
1J Theor Exp Appl Phys, 2026

Journal of Theoretical, Experimental, 
and Applied Physics ISSN: 3070-6505

Second-Neighbor Hopping Effects on the Dynamics of Breathers in 2D 
Quantum Ultracold Atoms Loaded in Optical Lattices

Z I Djoufack1,4*, J P Nguenang2 and A Kenfack Jiotsa3

1African Institute for Mathematical Sciences, 6 Melrose, Muizenberg, South Africa

2Pure Physics Laboratory: Group of Nonlinear physics and Complex systems, Department of Physics, University of 
Douala, Cameroon

3Nonlinear physics and Complex systems, Department of Physics, The Higher Teachers’ Training College, University of 
Yaounde I, Cameroon

4Unité de Recherche d'automatique et d'Informatique appliquée (UR-AIA), Fotso Victor University Institute of Technology 
P.O. Box 134 Bandjoun,  University of Dschang, Cameroon

Abstract 
We explore analytically and numerically the dual role played by the second-neighbor hopping on the modulation 
instability and on the dynamics of breathers in 2D quantum ultracold atoms loaded in optical lattices. Via the linear 
stability analysis, it is shown that the dispersion relation formed exhibits intriguing forms. It is found that, the existence 
conditions of appearance of the modulational instability (MI) regions and the growth rate may be significantly affected 
by the second neighbor hopping coupling strength. To support the analytical studies, direct  numerical simulations of MI 
is carried out to show the generation of a train of short waves exhibiting periodic W-shaped and V-shaped solitons with 
decreasing amplitude as time evolves. The emergence of breathers in the regions where the MI manifests is predicted 
to be influenced by the second neighbor hopping coupling strength. By making use of Rayleigh-Ritz variational method 
and in agreement with the MI analysis, the analytical results reveal the existence of the radial symmetric modes called 
the dynamics of breathers. The accuracy of the outcomes is checked by numerical calculations which show a good 
agreement with the theoretical analysis.
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Introduction
Ever since the first experimental observation of Bose-Einstein condensation in the nineties, ultracold atomic gases in 
optical lattices have been the subject of intense research, issuing as only instrument to understand how the matter can 
be governed by the laws of quantum mechanics, thus representing a desirable platform to study of collective effects in 
many-body quantum physics systems as well as in the Mott-insulator and superfluid transition [1-8]. In this way, Bloch 
has shown that the production of a quantum lattice gas can be provided by an ultracold atom loaded into optical lattice 
[9,10]. An optical lattice can be formed by pairs of counter-propagating laser beams by creating an effective potential 
that traps ultracold atoms [11].

Generally, the dynamics of an ultracold bosonic atoms loaded in an optical lattice, are usually described by the Bose-
Hubbard model or its extended models, for instance in the limit of a sufficiently deep optical lattice [4]. More recently, 
Prestipino revealed the existence of insulating phases with polyhedral order and a widely extended super solid region 
via the ground-state analysis in its work Bose-Hubbard model on polyhedral graphs [12].
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However, ultracold atoms in optical lattices in the classical limit, can be approximated to a large number of bosons and 
usually explored by using the discrete nonlinear Schr¨odinger equation [13]. Discrete nonlinear Schr¨odinger equation 
in the classical nonlinear lattices admits discrete breathers’ solution. These nonlinear discrete excitations, are time 
periodic and 

spatially localized solutions of the classical nonlinear lattices [14,15]. Their existence in 1D nonlinear lattices was firstly 
established by Mackay and Aubry [16]. Discrete breather has been the subject of intense research on which several 
techniques have been developed to prove their existence. For instance, in quantum ultracold bosonic atoms in optical 
lattices, the quantum signature of breathers has been strongly reported in references [17–20].

In the physical point of view, it is shown that discrete breathers can be directly linked to the Modulation Instability (MI) 
of the plane’s waves [21–24]. The MI can be defined by nonlinear excitations characterized by an exponential growth 
of amplitude perturbations caused by the interplay between the dispersion and nonlinearity during its propagation 
[25–27]. This phenomenon can be used as the best mechanism toward the formation of discrete breathers in many 
physical systems and has been discovered in deep water by Benjamen and his co-worker Feir in 1967 [28]. Their work 
has opened up fascinating windows in development of MI in deep water and in a large number of nonlinear systems 
[29,30]. From these latter researches, one can conclude that the MI seems to be best process to predict the formation 
of breathers in nonlinear system.

However, in 2D quantum ultracold atoms loaded in optical lattices usually describes by the Bose-Hubbard model, in any 
case, the number of studies devoted to solitons or breathers and MI in 2D lattice systems is comparatively smaller and 
very less investigated in 2D ultracold atoms and motivate us to explore more this area of research.

Only a few works in 2D Hubbard model are based on superconductivity in the way that, this model has played an 
important role in elucidating many aspects of superconductivity, on renormalization-group analysis, on topological states 
in optical lattices, on entanglement spectrum and phase diagram were studied in ultracold atoms [31-35]. More recently, 
by using the linear stability analysis, we have investigated on the MI and discrete breathers in 2D quantum ultracold 
atoms by taking only into account the effects of nearest neighbor interactions [36]. However, studies of MI and discrete 
breathers in 2D quantum ultracold atoms while extending the range of interaction over the first neighbor, and especially 
when considering the next-nearest neighbor (NNN) hopping is still missing.

In the Bose-Hubbard model, which is more adapted to describe quantitatively the role played by the lattice potential, 
the atomic repulsion and attraction, the kinetic energy in addition to the phase transition of particles in a lattice, the 
introduction of the NNN hopping may influence the properties of phase diagram, on the ground-state energy and on 
the quasi-particle [37]. It was shown by Kibey et al. that, the inclusion of the NNN interactions in β-Fermi-Pasta-Ulam 
quantized lattice reduces the Brillouin zone to half and changes the lattice periodicity and its effect on the eigenspectral 
[38]. The NNN hopping may also increase the superconducting gap. In 2D Hubbard model, Lin and his-coworker have 
shown that, the presence of NNN hopping in lattice has for role to rapidly decrease the magnitude of the hopping with 
distance [39]. Very recently, in the attractive 2D Hubbard Model, it is demonstrated that the NNN hopping gives rise to 
subtle effects, such as the breakdown of particle hole symmetry and the destruction of Fermi surface nesting at half 
filling [40]. In the extended Hubbard model, the importance of nearest and next-nearest-neighbor off-site interactions 
(diagonal and off-diagonal) has also been emphasized both from experimental results. In the magnetic spin chains, the 
introduction of the NNN interaction may affect the lattice periodicity, the properties of quantum soliton, and the energy 
spectrum [41,42]. Similar results were obtained in electrical nonlinear transmission line [43]. Some experiments and 
theories have suggested that by increasing the range of the interaction to include the second nearest neighbor in the 
graphene 2D honeycomb lattice may alternate the dispersion relation by removing dispersion symmetry around the 
Fermi level [44,45].

From the foregoing, this domain is still less investigated up to now and therefore attracts our interest to explore the 
MI and the dynamics of breathers in 2D quantum ultracold atoms loaded in optical lattices containing second neighbor 
hopping in order to improve knowledge in the field. We predict that, the inclusion of NNN hopping in a such optical 
lattices may affect some properties of MI as well as properties of the breathers dynamics.

The purpose of this paper is, to study the effects of second-neighbor hopping on the MI and on the dynamic’s properties 
of breathers in 2D quantum ultracold atoms loaded in optical lattices.

The layout of the paper is organized as follows: In section 2, the Hamiltonian model of a 2D ultracold atoms loaded in 
an optical lattice with second neighbor hopping is defined and the equation of motion is obtained by using the Glauber’s 
coherent state method. In section 3, by using linearized stability analysis, the existence condition for the appearance 
of MI of the system is found in addition to the effects of second-neighbor hopping on the MI of the system. Taking into 
account the fact that, the linear stability analysis cannot give more information of the long-time evolution of a modulated 
nonlinear wave, to examine the validity of a linear stability analysis, the direct numerical simulation of MI is carried out 
in section 4, whereas in section 5, by means of semi-discrete approximation combined to multiple-scale method, the 2D 
nonlinear schr¨0dinger equation (NLSE) including second-neighbor hopping is obtained and the existence conditions 
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of 2D discrete breathers are also discussed. The dynamics of breathers is examined by making use of Rayleigh Ritz 
variational method in addition to a numerical simulation to perform the analytical analysis in section 6. Section 7 
presents the final conclusion and discussion.

Mathematical Model and Equation of Motion
The generalized model describing the dynamic of bosonic atoms on the optical lattices, can be modeled by the interacting 
bosons in a potential known as Bose-Hubbard model, where its quantized Hamiltonian of ultracold atoms loaded in 2D 
optical lattice with second-neighbor hopping is read
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′
,j

′ ] = 0. U is the on-site

interaction and represents the energy interaction of two bosons located in the
same site (i, j). The system is repulsive for U > 0 and attractive for U < 0,
r = (i, j) stand for the lattice coordinates whereas, tx, ty, t

′

x, t
′

y represent
the hopping amplitudes in the x and y direction. µ is the chemical potential.

where 

4 Discrete Breathers dynamics in 2D quantum ultracold

erties of MI as well as properties of the breathers dynamics .

The purpose of this paper is, to study the effects of second-neighbor hop-
ping on the MI and on the dynamics properties of breathers in 2D quantum
ultracold atoms loaded in optical lattices.

The layout of the paper is organized as follows : In section 2, the Hamilto-
nian model of a 2D ultracold atoms loaded in an optical lattice with second-
neighbor hopping is defined and the equation of motion is obtained by using
the Glauber’s coherent state method. In section 3, by using linearized stabil-
ity analysis, the existence condition for the appearance of MI of the system
is found in addition to the effects of second-neighbor hopping on the MI of
the system. Taking into account the fact that, the linear stability analysis
cannot give more information of the long-time evolution of a modulated non-
linear wave, to examine the validity of a linear stability analysis, the direct
numerical simulation of MI is carried out in section 4, whereas in section 5,
by means of semi-discrete approximation combined to multiple-scale method,
the 2D nonlinear schr0̈dinger equation (NLSE) including second-neighbor hop-
ping is obtained and the existence conditions of 2D discrete breathers are also
discussed. The dynamics of breathers is examined by making use of Rayleigh-
Ritz variational method in addition to a numerical simulation to perform the
analytical analysis in section 6. Section 7 presents the final conclusion and
discussion.

