝑖

′(𝜆𝜆1)
𝛿𝛿[𝑇𝑇1∙𝐵𝐵𝑖𝑖(𝜆𝜆1)− 𝑇𝑇2∙𝐴𝐴𝑖𝑖(𝜆𝜆1)].                             (36) 

The resonant tunneling current, 𝐼𝐼𝑟𝑟 (given in Ampere), through the nanostructured diode with a 

two-fold symmetrical right triangular barrier with a barrier height of U0, a well width of 2a, and a 

collector barrier thickness of b, is determined using the equation [46] 

𝐼𝐼𝑟𝑟 =  𝐼𝐼0 𝑓𝑓 exp(−2 𝜌𝜌𝑏𝑏) (𝐴𝐴)                   (37)  

Where  

𝐼𝐼0 = 1.602 𝑥𝑥 10−19 (𝐴𝐴/𝐻𝐻𝐻𝐻)                   (38) 
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by 
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𝛿𝛿 cos 𝜇𝜇
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Following the same procedures by solving the determinant Eq. (35), one can obtain a transcendental equation for the 
odd energy states and their associated frequencies in the form

The resonant tunneling current, 𝐼𝑟 (given in Ampere), through the nanostructured diode with a two-fold symmetrical 
right triangular barrier with a barrier height of U0, a well width of 2a, and a collector barrier thickness of b, is determined 
using the equation [46]

Where

𝑓 is the resonant tunneling frequency of electrons in the emitter layer, given in Hertz (Hz), b is the collector barrier 
thickness, and 𝜌 is the decay constant in the collector layer, which is evaluated as
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𝑓𝑓 is the resonant tunneling frequency of electrons in the emitter layer, given in Hertz (Hz), b is the 

collector barrier thickness, and 𝜌𝜌 is the decay constant in the collector layer, which is evaluated as  

𝜌𝜌 = √2 𝑚𝑚1
∗𝑈𝑈0               (39) 

 

3. Results and Discussions 

 

Fig. 2. Variations of the resonant tunneling energies of the lowest state, E1(meV) (solid lines), and 
the first excited state, E2(meV) (dashed lines), with the well half-width, a in nm for two aluminum 
contents, y=0.30 (black lines) and 0.45 (blue lines) at a constant barrier thickness of 2.0 nm. 

 

Figure 2 shows the variation of the resonant tunneling energy of the lowest state, E1, and the 

first excited state, E2, in meV with the well half-width, a, in nm at a fixed barrier thickness, b = 2.0 

nm for two aluminum contents (concentrations), y = 0.30 and 0.45. Both energy values decrease 

with increasing well half-width in an exponential decay trend. It is seen that increasing the 

aluminum content, y, enhances the barrier height, which increases the resonant tunneling energies 

of the two states (blue lines). It is also seen in Fig. 2 that reducing the aluminum content in the 

diode barrier region, AlyGa1-yAs decreases the barrier height, which in turn decreases the resonant 

tunneling energy for both the ground (lowest) state and the first excited state (black lines) in 

accordance with the concepts of quantum mechanics [47]. Additionally, one notes that the resonant 

tunneling energy of the first excited state (dashed line), regardless of the aluminum content, is 

larger than the energy associated with the lowest state (solid line). 
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𝑓𝑓 is the resonant tunneling frequency of electrons in the emitter layer, given in Hertz (Hz), b is the 

collector barrier thickness, and 𝜌𝜌 is the decay constant in the collector layer, which is evaluated as  

𝜌𝜌 = √2 𝑚𝑚1
∗𝑈𝑈0               (39) 
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Fig. 2. Variations of the resonant tunneling energies of the lowest state, E1(meV) (solid lines), and 
the first excited state, E2(meV) (dashed lines), with the well half-width, a in nm for two aluminum 
contents, y=0.30 (black lines) and 0.45 (blue lines) at a constant barrier thickness of 2.0 nm. 
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nm for two aluminum contents (concentrations), y = 0.30 and 0.45. Both energy values decrease 

with increasing well half-width in an exponential decay trend. It is seen that increasing the 

aluminum content, y, enhances the barrier height, which increases the resonant tunneling energies 

of the two states (blue lines). It is also seen in Fig. 2 that reducing the aluminum content in the 

diode barrier region, AlyGa1-yAs decreases the barrier height, which in turn decreases the resonant 

tunneling energy for both the ground (lowest) state and the first excited state (black lines) in 

accordance with the concepts of quantum mechanics [47]. Additionally, one notes that the resonant 

tunneling energy of the first excited state (dashed line), regardless of the aluminum content, is 
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Results and Discussions 

