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Abstract
Three-dimensional rotations have three degrees of freedom, yet the standard representations used in computation often 
hide that simplicity behind sequential parameterizations, redundant constraints, or less direct geometric coordinates. 
This monograph develops a Rotation Vector framework in which a rotation is represented by a vector in R3 whose 
direction gives the axis and whose magnitude gives the angle.

The framework is constructive throughout. A Rotation Vector may be applied directly to points through Rodrigues’ 
rotation formula, converted to a matrix when needed, or mapped to the unit quaternions through the exponential map. 
More importantly, rotations may be composed directly in Rotation Vector form, without treating quaternion or matrix 
conversion as the primary computational path. This yields a compact description of identity, inverse, relative rotation, 
sequential composition, and additive combination of simultaneous torques, while keeping the geometry visible.

The presentation also clarifies the relation of this framework to the classical theory of rotations. Rotation Vectors are 
used here as the natural pure-rotation logarithmic coordinates of Spin(3) and therefore sit naturally in the Lie-algebraic 
description of rigid rotation, while still remaining accessible as ordinary vectors. The result is not a rejection of matrices 
or quaternions, but a re-centering of rotation theory around a representation that matches the axis-angle content of 
the motion itself.

Introduction
• The Problem
Rotations in three-dimensional space are among the most common objects in geometry, mechanics, robotics, graphics, 
and simulation. A rigid orientation has three degrees of freedom: one may specify an axis and an angle, or equivalently 
a point in the rotation group. In practice, however, the most widely used representations often separate those degrees 
of freedom in ways that obscure their geometric meaning.

Euler-angle systems describe a rotation as a sequence of coordinate-axis turns. They are easy to name and easy to 
enter, but they are order-dependent and admit singular configurations in which the parameterization loses local rank. 
Rotation matrices avoid that singular parameterization and give a direct linear action on vectors, but they store nine 
numbers subject to orthogonality constraints in order to represent only three degrees of freedom. Unit quaternions 
provide an efficient and elegant group structure, but the representation is less immediate geometrically: it uses a 
normalization constraint, a half-angle encoding, and a double-cover identification that often makes the represented 
motion less transparent than the underlying axis-angle picture.

The central claim of this monograph is that a rotation can be treated directly as a vector quantity. Its direction gives the 
rotation axis, and its magnitude gives the rotation angle in radians. The identity rotation is therefore the zero vector. 
The aim is to show that the Rotation Vector can serve not merely as a descriptive convenience, but as the basis of a 
coherent computational and geometric framework.

• Motivation and Scope
This work did not begin as an abstract reformulation of Lie theory. It began as a practical dissatisfaction with the 
behavior and interpretation of common rotation machinery in software systems. Earlier notes in this project grew out 
of camera and transformation problems in interactive 3D systems, especially the mismatch between local geometric 
intention and the order-dependent behavior of yaw-pitch-roll style updates.
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From that practical starting point, the project moved through matrix-based constructions, direct basis recovery, axis-angle 
updates, and comparisons with quaternion formulations. The present monograph extracts the durable mathematical 
core from those exploratory drafts and presents it in a form that can be read as a coherent reference.

• What this Monograph Does
The monograph first defines the Rotation Vector as an element of R3 whose norm is the angle and whose direction is 
the axis. From that definition follow the identity rotation, inverse rotations, direct action on points through Rodrigues’ 
formula, and conversion to matrices and quaternions.

It then presents a direct composition law for rotations in axis-angle form, avoiding the standard detour of converting to 
quaternions, multiplying there, and converting back. It also distinguishes sequential composition from vector addition of 
simultaneous angular influences.

Finally, it relates the Rotation Vector framework to the classical structures surrounding rigid rotation: Rodrigues’ formulas, 
the exponential map, the Lie algebra so(3), the double cover by Spin (3), and the practical distinction between intrinsic 
and extrinsic rotation.

• What this Monograph Does not Claim
This monograph does not claim that matrices or quaternions are obsolete, nor that standard rotation theory must be 
replaced. Matrices remain indispensable for linear action and composition in many pipelines. Quaternions remain an 
elegant and efficient realization of Spin (3). The claim is instead that the Rotation Vector deserves to be treated as a 
first-class representation rather than as a transient encoding between more established ones.