2 Mathematical model and equation of motion

The generalized model describing the dynamic of bosonic atoms on the opti-
cal lattices, can be modeled by the interacting bosons in a potential known
as Bose-Hubbard model, where its quantized Hamiltonian of ultracold atoms
loaded in 2D optical lattice with second-neighbor hopping is read
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†
i,j+1

)
− t

′

x

∑

(i,j)

(
â†
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i,j , â
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′
,j

′ ] = 0. U is the on-site

interaction and represents the energy interaction of two bosons located in the
same site (i, j). The system is repulsive for U > 0 and attractive for U < 0,
r = (i, j) stand for the lattice coordinates whereas, tx, ty, t

′

x, t
′

y represent
the hopping amplitudes in the x and y direction. µ is the chemical potential.

 is the on-site 
interaction and represents the energy interaction of two bosons located in the same site (i, j). The system is repulsive 
for U > 0 and attractive for U < 0, r = (i, j) stand for the lattice coordinates where as, 

4 Discrete Breathers dynamics in 2D quantum ultracold

erties of MI as well as properties of the breathers dynamics .

The purpose of this paper is, to study the effects of second-neighbor hop-
ping on the MI and on the dynamics properties of breathers in 2D quantum
ultracold atoms loaded in optical lattices.

The layout of the paper is organized as follows : In section 2, the Hamilto-
nian model of a 2D ultracold atoms loaded in an optical lattice with second-
neighbor hopping is defined and the equation of motion is obtained by using
the Glauber’s coherent state method. In section 3, by using linearized stabil-
ity analysis, the existence condition for the appearance of MI of the system
is found in addition to the effects of second-neighbor hopping on the MI of
the system. Taking into account the fact that, the linear stability analysis
cannot give more information of the long-time evolution of a modulated non-
linear wave, to examine the validity of a linear stability analysis, the direct
numerical simulation of MI is carried out in section 4, whereas in section 5,
by means of semi-discrete approximation combined to multiple-scale method,
the 2D nonlinear schr0̈dinger equation (NLSE) including second-neighbor hop-
ping is obtained and the existence conditions of 2D discrete breathers are also
discussed. The dynamics of breathers is examined by making use of Rayleigh-
Ritz variational method in addition to a numerical simulation to perform the
analytical analysis in section 6. Section 7 presents the final conclusion and
discussion.

2 Mathematical model and equation of motion

The generalized model describing the dynamic of bosonic atoms on the opti-
cal lattices, can be modeled by the interacting bosons in a potential known
as Bose-Hubbard model, where its quantized Hamiltonian of ultracold atoms
loaded in 2D optical lattice with second-neighbor hopping is read
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i,j , âi,j , â
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From the motion equation (5), let us study the stability analysis in the
next section.

3 Stability analysis

In this section, we investigate the stability of a constant amplitude solution
of 2D ultracold atoms loaded in optical square lattices including and NNN
hopping. At this stage, we first look the slow modulation of a carrier wave by
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i,j âi,j represents the atomic number operator counting the number of

atoms on the (i, j)th lattice site.

By adopting the Glauber’s coherent state [46] method for bosonic operators
generally used to describe the components of quantum state. In the case of
ultracold atoms in 2D optical lattices, it can be defined as:
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i+1,j , âi+1,j , â
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i,j âi,j represents the atomic number operator counting the number of

atoms on the (i, j)th lattice site.

By adopting the Glauber’s coherent state [46] method for bosonic operators
generally used to describe the components of quantum state. In the case of
ultracold atoms in 2D optical lattices, it can be defined as:
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d�âi,j�

dt
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†
i+2,j , âi+2,j , â
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system is in the state |Φi,j�. The quantum state |Ψ(t)� can be written as
the following product of the multimodes coherent state in the coherent state
representation as:

∣∣Ψ(t)
〉

=
∏

i,j

∣∣Φi,j

〉
, (3)

where �Ψ(t)|Ψ(t)� = 1 should be normalized. With the aid of Ehrenfest’s the-
orem [47], the dynamics of the system in terms of the Heisenberg equation of
motion as function of the Bose operator annihilation âi,j can be written as
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system is in the state |Φi,j�. The quantum state |Ψ(t)� can be written as
the following product of the multimodes coherent state in the coherent state
representation as:

∣∣Ψ(t)
〉

=
∏

i,j

∣∣Φi,j

〉
, (3)

where �Ψ(t)|Ψ(t)� = 1 should be normalized. With the aid of Ehrenfest’s the-
orem [47], the dynamics of the system in terms of the Heisenberg equation of
motion as function of the Bose operator annihilation âi,j can be written as
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)
,
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d�âi,j�

dt
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†
i,j+1, âi,j+1, â
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i,j âi,j represents the atomic number operator counting the number of

atoms on the (i, j)th lattice site.

By adopting the Glauber’s coherent state [46] method for bosonic operators
generally used to describe the components of quantum state. In the case of
ultracold atoms in 2D optical lattices, it can be defined as:
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â†

i,j |Φi,j� = Φ∗
i,j |Φi,j�|Φi,j�, (2)

|Φi,j� = exp
(
− 1

2
|Φi,j |2

) ∞∑

l=1

(Φi,j)
l

√
l!

|l�,

with, Φi,j the coherent amplitude of the âi,j operator in the case where the
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âi,j |Φi,j� = Φi,j |Φi,j�|Φi,j�,
â†
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6 Discrete Breathers dynamics in 2D quantum ultracold

taking into account the trial solution to the equation of motion (5) in the form
:

Φi,j = Φ0e
i(kxai+kybj−ωt), (6)

where a and b stand for the lattice constants in the x and y directions, Φ0

denotes the initial amplitude, kx and ky are the wavenumbers of the plane
carrier wave whereas ω denotes the frequency of the plane wave. Inserting(6)
into, (5), we get the dispersion relation, which is read:

ω = −µ − 2tx cos(kxa) − 2ty cos(kyb) − 2t
′

x cos(2kxa) − 2t
′

y cos(2kyb) +
U

2
|Φ0|2.(7)

Fig. 1 (color online) Dispersion relation in terms of wave vector. The parameters of the
quantum ultracold atoms loaded in optical lattices are : tx = ty = 1, |Φ0| = 0.2, a = b = 1,
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Figure 1: (Color Online) Dispersion Relation in Terms of Wave Vector. The Parameters of the Quantum 
Ultracold Atoms Loaded in Optical Lattices are : tx = ty = 1, |Φ0| = 0.2, a = b = 1, U = 150 and (a): t′x = 
t′y = 0 (b): t′x = t′y = 0.9

(7)is the dispersion relation of 2D optical lattice. This dispersion relation is plotted on Figure. 1(a)-(b) for U = 150, 
in the absence of second neighbor hopping, it is shown that, the angular frequency of optical waves is minimum for 
certain wavenumbers as kx /π = ky/π = −0.5 at the first boundary of the Brillouin zone whereas the angular frequency is 
maximum for kx/π = ky/π = 0.5 at the second boundary of the Brillouin zone as depicted on Figure. 1(a). As illustrated 
on Figure. 1(b) for t′x = t′y = 0.9 indicating the presence of second neighbor hopping in the system, has significantly 
changed the shape of the angular frequency of optical waves by slightly increasing the maximum value although 
displaying dramatic maximum in the Brillouin zone. It is also found that, the localization of minimum and maximum of 
the angular frequency can change the localization in the Brillouin zone by using the attractive case of on-site interaction 
(U < 0). These cases are not presented here avoiding to overloading the paper. 

Therefore, one can conclude that, the dispersion relation formed exhibits intriguing form displaying minimums and 
dramatic maximum of angular fre- quency at certain wavenumbers while the second neighbor hopping are in-cluded in 
this optical lattice. This demonstrates that, the introduction of the NNN hopping may affect the dispersion relation of the 
system. Therefore, we predict that the formation of instability regions will be depended on the value of second neighbor 
hopping and on the sign on-site interaction constant (repulsive and attractive).

Next, to evaluate criteria for propagating isolated pulses, let us adopt the perturbed nonlinear wave in the following 
form:
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cluded in this optical lattice. This demonstrates that, the introduction of the
NNN hopping may affect the dispersion relation of the system. Therefore,
we predict that the formation of instability regions will be depended on the
value of second neighbor hopping and on the sign on-site interaction constant
(repulsive and attractive).

Next, to evaluate criteria for propagating isolated pulses, let us adopt the
perturbed nonlinear wave in the following form:

Φi,j =
[
Φ0 + δΦi,j(t)

]
ei(kxai+kybj−ωt), (8)

with δΦi,j(t) ≪ Φ0.
Inserting (8) into (5) and keeping only the linear terms δΦi,j and δΦ∗

i,j as
in [48], we have a differential equation which is:

i
dδΦi,j

dt
= −2tx

[
δΦi−1,je

−ikxa + δΦi+1,je
ikxa − 2 cos(kxa)δΦi,j

]

−2ty
[
δΦi,j−1e

−ikyb + δΦi,j+1e
ikyb − 2 cos(kyb)δΦi,j
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δΦi,j−2e

−i2kyb + δΦi,j+2e
i2kyb − 2 cos(2kyb)δΦi,j

]

+
U

2
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2|Φ0|2δΦi,j + Φ0|2δΦ∗

i,j

]
. (9)

Moreover, we analyze the stability of the zero solution of (9) by introducing
small perturbations by expressing the Fourier modes in the form :

δΦi,j(t) = Φ1e
i(Qi+Qj−Ωt) + Φ∗

2e
−i(Qi+Qj−Ωt), (10)

where Q and Ω denotes the wave number and the frequency of the modulated
waves, respectively, whereas the asterisk indicates the complex conjugation.
Φ1 and Φ2 are the constants amplitudes of the carrier wave.
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overloading the paper.