Figure 2: Variations of the Resonant Tunneling Energies of the Lowest State, E1(Mev) (Solid Lines), and 
the First Excited State, E2(Mev) (Dashed Lines), with the Well Half-Width, a in Nm for Two Aluminum 
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Figure 2 shows the variation of the resonant tunneling energy of the lowest state, E1, and the first excited state, 
E2, in meV with the well half-width, a, in nm at a fixed barrier thickness, b = 2.0 nm for two aluminum contents 
(concentrations), y = 0.30 and 0.45. Both energy values decrease with increasing well half-width in an exponential 
decay trend. It is seen that increasing the aluminum content, y, enhances the barrier height, which increases the 
resonant tunneling energies of the two states (blue lines). It is also seen in Figure 2 that reducing the aluminum content 
in the diode barrier region, AlyGa1-yAs decreases the barrier height, which in turn decreases the resonant tunneling 
energy for both the ground (lowest) state and the first excited state (black lines) in accordance with the concepts of 
quantum mechanics [47]. Additionally, one notes that the resonant tunneling energy of the first excited state (dashed 
line), regardless of the aluminum content, is larger than the energy associated with the lowest state (solid line).
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Fig. 3. Dependence of the lowest resonant tunneling energy, E1 (meV) at a constant well 
half-width, a, of 2.5 nm on the ratio of the barrier thickness to the well half-width,  = b/a 
for different aluminum contents, y = 0.25 (black), 0.30 (red), 0.35 (blue), 0.40 (green), and 
0.45 (purple). 

 

Figure 3 presents the dependence of the lowest resonant tunneling energy, E1 (meV), on the 

ratio of the barrier thickness to the well-half-width,  = b/a, for different aluminum contents, y, at 

a constant well-half-width of 2.5 nm. It is shown in Fig. 3 that increasing the ratio of the barrier 

thickness to the well half-width at a specific aluminum content results in an almost non-linear 

enhancement of the lowest resonant tunneling energy, E1. It is also seen in Fig. 3 that the lowest 

resonant energy, E1, increases non-linearity with an increase in the ratio . The lowest energy, E1, 

increases almost linearly up to a specific value of the ratio of the barrier thickness to the well half-

width ( ≤ 0.6 nm), then slowly increases. Furthermore, for a fixed ratio ,  it is shown that 

increasing the aluminum content, y, enhances the lowest resonant tunneling energy, E1. This is 

because increasing the aluminum content, y, leads to an enhancement of the barrier strength 

(height, U0), which in turn increases the lowest resonant tunneling energy, E1, in accordance with 

quantum mechanics concepts [47]. 

Fig. 4 shows the variation of the resonant tunneling frequency of the lowest state, f1, in THz, with 

the well half-width, a, in nm for different aluminum contents, y, with a constant barrier thickness 

of  2.0 nm. It can be seen in Fig. 4 that at a fixed value of the aluminum content, y, in the barrier 

region of the right triangle diode, AlyGa1-yAs, the frequency of the lowest resonant tunneling, f1, 

decreases with increasing the well half-width, a. This finding is attributed to the enhancement 

Figure 3: Dependence of the Lowest Resonant Tunneling Energy, E1 (Mev) at a Constant Well Half-Width, 
a, of 2.5 Nm on t=the Ratio of the Barrier Thickness to the Well Half-Width, λ = b/a for Different Aluminum 
Contents, y = 0.25 (Black), 0.30 (Red), 0.35 (Blue), 0.40 (Green), And 0.45 (Purple)