Some surrounding ideas suggested by the broader project remain exploratory. That is not a weakness so long as the 
boundaries are kept clear. The present work is concerned first with the core framework itself.

• Plan of the Monograph
The exposition begins with notation and basic objects, then develops the composition law. After that, the monograph 
places the framework historically and structurally, relates it to quaternions and Lie theory, addresses recovery and 
branch behavior, and ends with geometric interpretation. Practical notes and examples are collected in the appendices.

• Notation and Basic Objects
This section fixes the basic notation used throughout the monograph. The aim is modest: to make the later composition 
formulas readable without overloading the reader at the outset.

2.ÊNotationÊandÊBasicÊObjects
ThisÊsectionÊfixesÊtheÊbasicÊnotationÊusedÊthroughoutÊtheÊmonograph.ÊTheÊaimÊisÊmodest:Êto
makeÊtheÊlaterÊcompositionÊformulasÊreadableÊwithoutÊoverloadingÊtheÊreaderÊatÊtheÊoutset.

2.0ÊNotationÊtable

SymbolÊ/Êterm Meaning

R3 Three-dimensionalÊrealÊvectorÊspace

r AÊRotationÊVector

∥r∥ MagnitudeÊof r,ÊinterpretedÊasÊrotationÊangle

r̂ UnitÊdirectionÊof r when r = 0

axis RotationÊaxisÊgivenÊby r/∥r∥

angle RotationÊangleÊgivenÊby ∥r∥

0 IdentityÊrotation

u ⋅ v DotÊproduct

u × v CrossÊproduct

Rr(x) ActionÊofÊRotationÊVector r onÊpoint x

exp(r) QuaternionÊimageÊof r underÊtheÊexponentialÊmap

log(Q) RotationÊVectorÊcoordinateÊassociatedÊwithÊquaternion Q

principalÊrepresentative AÊchosenÊboundedÊrepresentativeÊofÊanÊorientation

non-principalÊrepresentative AÊrepresentativeÊretainingÊwindingÊinformation

VectorsÊin R3 areÊwrittenÊinÊboldface,ÊforÊexample v = (vx, vy, vz).ÊTheirÊEuclideanÊnormÊis
written ∥v∥,ÊtheirÊdotÊproductÊas u ⋅ v,ÊandÊtheirÊcrossÊproductÊas u × v.ÊAÊunitÊvectorÊis
markedÊwithÊaÊhat,ÊsoÊthat v̂ = v/∥v∥ whenever v = 0.

AÊRotationÊVectorÊisÊaÊvector r ∈ R3 whoseÊdirectionÊisÊtheÊrotationÊaxisÊandÊwhoseÊmagnitude
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radians
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isÊtheÊrotationÊangleÊinÊradians:

TheÊidentityÊrotationÊisÊthereforeÊtheÊzeroÊvector 0.ÊThisÊisÊoneÊofÊtheÊconceptualÊadvantagesÊof
theÊrepresentation:ÊtheÊidentityÊisÊnotÊaÊspecialÊnormalizedÊobjectÊorÊaÊconstrainedÊmatrix,Êbut
simplyÊtheÊoriginÊofÊtheÊspace.

TwoÊdistinctÊusesÊofÊtheÊsameÊquantityÊmustÊbeÊkeptÊseparateÊfromÊtheÊbeginning.ÊFirst,Êa
RotationÊVectorÊmayÊdenoteÊaÊrealizedÊorientation:ÊtheÊaccumulatedÊrotationÊfromÊaÊchosen
referenceÊframe.ÊSecond,ÊitÊmayÊdenoteÊanÊangularÊincrementÊorÊangularÊvelocityÊtoÊbe
integratedÊoverÊtime.ÊTheÊunderlyingÊvectorÊformÊisÊtheÊsameÊinÊbothÊcases,ÊbutÊthe
interpretationÊisÊdifferent.

TheÊbasicÊvectorÊoperationsÊareÊstandard:

TheseÊformulasÊmatterÊhereