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Abstract
This paper attempts to describe the large-scale (solar system-like, astronomical-scale) systems of the known world 
using the physical models and mathematical tools of relativistic quantum mechanics. The value of Hx can be introduced 
and approximated as an analogue of the constant ℏ. Based on the quantum mechanical approach, the proper time scale 
of the solar system can be determined. 
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Introduction 
The unified theory of general relativity and quantum mechanics has been and is still being worked on by countless 
researchers. In this paper, we have chosen a different path, in which special relativity provides an appropriate basis. 
Between special relativity and quantum mechanics, between the two approaches, there is a proven link. Theory of 
relativity and quantum mechanics are successfully linked in the work of Dirac [1]. From the point of view of relativistic 
quantum mechanical description and physical world view, it is the weak gravitational field that can be successfully 
described. For the purpose of the present paper, it is important to point out that, starting from the mathematical-
physical foundations originally formulated by Dirac and later developed further, the possibility of quantization for weak 
gravitational fields has been demonstrated. One important and fundamental reference can be mentioned, which is 
attributed to Bronstein. His original article is one of the first to formulate a proven link between relativistic quantum 
mechanics and weak gravitational fields [2]. All this has been successfully demonstrated by modern research, using only 
special relativity to derive the “gravitomagnetic potential” [3]. 

In most cases, the approaches formulated in the mathematical “language” of the general theory(s) of gravity do 
not seem to yield useful results. Let us try to speak a “different language”: the original mathematical tools used by 
relativistic quantum mechanics. The present paper focuses on the now classical Dirac formulation and continues it from 
a new physical point of view. It is very important to state now that the mathematical description of relativistic quantum 
mechanics established by Dirac does not have a distinguished scale. 

If we ask the question where a weak gravitational field exists, the answer is simple: the set of solar system-like systems, 
the stars, as we know it (in other words, the world as we know it, the Universe) is almost entirely characterized by 
a weak gravitational field. This justifies the question of whether it is possible to extend the physical-mathematical 
description of quantum mechanics to the Universe (the whole of it, as defined by the weak gravitational field).  

Such an extension could be justified if we could apply to solar system-like systems a physical model where masses 
(stars, planets) could be considered as mass points and also have charge (and also be considered as indistinguishable 
mass points and have quantized orbits in solar system-like systems). The first two criteria are easily met, at least in 
thought. ‘Considered as mass points’ is trivial, ‘having charge’ appears in many works. For other important aspects, see 
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later.  

Relativistic Quantum Mechanics and Gravitational Potential  
The simplest way to describe the physical model of an atom with a single electron is to use the mathematical tools of 
quantum mechanics. Let’s start from this. Consider an e-charged particle of mass μ moving in a system with central mass 
M. Assume that the electromagnetic effects and the gravitational effects act independently of each other, simultaneously. 
The energy is the sum of the kinetic energy of the μ-mass particle and the potential energy (V) 

as mass points' is trivial, 'having charge' appears in many works. For other important aspects, 
see later.  
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Assume that the centre of mass μ moves in the weak gravitational field of the central mass 
M. Here p is the momentum vector (the vector potential A is zero in our case).  

In the gravitational equations, we assume a (weak) static gravitational field (the tensor 
component gik is time independent, there is no energy flux, there is a simple linear relation 
between g44 and the potential energy). The description of the movement of particles in such 
weak gravitational fields yields the same results as in the U2 gravitational potential of the 
classical Newtonian theory. Given the above, the following Hamiltonian function can be written 
for weak gravitational fields. Here we depart from the usual quantum mechanical approach in 
the first taste. The only deviation from the original approach is the equation U = eU1+U2 : 
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   the gravitational potential  

In the above equation, p  denotes a (differential)operator. In the following, the steps of the 
derivation of [5] are followed. To carry out the square-root, operators similar to Pauli's spin 
operators can be introduced in quantum mechanics. Following the linearization performed by 
Dirac:  
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Using the well-known form of the energy operator) the equation-of-state: 
E  H  

which can be written as follows: 

as mass points' is trivial, 'having charge' appears in many works. For other important aspects, 
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of the solution is partly based on [9]. 

2. Derivation of the radial part of the relativistic Dirac equation 
The state function Ψ depends on the variables x,y,z,t and the variables s=±1/2 and r==±1/2, so 
the state-function can be written as: 

Ψ = Ψ(x,y,z,t,r,s)        (9) 
Expressed in terms of the eigenfunctions, we obtain the following (here we have assumed that 
spin and motion are independent, so the eigenfunctions can be separated into coordinate-
dependent and spin-dependent parts, and the same is true for the eigenfunctions ξ , η acting on 
the r-degree of freedom): 
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The corresponding mathematical procedures lead to a system of equations consisting of two 
ordinary differential equations, the solution of which can be basically carried out according to 
the quantum mechanics literature: 
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The derivation presented so far is fully consistent with the details of the literature cited above. 
Details of the differences in U(r) are given in the next section. The solution of the radial 
equations is available in many books on quantum mechanics. The only important purpose of 
the detailed description of the solution presented here is to point out the point where the original 
quantum mechanical interpretation can be changed to a more general interpretation of "large-
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The solution procedure follows the descriptions in the literature, i.e. the form of the asymptotic 
solution (given by a large r value) is: 
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
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20c
1


               (23) 

where: 
2

0 0E c           (24) 

0

E
E

           (25) 

Let: 
x 2 r           (26) 

thus: 
1 12
r x
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and 
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According to the above: 
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where: 
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Here fx is the gravitational constant. In the following, A in (19) will play a role in the interpretation of the solution. We 
assume Z=1 and substitute it back into (14) and (15):

The solution procedure follows the descriptions in the literature, i.e. the form of the asymptotic solution (given by a 
large r value) is:

where:

Let:

thus:

and

According to the above:

and also:

Substitute equations (29) and (30) into equations (20) and (21):

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 
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dx x xc
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   (32) 
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Form the derivatives of (41) and (42): 
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Continue with the simplifications, divide the equations by 2λ:
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0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

0
2

0

cdF F E 12 K 2 (1 ) A 2 G
dx x xc

 
          

   (32) 

Continue with the simplifications, divide the equations by 2λ: 

0cdG G 1 1K (1 ) A F
dx x 2 x

 
      

     (33) 

0cdF F 1 1K (1 ) A G
dx x 2 x

 
      

     (34) 

Substituting (23) and with minor transformations (33) we can write: 

0

0

c1 dG G 1 1 1 1 1 1K A F
dx x 2 c x1 1 1 1 1 1

                        
   (35) 

After simplifications: 
1 dG G 1 1 1 1K A F

dx x 2 x1 1 1

                 
     (36) 

Similarly, substituting (23) with minor modifications, (34) can be written: 

0

0

c1 dF F 1 1 1 1 1 1K A G
dx x 2 c x1 1 1 1 1 1

                              
  (37) 