Figure 3 presents the dependence of the lowest resonant tunneling energy, E1 (meV), on the ratio of the barrier 
thickness to the well-half-width, λ = b/a, for different aluminum contents, y, at a constant well-half-width of 2.5 nm. 
It is shown in Figure 3 that increasing the ratio of the barrier thickness to the well half-width at a specific aluminum 
content results in an almost non-linear enhancement of the lowest resonant tunneling energy, E1. It is also seen in 
Figure 3 that the lowest resonant energy, E1, increases non-linearity with an increase in the ratio λ. The lowest energy, 
E1, increases almost linearly up to a specific value of the ratio of the barrier thickness to the well halfwidth (λ   0.6 nm), 
then slowly increases. Furthermore, for a fixed ratio λ, it is shown that increasing the aluminum content, y, enhances 
the lowest resonant tunneling energy, E1. This is because increasing the aluminum content, y, leads to an enhancement 
of the barrier strength (height, U0), which in turn increases the lowest resonant tunneling energy, E1, in accordance with 
quantum mechanics concepts [47]. 

Figure 4 shows the variation of the resonant tunneling frequency of the lowest state, f1, in THz, with the well half-width, 
a, in nm for different aluminum contents, y, with a constant barrier thickness of 2.0 nm. It can be seen in Figure 4 that 
at a fixed value of the aluminum content, y, in the barrier region of the right triangle diode, AlyGa1-yAs, the frequency 
of the lowest resonant tunneling, f1, decreases with increasing the well half-width, a. This finding is attributed to the 
enhancement 
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Fig. 4. Variations of the resonant tunneling frequency of the lowest state, f1 (THz) with the 
well half-width a (nm) at a constant barrier thickness, b=2.0 nm for different aluminum 
contents, y=0.25 (black), 0.30 (red), 0.35 (green), 0.40 (blue) and 0.45 (purple). 

 

of the resonant lifetime associated with the lowest state as the well half-width increases, leading 

to a decrease in the frequency, f1. It is shown in Fig. 4 that for fixed values of the well-half width 

and the barrier thickness, increasing the aluminum content leads to a decrease in the resonant 

tunneling frequency, f1. Therefore, the two parameters of the well half-width, a, and the barrier 

thickness, b, with the aluminum content, y, can be used to adjust the frequency of the diode device 

to operate at the desired frequency in the tera range. 

 

Fig. 5. Dependence of both the resonant tunneling frequencies for the lowest, f1 (THz) 
(solid lines), and first excited states, f2 (THz) (dashed lines), on the well half-width, a, in 
nm at a constant barrier thickness, b, of 2.0 nm for two aluminum contents, y = 0.25 and 
0.45.   
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Figure 4: Variations of the Resonant Tunneling Frequency of the Lowest State, F1 (thz) with the Well 
Half-Width a (Nm) at a Constant Barrier Thickness, B=2.0 Nm for Different Aluminum Contents, Y=0.25 
(Black), 0.30 (Red), 0.35 (Green), 0.40 (Blue) and 0.45 (Purple)

of the resonant lifetime associated with the lowest state as the well half-width increases, leading to a decrease in the 
frequency, f1. It is shown in Figure 4 that for fixed values of the well-half width and the barrier thickness, increasing the 
aluminum content leads to a decrease in the resonant tunneling frequency, f1. Therefore, the two parameters of the well 
half-width, a, and the barrier thickness, b, with the aluminum content, y, can be used to adjust the frequency of the 
diode device to operate at the desired frequency in the tera range.

Figure 5: Dependence of both the Resonant Tunneling Frequencies for the Lowest, f1 (tHz) (Solid Lines), 
and First Excited States, F2 (thz) (Dashed Lines), on the Well Half-Width, a, in Nm at a Constant Barrier 
Thickness, B, Of 2.0 Nm for Two Aluminum Contents, y = 0.25 and 0.45  

Figure 5 depicts a comparison of the dependence of both the resonant tunneling frequency related to the lowest state, 
f1 (THz), and the first excited state, f2 (THz), on the well half-width, a, at a constant barrier thickness, b, of 2.0 nm and 
for two aluminum contents, y. Figure 5 shows the exponential decay trend of both frequencies as the well half-width, 
a, increases. It is also seen in Figure 5 that the lowest tunneling frequency, f1 (solid line), is lower than the first excited 
state, f2 (dashed line). This finding is due to the fact that the resonant tunneling lifetime of the lowest state is longer 
than that associated with the first excited state.