Therefore, one can conclude that, the dispersion relation formed exhibits
intriguing form displaying minimums and dramatic maximum of angular fre-
quency at certain wavenumbers while the second neighbor hopping are in-
cluded in this optical lattice. This demonstrates that, the introduction of the
NNN hopping may affect the dispersion relation of the system. Therefore,
we predict that the formation of instability regions will be depended on the
value of second neighbor hopping and on the sign on-site interaction constant
(repulsive and attractive).

Next, to evaluate criteria for propagating isolated pulses, let us adopt the
perturbed nonlinear wave in the following form:

Φi,j =
[
Φ0 + δΦi,j(t)

]
ei(kxai+kybj−ωt), (8)

with δΦi,j(t) ≪ Φ0.
Inserting (8) into (5) and keeping only the linear terms δΦi,j and δΦ∗

i,j as
in [48], we have a differential equation which is:

i
dδΦi,j

dt
= −2tx

[
δΦi−1,je

−ikxa + δΦi+1,je
ikxa − 2 cos(kxa)δΦi,j

]

−2ty
[
δΦi,j−1e

−ikyb + δΦi,j+1e
ikyb − 2 cos(kyb)δΦi,j

]

−2t
′

x

[
δΦi−2,je

−i2kxa + δΦi+2,je
i2kxa − 2 cos(2kxa)δΦi,j

]

−2t
′

y

[
δΦi,j−2e

−i2kyb + δΦi,j+2e
i2kyb − 2 cos(2kyb)δΦi,j

]

+
U

2

[
2|Φ0|2δΦi,j + Φ0|2δΦ∗

i,j

]
. (9)

Moreover, we analyze the stability of the zero solution of (9) by introducing
small perturbations by expressing the Fourier modes in the form :

δΦi,j(t) = Φ1e
i(Qi+Qj−Ωt) + Φ∗

2e
−i(Qi+Qj−Ωt), (10)

where Q and Ω denotes the wave number and the frequency of the modulated
waves, respectively, whereas the asterisk indicates the complex conjugation.
Φ1 and Φ2 are the constants amplitudes of the carrier wave.
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Substituting (10) into (9), one can get the following homogenous equations
for Φ1 and Φ2 as follows:

{
(Ω − M11)Φ1 + M12Φ2 = 0
M21Φ1 + (Ω − M22)Φ2 = 0

(11)

The condition for the existence of nontrivial solutions of (11) can be de-
scribed as a second-order equation for the frequency Ω of modulated wave
giving by:

Ω2 +
(
M11 − M22

)
Ω + M12M21 − M11M22 = 0, (12)

with

M11 = M22 = 2tx sin(kxa) sin(Q) + 2ty sin(kyb) sin(Q)

+2t
′

x sin(2kxa) sin(2Q) + 2t
′

y sin(2kyb) sin(2Q)

M12 = −4sin2(Q/2)
[
tx cos(kxa) + ty cos(kyb)

]

−4sin2(Q)
[
t
′

x cos(2kxa) + t
′

y cos(2kyb)
]
+

U

2

[
|Φ0|2 − Φ2

0

]

M21 = −4sin2(Q/2)
[
tx cos(kxa) + ty cos(kyb)

]

+t
′

x cos(2kxa) + t
′

y cos(2kyb)
]
− U

2

[
|Φ0|2 + Φ2

0

]
.

(13)

To find the appearance condition of an instability in 2D ultracold atoms
in optical lattices, let us rewrite (12) in the following form:

Ω2 = M11M22 − M12M21. (14)

From (14), it is found that, the instability will emerge in 2D optical lattices
if the right-hand side of (14) is negative.

It is found that, two complex numbers are solutions of (14) if Ω2 < 0.
The exponential growth of perturbation is represented by the MI gain. In this
circumstance, the MI power gain spectrum gain(G) of the system known as
growth rate, can be expressed by using the following formula as in references
[49,21]:

gain(G) = Im(Ω). (15)

The first study has been realized to show the development of the MI in
2D quantum ultracold atoms loaded in optical lattices including first nearest
neighbors [36]. Without harming the generality, the effects second neighbor
hopping and on-site interaction are displayed on Fig.2 showing a manifestation
of the MI spectrum in the optical lattices for different values of t

′

x = t
′

y, control-
ling the coupling interactions between nearest-neighbor and second neighbor
hopping in 2D ultracold atoms in optical lattices for the repulsive case for
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The condition for the existence of nontrivial solutions of (11) can be described as a second-order equation for the 
frequency Ω of modulated wave giving by:

with

To find the appearance condition of an instability in 2D ultracold atoms in optical lattices, let us rewrite (12) in the 
following form:

From (14), it is found that, the instability will emerge in 2D optical lattices if the right-hand side of (14) is negative.

It is found that, two complex numbers are solutions of (14) if Ω2 < 0. The exponential growth of perturbation is 
represented by the MI gain. In this circumstance, the MI power gain spectrum gain(G) of the system known as growth 
rate, can be expressed by using the following formula as in references [49,21]:

The first study has been realized to show the development of the MI in 2D quantum ultracold atoms loaded in optical 
lattices including first nearest neighbors [36]. Without harming the generality, the effects second neighbor hopping 
and on-site interaction are displayed on Figure. 2 showing a manifestation of the MI spectrum in the optical lattices 
for different values of t′x = t′y, controlling the coupling interactions between nearest-neighbor and second neighbor 
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hopping in 2D ultracold atoms in optical lattices for the repulsive case forTitle Suppressed Due to Excessive Length 9

Fig. 2 (color online) Stability/instability regions on the (k,Q) plane for different value
the hopping second neighbors amplitudes where a = b = 2, kx = ky = k, |Φ0| = 0.2,

U = 150 and tx = ty = 1; (a): t
′

x
= t

′

y
= 0 (b): t

′

x
= t

′

y
= 0.2, (c): t

′

x
= t

′

y
= 0.5 and (d):

t
′

x
= t

′

y
= 0.9.

Figure: 2 (Color Online) Stability/Instability Regions on the (k,Q) Plane for Different Value the Hopping 
Second Neighbors Amplitudes where  a = b = 2, kx = ky = k, |Φ0| = 0.2, U = 150 and tx = ty = 1; (a) t′x = 
t′y = 0 (b): t′x = t′y = 0.2, (c): t′x = t′y = 0.5 and (d): t′x = t′y = 0.9

U = 150, depicting the stability/instability diagrams in the (k,Q) plane. It is shown on these diagrams that; the dark 
bluish area regions illustrate zones of stability whereas regions with bright yellowish orange area indicate the zone of 
instability. In the absence of second-neighbor hopping in optical lattices, the instability regions which clearly appear in 
the Brillouin zone especially for k/π = 0.5 and k/π = 1.5, display two symmetric uniform rectangular shapes, each of 
them exhibiting a circular stability area located at the center of each sideband as exhibited on Figure.2(a). Similar results 
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have been obtained in where, it was demonstrated that, an increasing value of repulsive interaction may increase the 
shape and the amplitude of the region of instability [36]. However, by increasing the value of second neighbor hopping 
coupling strength to 0.2, leads to an increase the width of the instability region and to deform its shape and the stability 
areas with circular form as changed into square one as presented on Figure.2(b). As we increase the value of second 
neighbor hopping range to 0.5, an appreciable new shape of the instability region like a star is observed on Figure.2(c). 
By increasing the value of second neighbor hopping coupling strength to 0.9, it is clearly observed on Figure.2(d) that, 
the previous shape of instability region like a star remains with the difference that, this new shape displays 5 zones of 
stability in star of the one with square form previously shown on Figure.2(c).

Figure.3(a)-(d) depicts the 3D plot of MI gain in the (k, Q) plane for different values second neighbor hopping coupling 
strength showing, the effects of coupling interaction on appearance of MI regions in this 2D quantum ultracold atoms 
loaded in optical lattices described in Figure.2 where, it is shown that, the emergence of MI regions can be controlled by 
the coupling interaction lying first and second nearest neighbors. Nevertheless, the peaks remain uniform in amplitude 
appear to remain the same. This can be justified by the fact that; the value of the on-site interaction has not changed.

Further, by changing the sign of the on-site interaction to negative to obtain the attractive case, it is clearly shown in 
Figure.4 (a) that, the MI regions emerge at the center and at the end of the Brillouin zone by displaying rectangular 
sidebands. Similar results have been reporter  in the absence of second neighbors hopping with the difference that, in 
the present case, the lattice spacing constant is set to 2 (a = b = 2) instar of 1 [36].

In the presence of second nearest neighbors, when the second neighbors hopping coupling strength is low (t′x = t′y = 
2), although the sidebands remain symmetric, as we can observe on Figure.4 (b), its shape has significantly modified by 
exhibiting hexagonal feature. However, when this parameter becomes average and set to 0.5, the number of sidebands 
remains identical by keeping their hexagonal shape and separated by four new regions of MI which appear on the MI 
spectrum as illustrated on Figure.4 (c). For the strong values of coupling strength (t′x = t′y9), it is shown on Figure.4 
(d) that, the strong second neighbors hopping has for effect to significantly increase the width of four new regions of 
the MI slightly observed on Figure.4 (c).

The 3D plot of MI gain of this on-site attractive case is depicted on Figure.5, with the difference that, the amplitude of 
four lobes pointed out on Figure.5
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Title Suppressed Due to Excessive Length 11

Fig. 3 (color online) Instability gain plotted in 3D with the same parameters used in Fig.
2.Figure 3: (Color Online) Instability Gain Plotted in 3D with the Same Parameters Used in Figure. 2
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12 Discrete Breathers dynamics in 2D quantum ultracold

Fig. 4 (color online) Stability/instability regions on the (k,Q) plane for different value the
second neighbors interactions where a = b = 2, kx = ky = k, |Φ0| = 0.2, U = −150 and

tx = ty = 1; (a): t
′

x
= t

′

y
= 0 (b): t

′

x
= t

′

y
= 0.2, (c): t

′

x
= t

′

y
= 0.5 and (d): t

′

x
= t

′

y
= 0.9.