After simplifications: 

1 dF F 1 1 1 1K A G
dx x 2 x1 1 1

                 
     (38) 

We need to solve the coupled equations (36) and (38). According to mathematicians - and we 
believe them - the solution should be found in the following form: 

 r
1 2G 1 e             (39) 

 r
1 2F 1 e             (40) 

Substituting from (26) to (28): 

 
1 x
2

1 2G 1 e


             (41) 

 
1 x
2

1 2F 1 e


              (42) 
Form the derivatives of (41) and (42): 

1 x 1 22
1 2

d ddG 1 11 e
dx 2 2 dx dx

             
 

    (43) 

1 x 1 22
1 2

d ddF 1 11 e
dx 2 2 dx dx

             
 

    (44) 

Substitute (41), (42), and (43) into (36): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                        

  
             

  (45) 

Substituting (23) and with minor transformations (33) we can write:

After simplifications:

Similarly, substituting (23) with minor modifications, (34) can be written:

After simplifications:

We need to solve the coupled equations (36) and (38). According to mathematicians - and we believe them - the 
solution should be found in the following form:

Substituting from (26) to (28):

Form the derivatives of (41) and (42):

Substitute (41), (42), and (43) into (36):

With further simplifications and dividing by With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

 we get:With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 
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With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

Further simplified:

Now we do the same with (41), (42) and (44), substituting into (38):

Again, with further simplifications and dividing by With further simplifications and dividing by 
1 x
2e


 we get: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

    
                

   (46) 

 1 2
1 2 1 2 1 1 2 2

d d1 1 K 1 1 1 1 1 1A A
2 2 dx dx x 2 x 2 x1 1

     
                

   
 (47) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

        
                   

  (48) 

Now we do the same with (41), (42) and (44), substituting into (38): 

 

 

1 1x x1 22 2
1 2 1 2

1 x
2

1 2

d d1 1 1 K1 e 1 e
2 2 dx dx x1

1 1 1 1A 1 e
2 x1 1

 



                         

  
            

 (49) 

Again, with further simplifications and dividing by 
1 x
2e



: 

   1 2
1 2 1 2 1 2

d d1 1 K 1 1 1A
2 2 dx dx x 2 x1

   
                

 (50) 

 1 2
1 2 1 2

1 1 2 2

d d1 1 K
2 2 dx dx x
1 1 1 1 1 1A A
2 x 2 x1 1

 
          

   
       

   

    (51) 

Further simplified: 

1 2
1 2

d d K 1 1 K 1 11 A A
dx dx x x x x1 1

      
                   

  (52) 

Add equations (48) and (52): 

1
1 2

d K K 1 1 1 K 1 1 12 2 A 2 A
dx x x x x x1 1 1 1

            
                                 

  (53) 

Simplified: 

1
1 22 2

d 1 K 1 11 A A
dx x x x1 1

    
                 

   (54) 

Subtract equation (48) from (52): 

2
1 2

d K 1 1 1 1 1 12 2 A A
dx x x x1 1 1 1

            
                               

 (55) 

2
1 22 2

d K 1 1A A
dx x x x1 1

     
                

    (56) 

We continue with equations (54) and (56). Find the functions 1  and 2  in power series from: 

:

Further simplified:

Add equations (48) and (52):

Simplified:

Subtract equation (48) from (52):

We continue with equations (54) and (56). Find the functions φ1 and φ2 in power series from:

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 
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s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

Express (57) and form the derivative:

Substitute into (54):

Now we can write the following for the coefficients 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

:

Express (58) similarly to (59) we get:

Substitute into (56):

Now we can write the following for the coefficients 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2

1s p b K A a Ab
1 1

  
         

    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2

1a s a Aa K A b
1 1



 
         

    (70) 

0 0 02 2

1b s K A a Ab
1 1

  
        

     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do): 

:

Equations (64) and (69), for p=0:

After 

s p
1 p

p 0

x a x




           (57) 

s p
2 p

p 0

x b x




           (58) 

Express (57) and form the derivative: 
s s 1 s 2

1 0 1 2a x a x a x .....           (59) 

   s 1 s s 11
0 1 2

d sa x s 1 a x s 2 a x .....
dx

 
         (60) 

  s p 11
p

p 0

d s p a x
dx


 




         (61) 

Substitute into (54): 

  s p 1 p s p s 1
p p p2 2

p 0 p 0 p 0

1 1s p a x 1 A a x K A b x
x1 1

  
    

  

   
                 

    (62) 

  s p 1 p s p s 1 p s 1
p p p p2 2

p 0 p 0 p 0 p 0

1s p a x a x A a x K A b x
1 1

   
      

   

 
         

     (63) 

Now we can write the following for the coefficients s p 1x   : 

  p p 1 p p2 2

1s p a a Aa K A b
1 1



 
         

    (64) 

Expass (58) similarly to (59) we get: 
s s 1 s 2

2 0 1 2b x b x b x .....           (65) 

   s 1 s s 12
0 1 2

d sb x s 1 b x s 2 b x .....
dx

 
         (66) 

  s p 12
p

p 0

d s p b x
dx


 




         (67) 

Substituteg into (56): 

  s p 1 p s 1 p s 1
p p p2 2

p 0 p 0 p 0

1s p b x K A a x A b x
1 1

  
     

  

   
               

     (68) 

Now we can write the following for the coefficients s p 1x   : 

  p p p2 2
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    (69) 

Equations (64) and (69), for p=0: 

0 1 0 02 2
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
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    (70) 
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     (71) 

After 1a 0   (if we can believe mathematicians - and of course we do):  (if we can believe mathematicians - and of course we do):
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The system of equations (72) and (73) has a solution if the determinant of the coefficient is 
zero, i.e.: 

2 2
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


 

   
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The value of the determinant after the corresponding operation: 
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2 2 2s K A 0           (77) 
2 2s K A           (78) 

Only a positive sign is possible, i.e.: 
2 2s K A           (79) 

In fact, it is because of this brief correlation (79) that we have presented the whole derivation 
above in such detail. This result can be used as a basis for the derivation of the solar system 
constant Hx  

3. Approximation of the values of Hx 
3.1  The value of Hx based on relativistic quantum mechanics 

So far, at least according to the mathematical formulae, there is no deviation from the usual 
quantum mechanical derivations. Let us take a closer look at equation (79) above. From the 
previous (16) and (19) it can be seen that 
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c=2,997925*108 [m/s] the speed of light. The value of µ0 may be questionable – the „smaller 
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in (16), this gives K=1/2, and A≤1/2 follows. Let us examine the substitutions in solar system-
like systems. We have data for one such system, with the following known values: fx=6,672*10-