Figure 6 demonstrates the variation of the resonant tunneling frequencies related to the lowest state, f1 (THz), and that 
associated with the first excited state, f2 (THz), with the barrier thickness, b, at a constant well half-width, a, of 2.5 nm 
for different aluminum contents, y. It is seen in Figure 6 that for any aluminum content, y, the lowest and first excited 
resonant tunneling frequencies decrease exponentially as the barrier thickness, b, increases. It is also shown in Figure 6 
that the lowest resonant tunneling frequency, f1 (solid line), is lower than the frequency associated with the first excited 
state, f2 (dashed line).
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Fig. 6. Dependence of the resonant frequencies in THz of the lowest, f1 (solid lines), and first excited, 
f2 (dashed lines), resonant tunneling on the barrier thickness, b, in nm at constant well half-width, a, 
of 2.5 nm for different aluminum contents, y = 0.25, 0.35, and 0.45. 

 

Figure 7 illustrates the relationship between the resonant tunneling current, 𝐼𝐼𝑟𝑟, for the lowest 

and first excited states, measured in μA, and the aluminum content, y. Increasing the concentration 

Figure 6: Dependence of the Resonant Frequencies in thz of the Lowest, F1 (Solid Lines), and First Excited, 
F2 (Dashed Lines), Resonant Tunneling on the Barrier Thickness, b, in Nm at Constant Well Half-Width, a, 
of 2.5 Nm for Different Aluminum Contents, y = 0.25, 0.35, and 0.45

Figure 7 illustrates the relationship between the resonant tunneling current, 𝐼𝑟, for the lowest and first excited states, 
measured in μA, and the aluminum content, y. Increasing the concentration of aluminum in the Ga1-yAlyAs barrier layer 
of the collector enhances the height of the potential barrier, U0, delays the time for electrons to cross the barrier, and 
reduces the resonant frequency, resulting in a decrease in resonant energy.  
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of aluminum in the Ga1-yAlyAs barrier layer of the collector enhances the height of the potential 

barrier, U0, delays the time for electrons to cross the barrier, and reduces the resonant frequency, 

resulting in a decrease in resonant energy.  

 
Fig. 7. Dependence of both the resonant tunneling currents for the lowest, I1 (A) (black line), and 
the first excited states, I2 (A) (red line), on the aluminum  content, y at a constant well half-width, 
a=1.0 nm,  and a barrier thickness, b=2.0 nm.    

 

Figure 8 shows how the resonant tunneling of the lowest state, I1 (A),  depends 

on the barrier thickness, b. This is at a constant aluminum content of y=0.25 and a 

well-half thickness of a=2.5 nm. The results indicate that the resonant tunneling 

current reduces as the thickness of the collector barrier increases. The increase in 

barrier thickness in the collector region slows current flow by causing electrons to 

take longer to cross the barrier. This leads to a reduction in resonant frequency and 

a decrease in resonance peak current. Similar results are achieved for the resonant 

tunneling current corresponding to the first excited state. Calculations were also 

conducted to analyze how the resonant current varies with the well width while 

keeping the aluminum content and the barrier thickness constants. Enhancing the 

width of the well was discovered to decrease the resonant peak current. Increasing 

the width of the well reduces the energy and prolongs the lifetime of electrons, 

resulting in a lower frequency and decreased resonant tunneling current. 

Figure 7: Dependence of both the Resonant Tunneling Currents for the Lowest, I1 (μA) (Black Line), and 
the First Excited States, I2 (μA) (Red Line), on the Aluminum Content, y at a Constant Well Half-Width, 
a=1.0 nm, and a Barrier Thickness, b=2.0 nm   

Figure 8 shows how the resonant tunneling of the lowest state, I1 (μA), depends on the barrier thickness, b. This is at 
a constant aluminum content of y=0.25 and a well-half thickness of a=2.5 nm. The results indicate that the resonant 
tunneling current reduces as the thickness of the collector barrier increases. The increase in barrier thickness in the 
collector region slows current flow by causing electrons to take longer to cross the barrier. This leads to a reduction in 
resonant frequency and a decrease in resonance peak current. Similar results are achieved for the resonant tunneling 
current corresponding to the first excited state. Calculations were also conducted to analyze how the resonant current 
varies with the well width while keeping the aluminum content and the barrier thickness constants. Enhancing the width 
of the well was discovered to decrease the resonant peak current. Increasing the width of the well reduces the energy 
and prolongs the lifetime of electrons, resulting in a lower frequency and decreased resonant tunneling current.
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Fig. 8. Dependence of the resonant tunneling current for the lowest state, 𝐼𝐼𝑟𝑟1 (𝜇𝜇𝐴𝐴) on the collector 
barrier thickness b (nm) at a constant aluminum  content, y=0.25 and a well half-width, a=2.5 nm.  

 
These findings for the resonant tunneling current for a nanostructured diode with a two-fold 

symmetrical right triangular barrier are in good agreement with the results of H. Wang et al. [33], 

who calculated the peak current density for symmetrical triangular double-barrier (TDB) structures 

which decreases with increasing the collector barrier thickness. 

4. Conclusions 

The present investigation explored the impact of physical properties such as size (shape), 

aluminum content, and effective mass on the resonant frequency, associated resonant energy, and 

the current peak of a nanostructured diode with a two-fold right triangular barrier composed of 

GaAs/Ga1-yAlyAs semiconductor materials. The resonant tunneling energy of the lowest and first 

excited states depends significantly on the well half-width, barrier thickness, electron effective 

mass, and aluminum concentration. It was noted that reducing the diode's well width and barrier 

thickness led to an increase in the resonant tunneling frequency for the lowest and first excited 

states. The resonant tunneling frequency for the first excited state was higher than that for the 

lowest (ground) state. The effect of the well width on the two resonant frequencies is determined 

to be more significant than that of the barrier thickness. Additionally, the resonant tunneling 

frequencies of both the lowest and first excited states increased by reducing the aluminum content 

in the barrier region of the structure. The resonant tunneling current was calculated and found to 

be highly influenced by the aluminum content, collector barrier thickness, and well width. It has 

Figure 8: Dependence of the Resonant Tunneling Current for the Lowest State, 𝐼𝑟1 (𝜇𝐴) on the Collector 
Barrier Thickness b (nm) at a Constant Aluminum Content, y=0.25 and a Well Half-Width, a=2.5 nm

These findings for the resonant tunneling current for a nanostructured diode with a two-fold symmetrical right triangular 
barrier are in good agreement with the results of H. Wang et al. [33], who calculated the peak current density for 
symmetrical triangular double-barrier (TDB) structures which decreases with increasing the collector barrier thickness. 

Conclusions 
The present investigation explored the impact of physical properties such as size (shape), aluminum content, and 
effective mass on the resonant frequency, associated resonant energy, and the current peak of a nanostructured diode 
with a two-fold right triangular barrier composed of GaAs/Ga1-yAlyAs semiconductor materials. The resonant tunneling 
energy of the lowest and first excited states depends significantly on the well half-width, barrier thickness, electron 
effective mass, and aluminum concentration. It was noted that reducing the diode’s well width and barrier thickness 
led to an increase in the resonant tunneling frequency for the lowest and first excited states. The resonant tunneling 
frequency for the first excited state was higher than that for the lowest (ground) state. The effect of the well width on 
the two resonant frequencies is determined to be more significant than that of the barrier thickness. Additionally, the 
resonant tunneling frequencies of both the lowest and first excited states increased by reducing the aluminum content in 
the barrier region of the structure. The resonant tunneling current was calculated and found to be highly influenced by 
the aluminum content, collector barrier thickness, and well width. It has been observed that the tunneling current peak 
behavior aligns well with what has been previously outlined in the literature regarding current density peaks. Specifically, 
the peaks reduce in magnitude as the thickness of the collector barrier increases. Additionally, the structural features 
of the nanostructured diode with a two-fold right triangular barrier significantly impact the diode’s resonant tunneling 
energy, frequency, and current. These factors can be adjusted to optimize the diode’s performance for specific frequency 
ranges and peak current levels. 
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