Figure 4: (Color Online) Stability/Instability Regions on the (K,Q) Plane for Different Value the Second 
Neighbors Interactions where a = b = 2, kx = ky = k, |Φ0| = 0.2, U = −150 and tx = ty = 1; (a): t′x = t′y 
= 0 (b): t′x = t′y = 0.2, (c): t′x = t′y = 0.5 and (d): t′x = t′y = 0.9

(c) is reduced comparing to the case presented on Figure.5 (d) when the second neighbors hopping becomes high.

Considering the values of the on-site interaction U = ±1500, these cases are presented on Figure.6 and Figure.7, 
respectively where the unstable zones clearly manifest by displaying two dominated side lobes containing five small 
peaks with uniform amplitude as pointed out in Figure.6(a)-(b) for U = 1500, with the difference that, the amplitude is 
increased than in the previous cases for which the on-site interaction values were low. The attractive case is shown on 
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Figure.7(a)-(b), where the instability aperture exhibits three side lobes each of them containing two peaks on top which 
appears to be a bit broadened than in the previous case shown on Figure.5.

From Figure.3, 5, 6, 7, it is clearly noted that, there are some values of Q and k known as marginal instability points for 
which, the growth rate of the MI is maximal. To check this, we have portrayed on Figure.8, the growth rate spectra as 
a function of the wavenumbers Q of perturbation. In this way, let us start by considering the repulsive case (U = 150) 
for different values of coupling interaction plotted with solid black line, dotted blue line and red solid line. For Q = π/4, 
plotted on Figure. 8(a) demonstrating that, the intensity of the growth rate of MI increases with an increasing value of 
second neighbor hopping, while the bandwidths in the absence of second neighbor hopping are large and symmetric 
(see solid black line). Each initial bandwidth in solid black line is splitting into two sidebands for t′x/tx = t′y / ty = 0.5 
as illustrated with dotted blue line. However, for t′x /tx = t′y / ty = 0.9, the bandwidth practically remains constant 
as in the case with blue line with the difference that its marginal instability point displays four peaks and confirms our 
prediction made on Figure.3.

Next, for Q = 3π/4, the dependence of the magnitude of the growth rate and MI bandwidth presents the inverse behavior 
when comparing with the case shown Figure.8(a) with the difference that, the marginal instability point is constant 
and remains unchanged while the second neighbor hopping are included in the system. For instance, in the absence 
of second neighbor hopping as presented with the back solid line curve on Figure.8(b), each bandwidth is spitted into 
two bands whereas in the presence of second neighbor hopping illustrated by blue curve with two large bandwidths 
displaying each of them two maximums and one minimum. These two large bandwidths slightly increase by exhibiting 
each of them three maximums and two minimums when the coupling interaction is high as presented with red curve 
which confirms our prediction made on Figure.3. We can therefore infer that; the magnitude of the growth rate and the 
bandwidth depend on the best choice of the value of wavenumber of perturbation Q and can be fully controlled by the 
second nearest neighbors coupling.

In the case of attracting on-site interaction, for Q = π/4, the intensity of the growth rate of MI is low with periodic 
bandwidth in the absence of second neighbor hopping as presented by the black solid line on Figure.9(a). In the 
presence of second neighbor hopping, the marginal instability point is obtained and the number of periodic bandwidths 
increases when the coupling interaction is strong (see curves with blue and red line) and valid our prediction made on 
Figure.5. For Q = 3π/4, it is clearly shown on Figure.9(b) that, the width of the bandwidth decreases with the presence 
of second neighbor hopping.

By taking the fact that, the linear stability analysis cannot give more information of the long-time evolution of a 
modulated nonlinear wave, to examine the validity of a linear stability analysis results, the numerical analysis of MI will 
be investigated in the next section through direct numerical integrations of (5).

Numerical Analysis
We put our analytical predictions against the unyielding challenge of direct numerical simulations on (5). In this way, to 
achieve our aim, we use a fourth order Runge Kutta algorithm, a time step chosen to an accuracy better than 5×10−3 in 
the initial condition which is a modulated plane wave expresses as in [21,49]:
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second neighbor hopping as presented by the black solid line on Fig.9(a). In the
presence of second neighbor hopping, the marginal instability point is obtained
and the number of periodic bandwidth increases when the coupling interaction
is strong (see curves with blue and red line) and valids our prediction made
on Fig.5. For Q = 3π/4, it is clearly shown on Fig.9(b) that, the width of the
bandwidth decreases with the presence of second neighbor hopping.

By taking the fact that, the linear stability analysis cannot give more infor-
mation of the long-time evolution of a modulated nonlinear wave, to examine
the validity of a linear stability analysis results, the numerical analysis of MI
will be investigated in the next section through direct numerical integrations
of (5).

4 Numerical Analysis

We pit our analytical predictions against the unyielding challenge of direct
numerical simulations on (5). In this way, to achieve our aim, we use a fourth-
order Runge Kutta algorithm, a time step chosen to an accuracy better than
5× 10−3 in the initial condition which is a modulated plane wave expresses as
in [49,21]:

Φi,j(t = 0) = Φ0,0

[
1 + β cos(Qia + Qjb)

]
(16)

× cos
(
kxia + kyjb

)
,

where Φ0,0 is set to 0.5, β = 0.01 is the modulation index. The simulations
have been performed in the lattice with the size 400 × 400 sites, with peri-
odic boundary conditions by assuming that the wavenumbers k(kx, ky) and
Q(Qx, Qy) must necessarily to be in the form k = kx = ky = 2πl/N and
Q = Qx = Qy = 2πL/N , with l and L integers but lower than N/2.

When the initial condition (16) is introduced numerically into (5), by choos-
ing for example, a couple of points in the (k,Q) plane lying the instability
domain obtained in Fig.2. In the absence of second neighbor hopping mean-
ing that, the coupling strength is nil (t

′

x = t
′

y = 0), with a couple of points
(k = 5π/100, Q = 2π/10) where the corresponding point lies in an instability
region of Fig.2(a). This case is plotted on Fig.10 at various time stages.

Let us start by the first time stage. At t = 0, the initial modulated wave
exhibits a periodic oscillating behaviors as shown on panel (a1) plotted in 3D
and (c2) his corresponding amplitude projected in the i = j plane displaying
periodic V-shaped profile with a constant amplitude. The modulus of this
modulated wave displays new feature, showing that the disintegrated wave
leads to the break-up of waves into localized patterns with high amplitude
where each element of the train looks like a soliton object as presented in
panel (c1).

Next, at t = 50, as we can observe on panel (a2), the initial modulated wave
during its propagation is disintegrated and has changed its shape into a train
like-objet whereas his corresponding amplitude is very decreased during this

where Φ0,0 is set to 0.5, β = 0.01 is the modulation index. The simulations have been performed in the lattice with the 
size 400 × 400 sites, with periodic boundary conditions by assuming that the wavenumbers k(kx,ky) and Q(Qx,Qy) must 
necessarily to be in the form k = kx = ky = 2πl/N and Q = Qx = Qy = 2πL/N, with l and L integers but lower than N/2.

When the initial condition (16) is introduced numerically into (5), by choosing for example, a couple of points in the 
(k,Q) plane lying the instability domain obtained in Figure.2. In the absence of second neighbor hopping meaning that, 
the coupling strength is nil ( (t′x = t′y = 0), with a couple of points (k = 5π/100,Q = 2π/10) where the corresponding 
point lies in an instability region of Figure.2(a). This case is plotted on Figure.10 at various time stages.

Let us start by the first time stage. At t = 0, the initial modulated wave exhibits a periodic oscillating behavior as shown 
on panel (a1) plotted in 3D and (c2) his corresponding amplitude projected in the i = j plane displaying periodic 
V-shaped profile with a constant amplitude. The modulus of this modulated wave displays new feature, showing that 
the disintegrated wave leads to the break-up of waves into localized patterns with high amplitude where each element 
of the train looks like a soliton object as presented in panel (c1).

Next, at t = 50, as we can observe on panel (a2), the initial modulated wave during its propagation is disintegrated 
and has changed its shape into a train like-object whereas his corresponding amplitude is very decreased during this 
propagation by displaying the breathing behavior with constant amplitude in panel (c2). By comparing with case on 
panel (c1), it is noted that this amplitude gradually decreases over the time. The panel (b2) shows that, the number of 
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waves train increases with time, but the maximum amplitude is decreased than the case shown on panel (b1).

Finally, at t = 100, new feature is observed on panel (a3) indicating that the modulated wave as the time progresses is 
gradually disintegrated by changing his shape into a train like-object whereas his corresponding amplitude is dramatically 
decreased by exhibiting an anti-symmetric V-shaped soliton profile in panel (c3). However, his modulus has also changed 
the shape and the number of waves train is dramatically reduced.

From Figure.12, we note the amplitude intensity of the modulated wave decreases as the time increases, its shape 
changes over time and his modulus for a long-time evolution generates new features of solitonic wave structure.

These results confirm once again the fact that, the linear stability analysis cannot give more information of the long-time 
evolution of a modulated nonlinear wave. This can be justified by the fact that as the time increases, the modulated 
wave changes it shape and validates the instability modulated wave during its propagation. Such investigations have 
been shown in 2D MI [50].

To study the influence of second neighbors hopping, we have set the coupling strength as t′x = 0.9tx and t′y = 0.9ty. 
In this case, the propagation of the modulated wave is portrayed on Figure.13 at various time stages as in the previous 
case as follows.

At t = 0, the initial modulated wave exhibits a periodic oscillating behavior as shown on panel (a1) with his corresponding 
amplitude projected in the i = j plane displaying V-shaped periodic profile with a constant amplitude as we can see on 
panel (c1) whereas his modulus is disintegrated into train of high amplitude waves and presented on panel (b1).

Surprisedly, at t = 50, it is shown on panel (a2) of Figure.13 that, the initial modulated wave during its propagation has 
changed the shape by presenting a new feature of oscillating wave with very small amplitude like a train of short waves 
exhibiting periodic W-shaped solitons as illustrated on panels (b2)-(c2). These excitations are very stable, can travel 
without changing their shape and are important in the coherent transfer of energy. As the time involves, the amplitude 
of the modulated wave dramatically decreases. This leads to conclude that, the inclusion of second neighbor hopping in 
the optical lattice may influence the formation of solitonic structures over time.

At t = 100, new features with slight fluctuations appear on panels (a3), (b3) and (c3) and their amplitude gradually 
decrease as the time evolves.

From Figure.13, which confirms the fact that, the plane wave is sensitive to any value of second neighbors hopping, it 
is noted that, the modulated wave patterns manifesting the modulation instability with the inclusion of second neighbor 
hopping. This implies that, the formation of solitonic structures can be controlling by the second neighbor hopping.

Therefore, confirming hypothesis for which, the plane wave is sensitive to any value of the wavenumber, we have 
seen that the couple of points chosen which lies the instability region as example to propagate the modulated wave, 
manifests the modulation instability of the system and therefore validates the linear stability analysis.

To check the validity of analytical results, we adopt the semi-discrete approximation and multiple-scale method of 
Remoissenet  to transform (5) into a nonlinear Schr¨odinger equation in the next section [51].

Semi-Discrete Approximation and Multiple-Scale Method Applied in 2D Ultracold Atoms Model
We attempt in this section to construct approximations to small amplitude of (5), the semi-discrete approximation and 
multiple scale asymptotic techniques are used. We introduce new variable defined by:
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5 Semi-discrete approximation and multiple-scale method applied

in 2D ultracold atoms model

We attempt in this section to construct approximations to small amplitude of
(5), the semi-discrete approximation and multiple scale asymptotic techniques
are used. We introduce new variable defined by:

Φi,j = εφi,j , (17)

where ε stands for a small finite parameter. Inserting (17) into (5) leads to

i
dφi,j

dt
= −µφi,j − tx(φi+1,j + φi−1,j)

−ty(φi,j+1 + φi,j−1) − t
′

x(φi+2,j + φi−2,j)

−t
′

y(φi,j+2 + φi,j−2) + ε2 U

2
|φi,j |2φi,j . (18)

To get the solution of (18), it is important to restrict ourselves to the wave
which, consists of a slowly varying envelope solution by modulating a car-
rier wave. These methods applied to soliton equations demonstrated by Re-
moissenet [52]. For sake of simplicity, we shall use a simplified version of
multiple-scale technique, by considering the space and time scale are new vari-
ables set to : xj = εjx, yj = εjy and tj = εjt, where xj , yj and tj stand for
independent variables. The derivative independent operators variables for spa-
tial derivative d/dx, d/dy and for time derivative d/dt can be evaluated as:

d

dx
=

∂

∂x0
+ ε

∂

∂x1
+ ε2 ∂

∂x2
+ · · · , (19)

d

dy
=

∂

∂y0
+ ε

∂

∂y1
+ ε2 ∂

∂y2
+ · · · ,

d

dt
=

∂

∂t0
+ ε

∂

∂t1
+ ε2 ∂

∂t2
+ · · · ,

with xj(x1 = εx, x2 = ε2x, ...), yj(y1 = εy, y2 = ε2y, ...) and tj(t1 = εt, t2 =
ε2t, ...) where ε ≪ 1 being the small amplitude of the breather and the variables
xj , yj will be behaved as continuous real variables. Taking into account these
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 where xj , yj and tj stand for independent 
variables. The derivative independent operators variables for spatial derivative d/dx, d/dy and for time derivative d/dt 
can be evaluated as:
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Φi,j = εφi,j , (17)
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with xj(x1 = εx, x2 = ε2x, ...), yj(y1 = εy, y2 = ε2y, ...) and tj(t1 = εt, t2 =
ε2t, ...) where ε ≪ 1 being the small amplitude of the breather and the variables
xj , yj will be behaved as continuous real variables. Taking into account these

with xj(x1 = ϵx, x2 = ϵ2x, ...), yj(y1 = ϵy, y2 = ϵ2y, ...) and tj(t1 = ϵt, t2 = ϵ2t, ...) where ϵ << 1 being the small 
amplitude of the breather and the variables xj , yj will be behaved as continuous real variables. Taking into account 
these derivatives given in (19), the modulated wave solution can be written in the form:

Title Suppressed Due to Excessive Length 17

derivatives given in (19), the modulated wave solution can be written in the
form:

φi,j = ψi,j(t1, t2, x1, y1) exp(iθi,j), (20)

where x1 = εia = εx, y1 = εjb = εy, a and b are lattice constants, θi,j =
kxia + kyjb − ωt is the phase, k the wave number of the linear carrier wave
and ω denotes the frequency of the carrier wave.

Next, inserting(19) and (20) into (18), we derive the following nonlinear
differential equation which is:

[
ω + µ + 2

(
tx cos(kxa) + ty cos(kyb)

)
+ 2

(
t
′

x cos(2kxa) + t
′

y cos(2kyb)
)]

ψi,je
i(θi,j)

+iε
[

∂ψi,j

∂t1
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(
tx sin(kxa) + 2t

′

x sin(2kxa)
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∂x1

+2b
(
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′

y sin(2kyb)
)∂ψi,j
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+ε2
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′

x cos(2kxa)
)

∂2ψi,j

∂x2

1

+b2
(
ty cos(kyb) + 4t

′

y cos(2kyb)
)

∂2ψi,j

∂y2

1

− U
2

∣∣ψi,j

∣∣2ψi,j

}
ei(θi,j)

+O(ε3) = 0.

(21)

By setting the coefficient of powers ε to zero in Eq.(21), we get the following
equations:

ω + µ + 2
(
tx cos(kxa) + ty cos(kyb)

)
+ 2

(
t
′

x cos(2kxa) + t
′

y cos(2kyb)
)

= 0,

∂ψi,j

∂t1
+ 2a

(
tx sin(kxa) + 2t

′

x sin(2kxa)
)∂ψi,j

∂x1
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(
ty sin(kyb) + 2t

′

y sin(2kyb)
)∂ψi,j

∂y1
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i
∂ψi,j
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′
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y cos(2kyb)
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∂y2
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2

∣∣ψi,j

∣∣2ψi,j = 0.

(22)

It is easy to deduce from the dispersion relation of the system given in (22)
its group velocity given by:

vg =
(
vgx = 2txa sin(kxa) + 4at

′

x sin(2kxa), vgy = 2tyb sin(kyb) + 4t
′

yb sin(2kyb)
)
.

(23)

From (22), we note that spatial and time derivatives of envelope function
are closely connected. This means that they depend on each other as expected.
This envelope function can be regarded as a traveling wave form which is can
be expressed as

ψi,j(t1, t2, x1, y1) = ψi,j(τ2, z1x, z1y), (24)
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(22)

It is easy to deduce from the dispersion relation of the system given in (22)
its group velocity given by:

vg =
(
vgx = 2txa sin(kxa) + 4at

′

x sin(2kxa), vgy = 2tyb sin(kyb) + 4t
′

yb sin(2kyb)
)
.

(23)

From (22), we note that spatial and time derivatives of envelope function
are closely connected. This means that they depend on each other as expected.
This envelope function can be regarded as a traveling wave form which is can
be expressed as

ψi,j(t1, t2, x1, y1) = ψi,j(τ2, z1x, z1y), (24)
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derivatives given in (19), the modulated wave solution can be written in the
form:

φi,j = ψi,j(t1, t2, x1, y1) exp(iθi,j), (20)

where x1 = εia = εx, y1 = εjb = εy, a and b are lattice constants, θi,j =
kxia + kyjb − ωt is the phase, k the wave number of the linear carrier wave
and ω denotes the frequency of the carrier wave.

Next, inserting(19) and (20) into (18), we derive the following nonlinear
differential equation which is:
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By setting the coefficient of powers ε to zero in Eq.(21), we get the following
equations:
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It is easy to deduce from the dispersion relation of the system given in (22)
its group velocity given by:

vg =
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′

yb sin(2kyb)
)
.

(23)

From (22), we note that spatial and time derivatives of envelope function
are closely connected. This means that they depend on each other as expected.
This envelope function can be regarded as a traveling wave form which is can
be expressed as

ψi,j(t1, t2, x1, y1) = ψi,j(τ2, z1x, z1y), (24)
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It is easy to deduce from the dispersion relation of the system given in (22)
its group velocity given by:

vg =
(
vgx = 2txa sin(kxa) + 4at

′

x sin(2kxa), vgy = 2tyb sin(kyb) + 4t
′

yb sin(2kyb)
)
.
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From (22), we note that spatial and time derivatives of envelope function
are closely connected. This means that they depend on each other as expected.
This envelope function can be regarded as a traveling wave form which is can
be expressed as

ψi,j(t1, t2, x1, y1) = ψi,j(τ2, z1x, z1y), (24)

where 
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It is easy to deduce from the dispersion relation of the system given in (22)
its group velocity given by:
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′

x sin(2kxa), vgy = 2tyb sin(kyb) + 4t
′

yb sin(2kyb)
)
.

(23)

From (22), we note that spatial and time derivatives of envelope function
are closely connected. This means that they depend on each other as expected.
This envelope function can be regarded as a traveling wave form which is can
be expressed as

ψi,j(t1, t2, x1, y1) = ψi,j(τ2, z1x, z1y), (24)

 a and b are lattice constants, θi,j = kxia + kyjb − ωt is the phase, k the wave 
number of the linear carrier wave and ω denotes the frequency of the carrier wave.