11 [m3/kg/s2] the gravitational constant, M=MSun=1,9891*1030 [kg] the mass of the Sun, 
c=2,997925*108 [m/s] the speed of light. The value of µ0 may be questionable – the „smaller 
mass”, since we have a one-mass model (Z=1), can be interpreted as the total mass of all 
possible orbiting the Sun, simplified: the total mass of the planets. This value is: 

The system of equations (72) and (73) has a solution if the determinant of the coefficient is zero, i.e.:

The value of the determinant after the corresponding operation:

Only a positive sign is possible, i.e.:

In fact, it is because of this brief correlation (79) that we have presented the whole derivation above in such detail. This 
result can be used as a basis for the derivation of the solar system constant Hx  

Approximation of the Values of Hx 
The Value of Hx Based on Relativistic Quantum Mechanics 
So far, at least according to the mathematical formulae, there is no deviation from the usual quantum mechanical 
derivations. Let us take a closer look at equation (79) above. From the previous (16) and (19) it can be seen that 

Moreover, as we have seen, the correlation under the root (79) must be positive. At the scale of the atomic dimensions, 
after the substitutions, the value of A is 1/137,037 (the usual notation in quantum mechanics is α, a dimensionless 
number). Since j=0 is the smallest possible value in (16), this gives K=1/2, and A≤1/2 follows. Let us examine the 
substitutions in solar system like systems. We have data for one such system, with the following known values: 
fx=6,672*1011 [m3/kg/s2] the gravitational constant, M=MSun=1,9891*1030 [kg] the mass of the Sun, c=2,997925*108 

[m/s] the speed of light. The value of µ0 may be questionable – the „smaller mass”, since we have a one-mass model 
(Z=1), can be interpreted as the total mass of all possible orbiting the Sun, simplified: the total mass of the planets. 
This value is: µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case its product 
is negligible. The original value of ℏ out of the question here, condition (79) would not be fulfilled. Thus, ℏ is replaced 
by Hx to denote the factor for the solar system, i.e.:
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µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 

0
x x

M
H f

Ac


         (80) 

Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 

 2

2 2
x

l l 1d R 2 E V(r) R 0
Hdr r

  
         

      (82) 

The total solution is the product of the radial part and the spherical part: 

     m
l

1r, , R r Y ,
r

             (83) 

The process of the solution is guided by the referenced literature: 

     
1

2l 1l 1 m2
ln 1

1r, , C L e Y ,
r

 
             (84) 

where  2l 1
n 1L 
  denotes the generalized Laguerre polynomials and 

0

2r
nr

    

After appropriate derivations and normalization the probability density function is: 

 
2

(2l 1)22 2 2l 2
n,l n,l n 1R N L e






 
     
  

      (85) 

Deriving from the value of ξ we get: 
2
x

0 2

x
0

H 1r n
e f M

4




 


       (86) 

Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 

2
x

0
x

H 1r
f M


 

         (87) 

Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
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 2

2 2
x

l l 1d R 2 E V(r) R 0
Hdr r

  
         

      (82) 

The total solution is the product of the radial part and the spherical part: 

     m
l

1r, , R r Y ,
r

             (83) 

The process of the solution is guided by the referenced literature: 

     
1

2l 1l 1 m2
ln 1

1r, , C L e Y ,
r

 
             (84) 

where  2l 1
n 1L 
  denotes the generalized Laguerre polynomials and 

0

2r
nr

    

After appropriate derivations and normalization the probability density function is: 

 
2

(2l 1)22 2 2l 2
n,l n,l n 1R N L e






 
     
  

      (85) 

Deriving from the value of ξ we get: 
2
x

0 2

x
0

H 1r n
e f M

4




 


       (86) 

Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 

2
x

0
x

H 1r
f M


 

         (87) 

Expressing Hx: 
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In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

µ0≅2,668992*1027 [kg]. We can assume that whatever the value of the charge (e), in our case 
its product is negligible. The original value of ℏ out of the question here, condition (79) would 
not be fulfilled. Thus ℏ is replaced by Hx to denote the factor for the solar system, i.e.: 
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Substituting the above, the possible minimum value of the constant for the solar system is: 
Hxmin1 ≥ 0,2363*1040 [Js]       (81) 

3.2 The value of Hx based on the Schrödinger-equation 
The value of Hx can be approximated using another quantum mechanical model. Using the 
mathematical model of Schrödinger's equation of quantum mechanics, the radial part of the 
wave function, here denoted Hx instead of ℏ, is: 
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The total solution is the product of the radial part and the spherical part: 

     m
l

1r, , R r Y ,
r

             (83) 

The process of the solution is guided by the referenced literature: 
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  denotes the generalized Laguerre polynomials and 
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After appropriate derivations and normalization the probability density function is: 
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Deriving from the value of ξ we get: 
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Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant 
electric potential), the most probable radial distance: 
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Expressing Hx: 
x 0 xH r Mf          (88) 

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle 
µ (the mass of a planet), and r0, the distance of the mass µ from the central mass M, where: 𝑓𝑓𝑥𝑥 = 
6,672*10-11 [m3/kg/s2] the gravitational constant, M = 1,9891*1030 [kg] the mass of the Sun. 
Here again, we are dealing with a single-mass model, we can use the Earth's mass and orbital 
radius, in which case: µ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 [m] 
the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is: 

Hxmin2 ≥ 2,661962*1040  [Js]       (89) 

Substituting the above, the possible minimum value of the constant for the solar system is:

The value of Hx based on the Schrödinger-equation
The value of Hx can be approximated using another quantum mechanical model. Using the mathematical model of 
Schrödinger’s equation of quantum mechanics, the radial part of the wave function, here denoted Hx instead of ℏ, is:

The total solution is the product of the radial part and the spherical part:

The process of the solution is guided by the referenced literature:

After appropriate derivations and normalization the probability density function is:

Deriving from the value of ξ we get:

Neglecting the e2 term and for n=1 (i.e. considering a single point of mass and no significant electric potential), the 
most probable radial distance:

Expressing Hx:

In our rough model, we have the central mass M (the mass of the Sun), the mass of the particle μ (the mass of a 
planet), and r0, the distance of the mass μ from the central mass M, where: 𝑓𝑥 = 6,672*10-11 [m3/kg/s2] the gravitational 
constant, M = 1,9891*1030 [kg] the mass of the Sun. Here again, we are dealing with a single-mass model, we can use 
the Earth’s mass and orbital radius, in which case: μ = 5,9742*1024 [kg], the mass of the Earth, r0 = 1 AU = 1,496*1011 

[m] the Sun-Earth mid-distance. Given the above data, the minimum possible value of Hx is:

If we calculate with the total mass of the planets orbiting the Sun and the distance data of e.g. the Oort cloud, then it 
is possible to calculate: μ0=2,668992*1027 [kg] and r0 = 1,496*1011 [m] the Oort cloud outer boundary, by substitution:
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If we calculate with the total mass of the planets orbiting the Sun and the distance data of e.g. 
the Oort cloud, then it is possible to calculate: µ0=2,668992*1027 [kg] and r0 = 1,496*1011 [m] 
the Oort cloud outer boundary, by substitution: 

Hxmin3 ≥ 3,7607*1045 [Js]       (90) 
The approximations in Sections 4.1 and 4.2 are rather crude approximations of a complex 
system, but they are adequate for determining the minimum magnitude of Hx. 

3.3 The value of Hx based on the measured natural frequency of the Sun 
Based on the original definitions of quantum mechanics, the following relations can be written 
for a point of mass: 
The Planck relation  

E = h*ν         (91) 
The Einstein relation: 

E = µ*c2          (92) 
As it follows from these: „…any particle of mass µ is, in a sense a very precise ’clock’ which 
ticks away with a frequency ν that is proportional to this mass…” [38]. Based on the above 
relationships, this frequency is: 
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In our case, using the Sun's natural frequency, νSun, we obtain the following equation: 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 

Hx ≅ 8,62*1048 [𝑱𝑱𝑱𝑱]  where Hx  >  Hxmin1, Hxmin2, Hxmin3  (97) 

4. The quantum mechanical model of solar system-like systems 
Almost every physical, quantum mechanical, astronomical work since about the 

beginning of the 20th century mentions how the atomic structures are surprisingly similar, in 
many ways, to the 'solar system-like' structures. The ratio of central mass to orbiting masses, 
the ratio of distances between the central large mass and the orbiting smaller masses, etc. Then 
almost all works state that the physical laws describing 'solar system' motions (such as the 
Newtonian model and general relativity) are of course quite different from the relations 
describing atomic structures (relativistic quantum mechanics). 

Let us continue this analogy. What would be the consequence of stating that the solar 
system is like a set of electrons revolving around an atomic nucleus?  

Many works on quantum mechanics (and astronomy, cosmology) deal with the idea that 
quantum mechanical relations, 'laws', cannot be extended to the 'macro-world'. A crucial 
question may be what the 'macro-world' is from a quantum mechanical point of view. In what 
follows, we will not 'extend' quantum mechanics - rather, we will take a close look at the system 

If we calculate with the total mass of the planets orbiting the Sun and the distance data of e.g. 
the Oort cloud, then it is possible to calculate: µ0=2,668992*1027 [kg] and r0 = 1,496*1011 [m] 
the Oort cloud outer boundary, by substitution: 
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The approximations in Sections 4.1 and 4.2 are rather crude approximations of a complex 
system, but they are adequate for determining the minimum magnitude of Hx. 

3.3 The value of Hx based on the measured natural frequency of the Sun 
Based on the original definitions of quantum mechanics, the following relations can be written 
for a point of mass: 
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ticks away with a frequency ν that is proportional to this mass…” [38]. Based on the above 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 

Hx ≅ 8,62*1048 [𝑱𝑱𝑱𝑱]  where Hx  >  Hxmin1, Hxmin2, Hxmin3  (97) 
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question may be what the 'macro-world' is from a quantum mechanical point of view. In what 
follows, we will not 'extend' quantum mechanics - rather, we will take a close look at the system 

If we calculate with the total mass of the planets orbiting the Sun and the distance data of e.g. 
the Oort cloud, then it is possible to calculate: µ0=2,668992*1027 [kg] and r0 = 1,496*1011 [m] 
the Oort cloud outer boundary, by substitution: 

Hxmin3 ≥ 3,7607*1045 [Js]       (90) 
The approximations in Sections 4.1 and 4.2 are rather crude approximations of a complex 
system, but they are adequate for determining the minimum magnitude of Hx. 

3.3 The value of Hx based on the measured natural frequency of the Sun 
Based on the original definitions of quantum mechanics, the following relations can be written 
for a point of mass: 
The Planck relation  

E = h*ν         (91) 
The Einstein relation: 
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As it follows from these: „…any particle of mass µ is, in a sense a very precise ’clock’ which 
ticks away with a frequency ν that is proportional to this mass…” [38]. Based on the above 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 
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almost all works state that the physical laws describing 'solar system' motions (such as the 
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quantum mechanical relations, 'laws', cannot be extended to the 'macro-world'. A crucial 
question may be what the 'macro-world' is from a quantum mechanical point of view. In what 
follows, we will not 'extend' quantum mechanics - rather, we will take a close look at the system 

If we calculate with the total mass of the planets orbiting the Sun and the distance data of e.g. 
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the Oort cloud outer boundary, by substitution: 
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The approximations in Sections 4.1 and 4.2 are rather crude approximations of a complex 
system, but they are adequate for determining the minimum magnitude of Hx. 
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Based on the original definitions of quantum mechanics, the following relations can be written 
for a point of mass: 
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The Einstein relation: 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 
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Let us continue this analogy. What would be the consequence of stating that the solar 
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question may be what the 'macro-world' is from a quantum mechanical point of view. In what 
follows, we will not 'extend' quantum mechanics - rather, we will take a close look at the system 

If we calculate with the total mass of the planets orbiting the Sun and the distance data of e.g. 
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for a point of mass: 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 

Hx ≅ 8,62*1048 [𝑱𝑱𝑱𝑱]  where Hx  >  Hxmin1, Hxmin2, Hxmin3  (97) 

4. The quantum mechanical model of solar system-like systems 
Almost every physical, quantum mechanical, astronomical work since about the 
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the Oort cloud, then it is possible to calculate: µ0=2,668992*1027 [kg] and r0 = 1,496*1011 [m] 
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In our case, using the Sun's natural frequency, νSun, we obtain the following equation: 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 
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3.3 The value of Hx based on the measured natural frequency of the Sun 
Based on the original definitions of quantum mechanics, the following relations can be written 
for a point of mass: 
The Planck relation  

E = h*ν         (91) 
The Einstein relation: 
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2c
h

            (93) 

where: 
h = ℏ*2*π         (94) 

2c
2

 


         (95) 

In our case, using the Sun's natural frequency, νSun, we obtain the following equation: 
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where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We 
should know the natural frequency of the Sun. If we accept - as a known first approximation - 
the „five-minutes” frequency as a valid value, then νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], 
with these data: 

Hx ≅ 8,62*1048 [𝑱𝑱𝑱𝑱]  where Hx  >  Hxmin1, Hxmin2, Hxmin3  (97) 

4. The quantum mechanical model of solar system-like systems 
Almost every physical, quantum mechanical, astronomical work since about the 

beginning of the 20th century mentions how the atomic structures are surprisingly similar, in 
many ways, to the 'solar system-like' structures. The ratio of central mass to orbiting masses, 
the ratio of distances between the central large mass and the orbiting smaller masses, etc. Then 
almost all works state that the physical laws describing 'solar system' motions (such as the 
Newtonian model and general relativity) are of course quite different from the relations 
describing atomic structures (relativistic quantum mechanics). 

Let us continue this analogy. What would be the consequence of stating that the solar 
system is like a set of electrons revolving around an atomic nucleus?  

Many works on quantum mechanics (and astronomy, cosmology) deal with the idea that 
quantum mechanical relations, 'laws', cannot be extended to the 'macro-world'. A crucial 
question may be what the 'macro-world' is from a quantum mechanical point of view. In what 
follows, we will not 'extend' quantum mechanics - rather, we will take a close look at the system 

The approximations in Sections 4.1 and 4.2 are rather crude approximations of a complex system, but they are adequate 
for determining the minimum magnitude of Hx.

The value of Hx based on the measured natural frequency of the Sun
Based on the original definitions of quantum mechanics, the following relations can be written for a point of mass:
The Planck relation

The Einstein relation:

As it follows from these: „…any particle of mass μ is, in a sense a very precise ’clock’ which ticks away with a frequency 
ν that is proportional to this mass…” [38]. Based on the above relationships, this frequency is:

where:

In our case, using the Sun’s natural frequency, νSun, we obtain the following equation:

where c = 2,9978*108 [m/s] speed of light, M = 1,9891*1030 [kg] the mass of the Sun. We should know the natural 
frequency of the Sun. If we accept - as a known first approximation - the „five-minutes” frequency as a valid value, then 
νSun ≅ 3,3 mHz = 0,0033 Hz = 0,0033 [1/s], with these data:

The Quantum Mechanical Model of Solar System-Like Systems 
Almost every physical, quantum mechanical, astronomical work since about the beginning of the 20th century mentions 
how the atomic structures are surprisingly similar, in many ways, to the ‘solar system-like’ structures. The ratio of central 
mass to orbiting masses, the ratio of distances between the central large mass and the orbiting smaller masses, etc. 
Then almost all works state that the physical laws describing ‘solar system’ motions (such as the Newtonian model and 
general relativity) are of course quite different from the relations describing atomic structures (relativistic quantum 
mechanics). 

Let us continue this analogy. What would be the consequence of stating that the solar system is like a set of electrons 
revolving around an atomic nucleus?  

Many works on quantum mechanics (and astronomy, cosmology) deal with the idea that quantum mechanical relations, 
‘laws’, cannot be extended to the ‘macro-world’. A crucial question may be what the ‘macro-world’ is from a quantum 
mechanical point of view. In what follows, we will not ‘extend’ quantum mechanics - rather, we will take a close look 
at the system under consideration, set up the mathematical model, clarify the boundary conditions and apply all this 
to approximate reality as closely as possible. We do not ‘extend’ quantum mechanics: we simply look at exactly what 
systems its laws apply to, and under what conditions. 

In order to treat solar-system-like systems with quantum mechanical tools, i.e. for the analogy to work correctly, it is 
necessary that each element of the system be charged, identical particles that are indistinguishable, have mass, spin, 
magnetic moment, and the system is quantized. If all this is fulfilled, it would follow that the equations of motion of the 
atomic system can be applied to the solar system. An important claim of the work presented here is that solar system-
like systems (possibly with individual actors Sun, Mercury, Venus, Earth, etc..) have charge. Measurements and models 
support the claim that they have charge. Of this ‘elementary charge’, which is a property of the constituent parts of the 
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solar system, it is only necessary to state here that it exists. 

The question immediately arises: is it legitimate to talk about the charge of an entire planet as such? The planet is made 
up of the elements we know, which may have a charge. We call the total charge of all the parts that make up the planet, 
measured from the outside at a distance, the charge ‘e’ of the center of mass we are considering. The probability that 
the total charge of the parts that make up mass μ is exactly zero is very small. That is, the point of mass μ may have a 
charge, seen from a distance, the magnitude of which is provisionally called ‘e’. 

The next question to be answered is whether we can consider solar-system-like systems as mass points. The answer 
is certainly yes, if we think on a very ‘large scale’ and try to observe them from a terribly distant point. Even detection 
would be difficult, and from very far away they could well be considered as mass points of negligible size. This model is 
already quite similar to the legitimate applicability of the quantum mechanics approach. The model we consider is the 
following: 

If you look at stars and planets from far enough away, they can be considered a centre of mass. As a first approximation, 
consider a fictitious system, or a ‘solar system-like’ system with a single planet. Viewed from far enough away, very far 
away, very outside the system, we can consider the planet and the central larger mass as a center of mass. 

The reality that can be described by the physical-mathematical tools of quantum mechanics must have, in a very 
simplified and concise way, the following properties: the ‘particles’, the agents of the systems we are here and now 
considering (originally, starting from atomic scale) have: mass, magnetic moment, spin, each particle is indistinguishable, 
has charge, and the system is quantized. The most important properties are therefore given to justify the use of the 
conceptual framework and notation of relativistic quantum mechanics [11,12]. If a physical system has these properties, 
then the entire toolbox, mathematical apparatus and models of quantum mechanics can be legitimately applied to it 
[13-15]. Once again, it is important to note that the original mathematical model is not scale-bound. 

Solar system-like systems meet the requirements listed above. Each member of a solar system-like system has, without a 
doubt, mass, magnetic moment, spin. Any source in the astronomical literature can support this. Immediately, questions 
and perhaps doubts may arise with regard to some of the above points. Let us consider them in turn. 
	
The Requirement of Indistinguishability 
It is very easy to imagine that, viewed from a distance and sampled at very large intervals, all the motions in our solar 
system are merged, and the position and velocity of each point of mass cannot be measured separately. In other words, 
the basic conditions of quantum mechanics are met. If we look at several such systems simultaneously, sampled at very 
large intervals (by very large intervals we mean e.g. thousands, hundreds of thousands, millions, etc. of earth years), 
the motion of the systems cannot be identified individually, only their totality can be described by laws, and these, 
according to the conceptual framework of quantum mechanics, are: we must speak of ‘identical’ particles, of blurry, 
cloud-like formations in space (and time), i.e. of location probabilities. 

Indistinguishability is not immediately apparent, for example when you are standing on Earth and see how different, 
say, Jupiter is. But quantum mechanics does not ‘stand on the electron’ either. It examines the atom-electron with 
an ‘instrument’ (gigantic in size compared to individual atoms) built from atoms-electrons. It determines probability 
distributions, it sees an electron cloud. If we move away from the solar system, not so far, just a few hundred thousand 
light years, and extend the sampling frequency of the ‘measurement’ a little (not every minute, not every year, but much 
less frequently, with much larger time steps, even at intervals of several hundred thousand years), we immediately see 
an untraceable, indistinguishable ‘planetary cloud’. The time scale of sampling must be much larger than the orbital 
frequency of the ‘planetary cloud’. As in the case of electrons. So, the indistinguishability condition is already valid. 

The Requirement of Charge 
‘Charge’ is one of the features of the elements of a solar system-like system that is not immediately perceptible, 
not immediately visible. All that can be said is - solar system-like systems have charge. This is supported by the 
measurements and facts presented in the cited literature. 

So then: suppose the Earth is a ‘big lumpy electron’. What is what on the scale - is easily explained and understood. 
Ignore the fact that the Earth has countless complex features. What is ‘missing’, as far as we know, is the charge, or 
rather the property called charge, which is intrinsic to the (small) electron. That is, the Earth as a whole must have a 
charge in order to be treated as an ‘electron’. More specifically, the elements of solar system-like systems must have a 
property called ‘charge’. If it exists, then from this point of view it is legitimate to treat, calculate and interpret the whole 
system using a quantum mechanical model. Completely independently of the model discussed here, the charge of the 
individual solar system elements is known in the literature. For the moment, we refer only to the fact that the desired 
charge exists. 

Sufficient data are available on the Sun’s charge. Studies of the solar corona have theoretically known for about a 
hundred years that the Sun (and stars in general) have a charge. In their articles Neslusan, referring to previous 
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literature, also gives the magnitude of the charge as a function of solar (stellar) mass Qr = 77.043*Mr , where Qr is 
the global electrostatic charge of the star within a given r-radius sphere and Mr is the mass within a given r-radius 
sphere[16-18]. The formula is set up for an ideal star at rest - it can be accepted as an approximation. In any case, 
there is no doubt that the Sun (and other stars) have charge. Nevertheless, according to the author, „…In conclusion, 
it seems to be desirable to remember the global electrostatic charge as a significant physical property of every star in 
various stellar studies…”. Several authors and articles seem to accept these ideas [19-21]. 

There are many measurements of the electrical properties of the individual actors and masses (mass points, planets) in 
the solar system. The ionospheres of planets with atmospheres (e.g. Venus, Earth, etc.) have a property described as 
a ‘global electric circuit’ [23,24]. There are many measurements of global electric circuits on Earth, Mars [25,26]. The 
global electric circuit as a property can be extended to planets with dusty surfaces. The link with cosmic rays can be 
supported by measurements [27]. Of course, it may be a legitimate question whether this property can be considered 
as a ‘charge’ to the system ‘from the outside, at a distance’ using our modelling approach. The answer here is that yes, 
it is considered to be a charge. The cases outside the solar system will be dealt with below, but it should be noted that 
Aplin’s book referred to has an entire chapter on the possible ionization of exoplanets’ possible atmospheres. 
Our argument is strongly supported by the fact that the charge of the Sun is positive, while the charge of the Earth is 
negative. That is, they attract each other. The magnitude of this force, which may be very small, is not the primary issue 
for our model - the question is not how large the charge is, but whether it exists. The charge of the other planets can 
only be assumed to be negative for now. Convincing data on all this could be collected by measurements. 

 As possible evidence for stellar charges, the only property and data on planetary nebulae (PNe) that we would highlight 
here is the morphology of PNe. Several attempts have been made to classify the morphology of PNe. Among these 
classifications, the works of are noteworthy[28,29,30-37]. According to the simplified classifications above the main 
morphologies are classified as spherical (26%), elliptical (61%), bipolar-quadrupolar (13%) PN systems, with frequency 
indicated [38]. There are several physical-mathematical models in the literature to explain the diverse morphology of 
PN systems. Some of these models have been very successful, with many important results being provided by the ISW 
(Interacting Stellar Winds) models of [24-25] and their modified and improved versions[39,40]. The already cited book 
while offering a multifaceted answer to the morphological manifold, also poses a chapter-long question for us [40]. The 
last of these questions reads, in summary: “…The morphology problem: what is the origin of the diverse morphologies 
observed in PN? PN possess definite symmetries in their appearances, but they come in a variety of shapes…”.  

There is no definitive, fully developed, clear-cut explanation for why the PN manifold is so diverse and why it has such 
geometric shapes. Most strikingly, the early diversity of morphology in the PN formation process is already present during 
the pre-planetary life stage (PPN - Protoplanetary Nebulae). Since the PPN shows a similar morphological diversity as 
the mature PN, this suggests that a shape-determining mechanism must be at work early in the developmental stage. 

The quantum mechanical model can provide a new perspective on morphological diversity. Quantum mechanics modelling 
used the conceptual framework, physical models and mathematics of relativistic quantum mechanics. (However, models 
and calculations based on non-relativistic quantum mechanics are sufficiently accurate for speeds much lower than the 
speed of light (c) and provide results that are hardly different from those of relativistic quantum mechanics - for example, 
for calculations of the radial probability density distributions of the hydrogen atom, the solutions based on the modified 
Dirac equation hardly differ from the results based on the Schrödinger equation. This implies that the nature of the radial 
probability density distributions in three-dimensional (3D) representations can be well approximated by non-relativistic 
models. We compared these non-relativistic three-dimensional probability density distributions, which are much easier 
to compute and represent, with the morphological diversity of planetary nebulae. Each quantum mechanical 3D state 
was matched to a morphological PN shape. The 3D probability density distributions show a surprisingly good similarity 
with the observed morphological shapes of PN. All morphological shapes can be explained by the quantum mechanical 
model [41]. 

The special property of charge is that it can be locally attractive anywhere, but globally repulsive everywhere. One of 
the main possible consequences is: “…One way to make a fundamental model of the dark energy is to assume the 
dark energy is a new force which can be described by the same laws used in particle physics...(....)...This type of force 
is modeled by what is called a scalar field...” [42]. Taylor’s sentences above almost demand the existence of a scalar 
field. This scalar field in our case could be the charge of solar system-like systems and their constituent elements (stars, 
planets, etc.). If we can assume that solar system-like systems have a charge, then dark energy could possibly be 
explained by such scalar fields. Likewise, according to Penrose, who while apparently disagreeing, correctly describes 
“...we also cannot rule out the possibility that...dark energy...is a scalar field...” [43]. 

The Requirement of Quantization 
So far, it has not been discussed whether solar system-like systems can be considered as systems with quantized states. 
We can only know one such system with sufficient precision - our own star system. For many hundreds of years, we have 
known that the orbits of planets are not arbitrary - they follow a certain regularity. Many theorists have tried to explain 
this phenomenon. The fundamental causes of the planetary distribution according to the “Titius Bode law” are not fully 
understood. One of the best comprehensive accounts of the numerous possible theories has been collected by [44]. 
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As shown in and the diversity of theories can be explained by “scale invariance”[45,46]. The contradictions and 
possibilities of other models are outlined in [47]. However, of the myriad of theoretical possibilities, none contradicts 
the assumption that quantum mechanics suggests that the radial probability density distribution can be considered as 
an explanation. In any case, it is striking that of the two inner planets (Mercury and Venus), Venus has the opposite 
spin, the only one in the solar system. According to quantum mechanics, this is the only possible state of Venus’ spin. 
Moreover, no two planets have the same spin and magnetic dipole moment vector directions [48]. 

The Scale of the Known Universe and the Scale of Time 
Space has no Immanent (Intrinsic, Inherent) Scale 
Number of Particles – Number of Stars in the Universe 
„How many stars are there in the Universe? …For the Universe, the galaxies are our small representative volumes, 
and there is something like 1011 to 1012 stars in our Galaxy, and there is perhaps something like 1011 or 1012 galaxies. 
With this simple calculation, you get something like 1022 to 1024 stars in the Universe. This is only a rough number, as 
obviously not all galaxies are the same …” [49] 
 
Imagine you have about 22 liters of gas (gas molecules) in front of you, say air, (O2, CO2, CO, N2, Ar, Ne, with possible 
dust particles included, etc.). Let this mixture of gases be in the “normal state”, which means that there are about 
6×1023 (Avogadro’s number) gas molecules in the 22.42 litre volume (Avogadro number). Round up to 1024 molecules. 
The emphasis is on the number of molecules. In the ‘Universe’ as we know it today, the number of stars is about 1024 
[49,50]. That is, the number of solar system-like systems is the number of gas molecules in about 22 litres of gas. Now 
imagine that each atom, in our gas mixture above, is a star system (i.e. the nuclei - stars and the electrons - planets). 
Perhaps this gives a better sense, almost at arm’s length, of the whole world we call the ‘Universe’. It’s a simple picture, 
the meaning of ’infinity’ has suddenly changed, it’s all tangible - but it also gives us a powerful sense of what ‘true 
infinity’ is - because if you have all the ‘something-systems’ (again, about 1024 of them) within that arm’s length, it opens 
up incredible vistas of how big the World can be. 

When we say ‘Universe’, ‘World’, we can talk about the ‘Currently Known Universe’, which at the moment (in the year 
2022) can be described as a sphere of diameter about DUniverse = 8,61*1026 meters - with the solar system at the 
center.... (Obviously, in reality we know that the solar system is not the center, but we are here, we measure everything 
from here, we relate everything to this, this is where our scale comes from...). 

Is there a system, a proportion, a perspective in which the Earth can be considered as small as an electron in our 
everyday world? If we dare to think that there is a scale where ‘the Earth is as small as an electron’, then, thinking 
along the lines of the number of pieces of solar system-like systems, scales, analogy, and applying the resulting scale 
and scales, the Universe as we know it today can be imagined as a small sphere of about 0.35 meters in diameter (see 
equation 99) containing about 1024 pieces of mass. The question is not whether this is really ‘not very big’, but where 
the ’infinity of the universe’ is in comparison [51]. The volume of a normal (ideal) gas is Vgas=0,022 m3. By analogy, we 
can compare the size of this gas, its volume, with the size of the known Universe: 

When we say 'Universe', 'World', we can talk about the 'Currently Known Universe', which at 
the moment (in the year 2022) can be described as a sphere of diameter about DUniverse = 
8,61*1026 meters - with the solar system at the center.... (Obviously, in reality we know that the 
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everything to this, this is where our scale comes from...). 

Is there a system, a proportion, a perspective in which the Earth can be considered as 
small as an electron in our everyday world? If we dare to think that there is a scale where 'the 
Earth is as small as an electron', then, thinking along the lines of the number of pieces of solar 
system-like systems, scales, analogy, and applying the resulting scale and scales, the Universe 
as we know it today can be imagined as a small sphere of about 0.35 meters in diameter (see 
equation 99) containing about 1024 pieces of mass. The question is not whether this is really 
'not very big', but where the ’infinity of the universe’ is in comparison [17]. The volume of a 
normal (ideal) gas is Vgas=0,022 m3. By analogy, we can compare the size of this gas, its 
volume, with the size of the known Universe: 
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The scale ratio S1=DUniverse / Dgas = 8,61*1026 / 0,3476 = 2,476*1027. By itself, this ratio has no 
particular significance. The numerical value may be uncertain, the 'normal state gas' analogy is 
rather crude, the number of gas molecules is quite 'generous' compared to the number of star 
systems, and the size of the Universe may have varied significantly over time. For the purposes 
of the present study, it could be pointed out that: space has no immanent (intrinsic) scale. The 
same applies to time. 

5.2 Time has no immanent (intrinsic, inherent) scale 
In order to draw conclusions about the Universe's proper time scale from the currently 

known measurement data, it is sufficient to use some well-known data from physics and 
astronomy, in addition to the above analogy. In the systems under study, there is a definite 
physical constant, observable in both systems, on which we can rely - the speed of light, c. 

According to our Earth time calculation, our time concept and our time measurements, 
the unit of Earth time is 1 second (1 s). Hereafter, for ease of identification and reference, we 
will refer to this as the Earth secundum, i.e. : 1 s = 1 s(Earth) 

How long it takes for light to travel through the sphere of the Universe at a speed of c without 
interference: 
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An analogy has been drawn between atomic-scale (atomic extent) systems and solar 
system-like systems. The claim (and proof? or rather the chance to support the claim?) relied 
on the fact that both systems can be discussed and described by the mathematical apparatus of 
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thus:

The scale ratio S1=DUniverse / Dgas = 8,61*1026 / 0,3476 = 2,476*1027. By itself, this ratio has no particular significance. 
The numerical value may be uncertain, the ‘normal state gas’ analogy is rather crude, the number of gas molecules is 
quite ‘generous’ compared to the number of star systems, and the size of the Universe may have varied significantly 
over time. For the purposes of the present study, it could be pointed out that: space has no immanent (intrinsic) scale. 
The same applies to time.

Time has no immanent (intrinsic, inherent) scale
In order to draw conclusions about the Universe’s proper time scale from the currently known measurement data, it is 
sufficient to use some well-known data from physics and astronomy, in addition to the above analogy. In the systems 
under study, there is a definite physical constant, observable in both systems, on which we can rely - the speed of light, 
c.

According to our Earth time calculation, our time concept and our time measurements, the unit of Earth time is 1 second 
(1 s). Hereafter, for ease of identification and reference, we will refer to this as the Earth secundum, i.e. : 1 s = 1 s(Earth)
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When we say 'Universe', 'World', we can talk about the 'Currently Known Universe', which at 
the moment (in the year 2022) can be described as a sphere of diameter about DUniverse = 
8,61*1026 meters - with the solar system at the center.... (Obviously, in reality we know that the 
solar system is not the center, but we are here, we measure everything from here, we relate 
everything to this, this is where our scale comes from...). 

Is there a system, a proportion, a perspective in which the Earth can be considered as 
small as an electron in our everyday world? If we dare to think that there is a scale where 'the 
Earth is as small as an electron', then, thinking along the lines of the number of pieces of solar 
system-like systems, scales, analogy, and applying the resulting scale and scales, the Universe 
as we know it today can be imagined as a small sphere of about 0.35 meters in diameter (see 
equation 99) containing about 1024 pieces of mass. The question is not whether this is really 
'not very big', but where the ’infinity of the universe’ is in comparison [17]. The volume of a 
normal (ideal) gas is Vgas=0,022 m3. By analogy, we can compare the size of this gas, its 
volume, with the size of the known Universe: 
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An analogy has been drawn between atomic-scale (atomic extent) systems and solar system-like systems. The claim 
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Let us try to use the common physical property - the speed of light (c) - to determine the natural unit of time for each 
system, their proper inherent unit of time. 

Take an atomic system and measure the time it takes for light to ‘pass through’ this system at the speed of light. In 
this way, compare the ‘seconds’ of an atom, the Earth and the solar system. Let’s carry out this theoretical experiment 
with the Neon atom. (A Neon atom with ten electrons is most analogous to a solar system with nine - or possibly ten - 
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Let’s ‘measure’ the following: a photon travels at speed c without disturbance for a distance of an atomic system, e.g. 
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The Van der Waals covalent size (radius) of a Neon atom is:
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The time it takes for light to travel this distance through the Neon atom:
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From the above, we can say that the Earth second is based on the following:  
1 s(Earth) = tw(Atom) / 3,87*10-19, more precisely: 1 s(Earth) = 0,252*1019 s(Atom)  

5.4 Characteristics of the Solar-System’s second 
Let us now consider the solar system in a similar (analogous) way to the above. Let us 

'measure' the following: let a photon travel at c-speed without disturbance a corresponding 
distance the size of the solar system, and measure how long it takes. What would constitute the 
size, the radius of the Solar System? The distance of the Kuiper belt, the inner or outer radius 
of the Oort cloud, or the half distance of the star closest to the Sun? We could say any of the 
above is a possible choice - and that there are other reasonable ideas on size (1 AU = 1,496*1011 
meter, Astronomical Unit – Sun-Earth distance): 

Name      Specific Distance   Radius (m) 
Neptune’s distance      30,07 AU  4,498*1012 
Kuiper-belt             50 AU  7,480*1012 
Oort cloud inner extent   50 000 AU  7,480*1015 
Oort cloud outer boundary            100 000 AU  1,496*1016 
Proxima Centauri half distance              139 130 AU  2,081*1016 

The size of the solar system can be taken as two times the radius of the Oort cloud, 
following the previous points. The outer boundary of the Oort cloud is about: rOort ≅ 100 000 
AU = 105 * 1,496*1011 m. The diameter of the solar system: DSolarsystem = 2*rOort = 2*1,496*1016 
m = 2,992*1016 m. As before, the time it takes for light to travel this distance: 
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The value of one second in the solar system is 1 s(SolarSystem) ≅ 108 s(Earth), according to the 
analogy above. That is, a single second in the solar system, measured in its proper natural time 
unit, is 108 Earth seconds, or about 100 000 000 Earth seconds, or: 

1 s(SolarSystem) = 108/(3,1557*107) = 3,16887 EarthYear   (104) 
A single second in the solar system, measured in its proper natural unit of time, is equivalent to 
about 3,17 Earth years. It is safe to say that the basic time scale of the solar system is equivalent 
to the basic time scale of the Universe as we know it. If we can extend the above time step to 
the Universe as we know it, we obtain the following: a single second of the Universe in its 
proper time unit corresponds to 108 Earth seconds. The 'year' is an Earth-bound, Earth concept, 
as we have seen above, whatever number we multiply the second by. Let us apply this to the 
Universe. If the ratio k for seconds is true, then it is also true for 'year'. 

1 UniverseYear ≅ 108 EarthYear  
One 'year' of the Universe, measured in its proper natural unit of time, is equivalent to about 
108 Earth years. 

Summary 
The key claim of the paper is: 

Solar system-like systems can be described by the physical models and mathematical 
tools of relativistic quantum mechanics. The basic relativistic equations derived by 
analogy are valid in weak gravitational fields (in the whole Universe), with the 
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From the above, we can say that the Earth second is based on the following: 1 s(Earth) = tw(Atom) / 3,87*10-19, more 
precisely: 1 s(Earth) = 0,252*1019 s(Atom)

Characteristics of the Solar-System’s second
Let us now consider the solar system in a similar (analogous) way to the above. Let us ‘measure’ the following: let a 
photon travel at c-speed without disturbance a corresponding distance the size of the solar system, and measure how 
long it takes. What would constitute the size, the radius of the Solar System? The distance of the Kuiper belt, the inner 
or outer radius of the Oort cloud, or the half distance of the star closest to the Sun? We could say any of the above is a 
possible choice - and that there are other reasonable ideas on size (1 AU = 1,496*1011 meter, Astronomical Unit – Sun-
Earth distance):

The size of the solar system can be taken as two times the radius of the Oort cloud, following the previous points. The 
outer boundary of the Oort cloud is about: rOort ≅ 100 000 AU = 105 * 1,496*1011 m. The diameter of the solar system: 
DSolarsystem = 2*rOort = 2*1,496*1016 m = 2,992*1016 m. As before, the time it takes for light to travel this distance:

The value of one second in the solar system is 1 s(SolarSystem) ≅ 108 s(Earth), according to the analogy above. That is, a single 
second in the solar system, measured in its proper natural time unit, is 108 Earth seconds, or about 100 000 000 Earth 
seconds, or:

A single second in the solar system, measured in its proper natural unit of time, is equivalent to about 3,17 Earth years. 
It is safe to say that the basic time scale of the solar system is equivalent to the basic time scale of the Universe as we 
know it. If we can extend the above time step to the Universe as we know it, we obtain the following: a single second 
of the Universe in its proper time unit corresponds to 108 Earth seconds. The ‘year’ is an Earth-bound, Earth concept, 
as we have seen above, whatever number we multiply the second by. Let us apply this to the Universe. If the ratio k for 
seconds is true, then it is also true for ‘year’. 

Universe Year ≅ 108 Earth Year  

One ‘year’ of the Universe, measured in its proper natural unit of time, is equivalent to about 108 Earth years. 

Summary 
The key claim of the paper is: 
Solar system-like systems can be described by the physical models and mathematical tools of relativistic quantum 
mechanics. The basic relativistic equations derived by analogy are valid in weak gravitational fields (in the whole 
Universe), with the gravitational potential and the electric potential existing independently and simultaneously. 

Some consequences of the analogy discussed here are as follows: 
Based on the known natural frequency of the Sun, one can approximate the value of Hx for the solar system from the 
quantum mechanical model as an analogue of the constant ℏ.  

According to the concept of time based on the analogy, one ’year’ of the Universe in terms of proper time scale 
corresponds to 108 Earth years.
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