Next, inserting(19) and (20) into (18), we derive the following nonlinear differential equation which is:

By setting the coefficient of powers “ to zero in Eq.(21), we get the following equations:

It is easy to deduce from the dispersion relation of the system given in (22) its group velocity given by:

From (22), we note that spatial and time derivatives of envelope function are closely connected. This means that they 
depend on each other as expected. This envelope function can be regarded as a traveling wave form which is can be 
expressed as
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18 Discrete Breathers dynamics in 2D quantum ultracold

Fig. 5 (color online) Instability gain plotted in 3D with the same parameters used in Fig.4Figure: 5 (Color Online) Instability Gain Plotted in 3D with the Same Parameters Used in Figure.4
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Fig. 6 (color online) Stability/instability regions on the (k,Q) plane and instability gain
in repulsive case for a = b = 2, kx = ky = k, |Φ0| = 0.2, U = 1500, tx = ty = 1 and

t
′

x
= t

′

y
= 0.9; (a): Stability/instability regions (b): Instability gain.

where, the new scale introduced are z1x = x1 − vgxt1, z1y = x1 − vgyt1. With
the aid of these transformations, (22) takes the following form
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Making use of the following transformations z1x = εzx, z1y = εzy, ψi,j = Γ/ε,
and considering that t2 = ε2t,

(??)

z1x = a

√
tx cos(kxa) + 4t′x cos(2kxa)

P
zx (26)
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20 Discrete Breathers dynamics in 2D quantum ultracold

Fig. 7 (color online) Stability/instability regions on the (k,Q) plane and instability gain
in the attractive case for a = b = 2, kx = ky = k, |Φ0| = 0.2, U = −1500, tx = ty = 1 and

t
′

x
= t

′

y
= 0.9; (a): Stability/instability regions (b): Instability gain.

z1y = a

√
ty cos(kya) + 4t′y cos(2kya)

P
zy,

(25) becomes :

i
∂Γ

∂t
+ P

(
∂2

∂z2
x

+
∂2

∂z2
y

)
Γ + Q|Γ |2Γ = 0, (27)

with P = a2[tx cos(kxa) + 4t
′

x cos(2kxa)] + b2[ty cos(kyb) + 4t
′

y cos(2kyb)], and
Q = −U/2.

By introducing the Laplacian operator, which describes spatial temporal
dynamics of the wave packet envelope in the transverse plane (x, y), (27) can
take the following form :

iΓt + P△⊥Γ + Q|Γ |2Γ = 0, (28)
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in the attractive case for a = b = 2, kx = ky = k, |Φ0| = 0.2, U = −1500, tx = ty = 1 and

t
′

x
= t

′

y
= 0.9; (a): Stability/instability regions (b): Instability gain.

z1y = a

√
ty cos(kya) + 4t′y cos(2kya)

P
zy,

(25) becomes :

i
∂Γ

∂t
+ P

(
∂2

∂z2
x

+
∂2

∂z2
y

)
Γ + Q|Γ |2Γ = 0, (27)

with P = a2[tx cos(kxa) + 4t
′

x cos(2kxa)] + b2[ty cos(kyb) + 4t
′

y cos(2kyb)], and
Q = −U/2.

By introducing the Laplacian operator, which describes spatial temporal
dynamics of the wave packet envelope in the transverse plane (x, y), (27) can
take the following form :

iΓt + P△⊥Γ + Q|Γ |2Γ = 0, (28)

 and Q = −U/2.

By introducing the Laplacian operator, which describes spatial temporal dynamics of the wave packet envelope in the 
transverse plane (x, y), (27) can take the following form :
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Fig. 8 (color online) Growth rate of MI versus the wave numbers of perturbation Q for
different values of coupling interaction in the repulsive case. The main of parameters are
U = 150, a = b = 2, and |Φ0|2 = 0.2: (a) Q = π/4; (b) Q = 3π/4.

with △⊥ = ∂2

∂z2
x

+ ∂2

∂z2
y

denotes a 2D perpendicular Laplacian operator.

(28) is called the 2D nonlinear Schrodinger equation (NLSE) containing a
cubic nonlinearity where its solution depends on the sign of the product PQ.
Only the case for PQ > 0 shall be considered in this study.

To understand the dynamics of breathers in this work, we shall use the
Rayleigh-Ritz variational method to solve (28) in the next section.

6 Dynamics of discrete breathers

The dynamics of breathers is investigated in this section by making use of
Rayleigh-Ritz variational method as defined in [53]. To reach this aim, the

Figure: 8 (Color Online) Growth Rate of MI Versus the Wave Numbers of Perturbation Q for Different 
Values of Coupling Interaction in the Repulsive Case. The Main of Parameters are U = 150, a = b = 2, and 
|Φ0|2 = 0.2: (a) Q = π/4; (b) Q = 3π/4
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Fig. 8 (color online) Growth rate of MI versus the wave numbers of perturbation Q for
different values of coupling interaction in the repulsive case. The main of parameters are
U = 150, a = b = 2, and |Φ0|2 = 0.2: (a) Q = π/4; (b) Q = 3π/4.
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(28) is called the 2D nonlinear Schrodinger equation (NLSE) containing a
cubic nonlinearity where its solution depends on the sign of the product PQ.
Only the case for PQ > 0 shall be considered in this study.

To understand the dynamics of breathers in this work, we shall use the
Rayleigh-Ritz variational method to solve (28) in the next section.

6 Dynamics of discrete breathers

The dynamics of breathers is investigated in this section by making use of
Rayleigh-Ritz variational method as defined in [53]. To reach this aim, the

 denotes a 2D perpendicular Laplacian operator.

(28) is called the 2D nonlinear Schrodinger equation (NLSE) containing a cubic nonlinearity where its solution depends 
on the sign of the product PQ. Only the case for PQ > 0 shall be considered in this study.

To understand the dynamics of breathers in this work, we shall use the Rayleigh-Ritz variational method to solve (28) 
in the next section.

Dynamics of Discrete Breathers
The dynamics of breathers is investigated in this section by making use of Rayleigh-Ritz variational method as defined 
in [53]. To reach this aim, the
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Fig. 9 (color online) Growth rate of MI versus the wave numbers of perturbation Q for
different values of coupling interaction in the attractive case. The main of parameters are
U = −150, a = b = 2, and |Φ0|2 = 0.2: (a) Q = π/4; (b) Q = 3π/4.

solution of Eq.(28) is found in the form:

Γ = exp(iµt)ψ(r), (29)

where r =
√

z2
x + z2

y .

Substituting (29) into (28) leads to the following equation with a variational
structure which is:

−µψ + P∇2ψ + Qψ3 = 0, (30)

with ∇2 = ∂2

∂z2
x

+ ∂2

∂z2
y
.

Considering the fact that (30) has a variational structure and therefore
taking its action integral ξ as a function of ψ which is given by:

ξ(ψ) =

∫ (1

2
µ|ψ|2 +

1

2
P |∇ψ|2 − 1

4
Q|ψ|4

)
dS, (31)
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solution of Eq.(28) is found in the form:

Γ = exp(iµt)ψ(r), (29)

where r =
√

z2
x + z2

y .

Substituting (29) into (28) leads to the following equation with a variational
structure which is:

−µψ + P∇2ψ + Qψ3 = 0, (30)

with ∇2 = ∂2

∂z2
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+ ∂2

∂z2
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.

Considering the fact that (30) has a variational structure and therefore
taking its action integral ξ as a function of ψ which is given by:

ξ(ψ) =

∫ (1
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µ|ψ|2 +

1

2
P |∇ψ|2 − 1
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)
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Substituting (29) into (28) leads to the following equation with a variational structure which is:
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solution of Eq.(28) is found in the form:

Γ = exp(iµt)ψ(r), (29)

where r =
√

z2
x + z2

y .

Substituting (29) into (28) leads to the following equation with a variational
structure which is:

−µψ + P∇2ψ + Qψ3 = 0, (30)

with ∇2 = ∂2

∂z2
x

+ ∂2

∂z2
y
.

Considering the fact that (30) has a variational structure and therefore
taking its action integral ξ as a function of ψ which is given by:

ξ(ψ) =

∫ (1

2
µ|ψ|2 +

1

2
P |∇ψ|2 − 1

4
Q|ψ|4

)
dS, (31)

Considering the fact that (30) has a variational structure and therefore taking its action integral ξ as a function of ψ 
which is given by:
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Fig. 10 (color online) Propagation of the perturbed plane wave intensity without the
second nearest neighbor interaction for various time stages in the attractive case. The main of

parameters are U = 150, a = b = 2, |Φ0|2 = 0.2, tx = ty = 1, t
′

x
= t

′

y
= 0, kx = ky = 2π/10),

Qx = Qy = 5π/100: 1- At the initial time t = 0; 2- At time t = 50, and 3- At the final
time t = 100. The left column is the 3D plot, the middle the modulus, and the right is the
projection in i = j plane.

Fig. 11 (color online) Propagation of the perturbed plane wave intensity and manifestation
of the MI under the influence of the second nearest neighbor coupling for various time stages
in the attractive case. The main of parameters are U = 150, a = b = 2, |Φ0|2 = 0.2,

tx = ty = 1, t
′

x
= t

′

y
= 0, kx = ky = 2π/10), Qx = Qy = 5π/100: 1- At the initial time

t = 0; 2- At time t = 50, and 3- At the final time t = 100. The left column is the 3D plot,
the middle the modulus, and the right is the projection in i = j plane.

Title Suppressed Due to Excessive Length 23

Fig. 10 (color online) Propagation of the perturbed plane wave intensity without the
second nearest neighbor interaction for various time stages in the attractive case. The main of

parameters are U = 150, a = b = 2, |Φ0|2 = 0.2, tx = ty = 1, t
′

x
= t

′

y
= 0, kx = ky = 2π/10),

Qx = Qy = 5π/100: 1- At the initial time t = 0; 2- At time t = 50, and 3- At the final
time t = 100. The left column is the 3D plot, the middle the modulus, and the right is the
projection in i = j plane.

Fig. 11 (color online) Propagation of the perturbed plane wave intensity and manifestation
of the MI under the influence of the second nearest neighbor coupling for various time stages
in the attractive case. The main of parameters are U = 150, a = b = 2, |Φ0|2 = 0.2,

tx = ty = 1, t
′

x
= t

′

y
= 0, kx = ky = 2π/10), Qx = Qy = 5π/100: 1- At the initial time

t = 0; 2- At time t = 50, and 3- At the final time t = 100. The left column is the 3D plot,
the middle the modulus, and the right is the projection in i = j plane.

Figure. 10 (Color Online) Propagation of the Perturbed Plane Wave Intensity Without the Second Nearest 
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Figure: 11 (Color Online) Propagation of the Perturbed Plane Wave Intensity and Manifestation of the MI 
Under the Influence of the Second Nearest Neighbor Coupling for Various Time Stages in the Attractive 
Case. The Main of Parameters are U = 150, a = b = 2, |Φ0|2 = 0.2, tx = ty = 1, tx = ty = 0, kx = ky = 2π/10), 
Qx = Qy = 5π/100: 1- At the initial time t = 0; 2- At time t = 50, and 3- At the final time t = 100. The Left 
Column is the 3D Plot, The Middle the Modulus, and the Right is the Projection in i = j Plane24 Discrete Breathers dynamics in 2D quantum ultracold

Fig. 12 (color online) Time evolution of the coherent amplitude Φ(i, j) obtained by solving
the discrete NLS Eq.(5) for values of wave number (kx = π/55, ky = π/55000). The initial
wave form is taken as given in Eq. (41) with initial amplitude Γ0 = 0.5. The remaining

parameters are U = −0.1, a = b = 2, tx = ty = 1, t
′

x
= 0.9tx, t

′

y
= 0.9ty : 1- At the initial

time t = 0; 2- At time t = 50, and 3- At the final time t = 100. The left column is the 3D
plot, the middle the modulus, and the right is the projection in i = j plane.

Fig. 13 (color online) Time evolution of the coherent amplitude Φ(i, j) obtained by solving
the discrete NLS Eq.(5) for values of wave number (kx = π/55, ky = π/55000). The initial
wave form is taken as given in Eq. (41) with initial amplitude Γ0 = 0.5. The remaining

parameters are U = −0.1, a = b = 2, tx = ty = 1, t
′

x
= 0.9tx, t

′

y
= 0.9ty : 1- At the initial

time t = 0; 2- At time t = 50, and 3- At the final time t = 100. The left column is the 3D
plot, the middle the modulus, and the right the projection in i = j plane.

Figure: 12 (Color Online) Time Evolution of the Coherent Amplitude Φ(i,j) Obtained by Solving the Discrete 
NLS Eq.(5) for Values of Wave Number (kx = π/55,ky = π/55000). The Initial Wave Form is Taken as Given 
in Eq. (41) With Initial Amplitude.The Remaining Parameters are  : 1- At the initial time t = 0; 2- At time 
t = 50, and 3- At the final time t = 100. The Left Column is the 3D plot, the Middle The Modulus, and the 
Right is the Projection in i = j Plane
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Figure: 13 (Color Online) Time Evolution of the Coherent Amplitude Φ(i,j) Obtained by Solving the Discrete 
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where dS = 2πrdr, 0 < r ≤ ∞.

Depending on the sign of product PQ, (30) can admit bright and dark solutions. For PQ > 0, the solution is called radial 
bright which is
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where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)
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,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)

Title Suppressed Due to Excessive Length 25

where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)
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where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)
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where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)

where η and γ denote parameter to be evaluated. Substituting (32) into (31) and evaluating numerically the resulting 
integral, one can obtain:

By taking into account the fact that the soliton solution corresponds to a stationary point of the action ξ(η, γ), in this 
way, η and γ can be evaluated by using the following equation:

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an equation for η2 to find η. Once η is found, 
γ is determined by solving equation 
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where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)

 to derive η and γ which are given by:

where μ is a positive constant. Let us rewrite the condition (35) as:

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result into (29) for PQ > 0, we obtain the time-
harmonic bright radially symmetric solution in the form:
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Title Suppressed Due to Excessive Length 25

where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)
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where dS = 2πrdr, 0 < r ≤ ∞.
Depending on the sign of product PQ, (30) can admit bright and dark

solutions. For PQ > 0, the solution is called radial bright which is

ψ(r) = ηsech(γr), (32)

where η and γ denote parameter to be evaluated. Substituting (32) into (31)
and evaluating numerically the resulting integral, one can obtain:

ξ(η, γ) = π
[P (1 + 2 ln 2)

6
η2 − Q(4 ln 2 − 1)

12

η4

γ2
+ µ ln 2

η2

γ2

]
.

(33)

By taking into account the fact that the soliton solution corresponds to a
stationary point of the action ξ(η, γ), in this way, η and γ can be evaluated
by using the following equation:

∂ξ(η, γ)

∂η
=

∂ξ(η, γ)

∂γ
= 0. (34)

To determine η, we differentiate ξ(η, γ) with respect to γ, after that solve an
equation for η2 to find η. Once η is found, γ is determined by solving equation
∂ξ(η,γ)

∂η
= 0 to derive η and γ which are given by:

η =

√
12µ ln 2

Q(4 ln 2 − 1)
(35)

γ =

√
6µ ln 2

P (1 + 2 ln 2)
,

where µ is a positive constant. Let us rewrite the condition (35) as:

µ =
1

12

(
4 − 1

ln 2

)
Qη2, (36)

γ = η

√
Q(4 ln 2 − 1)

2P (1 + 2 ln 2)
,

with the constraint PQ > 0. Inserting (36) into (32) and substituting the result
into (29) for PQ > 0, we obtain the time-harmonic bright radially symmetric
solution in the form:

Γ = η exp(iµt)sech
[
γ
(√

z2
x + z2

y

)]
. (37)

Making use of (26), we have:

ψi,j = η exp(iµt2)sech

[
γ
√

P

√
z2
1x

A
+

z2
1y

B

]
,

(38)

Making use of (26), we have:

where 

26 Discrete Breathers dynamics in 2D quantum ultracold

where A = a2(tx cos(kxa)+4t
′

x cos(2kxa)), B = b2(ty cos(kyb)+4t
′

x cos(2kyb))
z1x = x1 − vgxt1 and z1y = y1 − vgyt1 are given in (24). Considering these
transformations and taking into account the relation between ψi,j and the
modulated wave φi,j obtained in (20), Eq.(38) becomes:

φi,j = η exp
(
i(θi,j + µt2)

)
sech

[
γ
√

P

√
(x1 − vgxt1)2

A
+

(y1 − vgyt1)2

B

]
.

(39)

Next, replacing µ, γ and (17) by their new values given in (36), we get then:

Φi,j = η exp
[
i
(
θi,j +

1

12

(
4 − 1

ln 2

)
Qη2t

)]
sech

[
Γ0

√
Υ

( (x1 − vgxt1)2

A
+

(y1 − vgyt1)2

B

)]
,

(40)

where Γ0 = εη and Υ = Q(4 ln 2−1)
2(1+2 ln 2) . Eq.(40) becomes :

Φi,j = Γ0sech
[
Γ0

√
Υ

( (i − vgxt)2

A
+

(j − 2vgyt)2

B

)]
exp

[
i
(
kxai + kyjb − Ωt

)]
,(41)

with ω obtained in (23) then, we have:

Ω = ω − 1

12

(
4 − 1

ln 2

)
QΓ 2

0 = µ − 2
[
tx cos(kxa) + ty cos(kyb) + t

′

x cos(2kxa) + t
′

y cos(2kyb)
]

+
1

12

(
4 − 1

ln 2

)
BΓ 2

0

(42)

To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker

 

26 Discrete Breathers dynamics in 2D quantum ultracold

where A = a2(tx cos(kxa)+4t
′

x cos(2kxa)), B = b2(ty cos(kyb)+4t
′

x cos(2kyb))
z1x = x1 − vgxt1 and z1y = y1 − vgyt1 are given in (24). Considering these
transformations and taking into account the relation between ψi,j and the
modulated wave φi,j obtained in (20), Eq.(38) becomes:

φi,j = η exp
(
i(θi,j + µt2)

)
sech

[
γ
√

P

√
(x1 − vgxt1)2

A
+

(y1 − vgyt1)2

B

]
.

(39)

Next, replacing µ, γ and (17) by their new values given in (36), we get then:

Φi,j = η exp
[
i
(
θi,j +

1

12

(
4 − 1

ln 2

)
Qη2t

)]
sech

[
Γ0

√
Υ

( (x1 − vgxt1)2

A
+

(y1 − vgyt1)2

B

)]
,

(40)

where Γ0 = εη and Υ = Q(4 ln 2−1)
2(1+2 ln 2) . Eq.(40) becomes :

Φi,j = Γ0sech
[
Γ0

√
Υ

( (i − vgxt)2

A
+

(j − 2vgyt)2

B

)]
exp

[
i
(
kxai + kyjb − Ωt

)]
,(41)

with ω obtained in (23) then, we have:

Ω = ω − 1

12

(
4 − 1

ln 2

)
QΓ 2

0 = µ − 2
[
tx cos(kxa) + ty cos(kyb) + t

′

x cos(2kxa) + t
′

y cos(2kyb)
]

+
1

12

(
4 − 1

ln 2

)
BΓ 2

0

(42)

To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker
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26 Discrete Breathers dynamics in 2D quantum ultracold

where A = a2(tx cos(kxa)+4t
′

x cos(2kxa)), B = b2(ty cos(kyb)+4t
′

x cos(2kyb))
z1x = x1 − vgxt1 and z1y = y1 − vgyt1 are given in (24). Considering these
transformations and taking into account the relation between ψi,j and the
modulated wave φi,j obtained in (20), Eq.(38) becomes:

φi,j = η exp
(
i(θi,j + µt2)

)
sech

[
γ
√

P

√
(x1 − vgxt1)2

A
+

(y1 − vgyt1)2

B

]
.

(39)

Next, replacing µ, γ and (17) by their new values given in (36), we get then:

Φi,j = η exp
[
i
(
θi,j +

1

12

(
4 − 1

ln 2

)
Qη2t

)]
sech

[
Γ0

√
Υ

( (x1 − vgxt1)2

A
+

(y1 − vgyt1)2

B

)]
,

(40)

where Γ0 = εη and Υ = Q(4 ln 2−1)
2(1+2 ln 2) . Eq.(40) becomes :

Φi,j = Γ0sech
[
Γ0

√
Υ

( (i − vgxt)2

A
+

(j − 2vgyt)2

B

)]
exp

[
i
(
kxai + kyjb − Ωt

)]
,(41)

with ω obtained in (23) then, we have:

Ω = ω − 1

12

(
4 − 1

ln 2

)
QΓ 2

0 = µ − 2
[
tx cos(kxa) + ty cos(kyb) + t

′

x cos(2kxa) + t
′

y cos(2kyb)
]

+
1

12

(
4 − 1

ln 2

)
BΓ 2

0

(42)

To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker

26 Discrete Breathers dynamics in 2D quantum ultracold

where A = a2(tx cos(kxa)+4t
′

x cos(2kxa)), B = b2(ty cos(kyb)+4t
′

x cos(2kyb))
z1x = x1 − vgxt1 and z1y = y1 − vgyt1 are given in (24). Considering these
transformations and taking into account the relation between ψi,j and the
modulated wave φi,j obtained in (20), Eq.(38) becomes:

φi,j = η exp
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)
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+
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(39)

Next, replacing µ, γ and (17) by their new values given in (36), we get then:
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+
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,

(40)

where Γ0 = εη and Υ = Q(4 ln 2−1)
2(1+2 ln 2) . Eq.(40) becomes :

Φi,j = Γ0sech
[
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Υ
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A
+
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B

)]
exp

[
i
(
kxai + kyjb − Ωt

)]
,(41)

with ω obtained in (23) then, we have:

Ω = ω − 1
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′

x cos(2kxa) + t
′

y cos(2kyb)
]

+
1

12
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4 − 1

ln 2

)
BΓ 2

0

(42)

To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker
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x cos(2kyb))
z1x = x1 − vgxt1 and z1y = y1 − vgyt1 are given in (24). Considering these
transformations and taking into account the relation between ψi,j and the
modulated wave φi,j obtained in (20), Eq.(38) becomes:
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Next, replacing µ, γ and (17) by their new values given in (36), we get then:
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where Γ0 = εη and Υ = Q(4 ln 2−1)
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To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker
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To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker
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To confirm the analytical studies, we present the numerical simulations of
time evolution of the coherent amplitude Φ(i, j) for certain couple of values of
the wave number (kx, ky) obtained by solving the discrete NLS Eq.(5). The ini-
tial wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in
the whole lattice at various time stages. where the size of the lattice is 400400.
In the absence second neighbor hopping and for (kx = π/55, ky = π/55000),
Fig.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the
coherent amplitude Φ(i, j) as follows: 1- at the initial time t = 0 ; 2- at time
t = 50, and 3- at the final time t = 100. As we can see, the left column is the
3D plot, the middle is the modulus whereas the right denotes the projection
in i = j plane. Fig.12 (a1)-(a3) clarifies how the breather changes its shape
after it has completed t = 50, and t = 100 of oscillation respectively. Dur-
ing the propagation of the coherent amplitude Φ(i, j), it is shown in panels
(c1)-(c3) that, the amplitude changes its shape by exhibiting maximums and
minimums over time. To evaluate the maximum breather amplitude, the mod-
ulus is plotted on panels (b1)-(b3), which confirms that the radial breather
initially situated in the center of the lattice maintains its shape and amplitude
at various time stages. Similar results were obtained by Yi and his co-worker
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To confirm the analytical studies, we present the numerical simulations of time evolution of the coherent amplitude 
Φ(i,j) for certain couple of values of the wave number (kx,ky) obtained by solving the discrete NLS Eq.(5). The initial 
wave form considered is given in Eq. (41) with initial amplitude Γ0 = 0.5 in the whole lattice at various time stages. 
where the size of the lattice is 400400. In the absence second neighbor hopping and for (kx = π/55,ky = π/55000),  
Figure.12 (a1)-(a3),(b1)-(b3) and (c1)-(c3) illustrates the time evolution of the coherent amplitude Φ(i,j) as follows: 
1- at the initial time t = 0 ; 2- at time t = 50, and 3- at the final time t = 100. As we can see, the left column is the 3D 
plot, the middle is the modulus whereas the right denotes the projection in i = j plane. Figure.12 (a1)-(a3) clarifies 
how the breather changes its shape after it has completed t = 50, and t = 100 of oscillation respectively. During the 
propagation of the coherent amplitude Φ(i,j), it is shown in panels (c1)-(c3) that, the amplitude changes its shape by 
exhibiting maximums and minimums over time. To evaluate the maximum breather amplitude, the modulus is plotted 
on panels (b1)-(b3), which confirms that the radial breather initially situated in the center of the lattice maintains its 
shape and amplitude at various time stages. Similar results were obtained by Yi and his co-worker working on stationary 
breather model in a 2D hexagonal spring-mass lattice [54].

However, in the presence of second neighbor hopping for the coupling strength t′x = 0.9tx, t′y = 0.9ty and keeping the 
same value of the wavenumber as set in Figure.12, we realize on Figure.13 (a1)-(a3) that, the breather initially localized 
at the center of the lattice as shown on Figure.12 (a1)-(a3), has changed its shape by covering a large area than before 
by exhibiting more oscillation at various time stages. This oscillating behavior of the breather amplitude is clearly shown 
on Figure.13 (a1)-(a3) as the time increases. However panels (b1)-(b3) shown that, the inclusion of second neighbor 
hopping in the lattice, although the radial breather initially localized at the center of the lattice, maintains its amplitude 
and rests highly localized at various time stages, contribute significantly to spread its shape which covers a large area in 
the (i,j) plane as presented in panels (c1)-(c2). These results are in full agreement with the analytical studies.

From the numerical investigation, we can note that although the radial breather the maximum amplitude is more 
concentrated at center of the lattice in the absence of second neighbor hopping, the inclusion of second neighbor 
hopping continues to more spread the radial breather from the central, its maximum amplitude is still rested in the 
center of the lattice as time evolves meaning that the energy of the system is concentrated and the center of the lattice.

https://www.primeopenaccess.com/international-journals/journal-of-theoretical-experimental-and-applied-physics.asp
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Conclusion and Discussion
We investigated the second-neighbor hopping effects on the MI and on the dynamics of breathers in 2D quantum 
ultracold atoms loaded in optical lattices. By using Glauber’s coherent state method for bosonic operators, the equation 
of motion is obtained. The MI is studied by employing linear stability analysis. From the linear stability analysis, it is 
found that, the dispersion relation formed exhibits intriguing form displaying minimums and dramatic maximum of 
angular frequency at certain wavenumbers while the second neighbor hopping are included in this optical lattice. This 
result demonstrates that, the introduction of second neighbor hopping may affect the dispersion relation of the optical 
lattice. We also found the existence conditions of appearance of MI in the system. Our MI results revel, that the on-site 
interaction parameter have an important impact on the growth rate of the modulation waves amplitude, and on the 
appearance of the instability zones at the center and at the edges of the Brillouin zone depending on the sign of the 
on-site interaction parameter. The second neighbor hopping are also responsible to produce a change on the shape of 
the MI regions. The number of MI regions increases with the increasing second neighbor hopping coupling strength. 
Consequently, we can conclude that, the emergence of MI regions can be controlled by the second neighbor hopping 
coupling strength. Moreover, It also shown that the instability growth rate may be significantly affected by the second 
neighbor hopping coupling strength for certain values of the wavenumber. To support the analysis studies, direct 
numerical simulations of MI have been carried out to show that the generation of a train of short waves exhibiting 
periodic W-shaped and V-shaped solitons in the system with decreasing amplitude as time increases. These behaviors 
confirm the that, the plane wave is sensitive to any value of the wavenumber, the couple of points chosen which lies 
the instability region as example to propagate the modulated wave, manifests the modulation instability of the system 
and then validate the linear stability analysis prediction. Furthermore, by considering the fact that, the appearance of 
MI areas of plane waves is intimately linked to existence of breathers, we have predicted the emergence of breathers 
in  the regions where the MI manifests and that this breather solution will be affected by the second neighbor hopping 
coupling strength. To reach the aim, by means of semi-discrete approximation associated with multiple-scale method, 
the NLSE is found. This equation is solved by making use of Rayleigh-Ritz variational method to study analytically and 
numerically the dynamics of breathers in the system. In agreement with the MI analysis, the analytical results have 
revealed the existence the radial symmetric modes called the dynamics of breathers. The accuracy of the analytical 
analysis outcomes was numerically checked by numerical calculations, where we have noticed that the inclusion of 
second neighbor hopping in the lattice, although the radial breather initially situated in the center of the lattice maintains 
its amplitude highly localized at various time stages, contribute significantly to spread its shape which covers a large 
area and validates the analytical predictions.

Our outcomes have been compared with those reported in reference [36], working in the same model with the absence of 
second neighbor hooping on which, the on-site interaction effects have been reported on the MI and the radial breathers 
whereas, in the present studies the second neighbor hooping are considered. More recently, similar results are been 
reported in reference where authors have applied asymptotic methods to find approximations to discrete breathers in 
a two dimensional hexagonal Fermi-Pasta-Ulam-KleinGordon lattice to find properties of breather in terms of stationary 
mode for two special wavenumbers k = 0 and k = π, with the difference that, in the present work, we have used 
Rayleigh-Ritz variational method in addition to linear stability analysis to investigate on the effects of second neighbor 
coupling on the MI and on the dynamics of breathers in 2D quantum ultracold atoms loaded in optical lattices [54]. 
Using semi-discrete limit in addition to low amplitude approximation, Pouget et al. examined the formation of localized 
structures which moved slowly, mediated by modulational instability, on a 2D lattice [55]. By using asymptotic methods 
and the multiple-scale some results suggested that long-lived stationary and moving breathers can be supported by the 
lattice [56,57]. Their stationary and moving breathers are similar to radial breather solution found in this work with the 
difference that, although the radial breather the maximum amplitude is more concentrated at center of the lattice in 
the absence of second neighbor hopping, the inclusion of second neighbor hopping continues to more spread the radial 
breather from the central, its maximum amplitude is still rested in the center of the lattice as time evolves meaning that 
the energy of the system is concentrated and the center of the lattice.

We point out here that, these unusual features effect of second neighbor hopping on the dynamics of breathers and 
on the MI have not yet been investigated before in the literature to our knowledge. We hoped that these results may 
enrich the knowledge on the dynamics of breathers can help to explain many phenomena observed in others nonlinear 
systems.
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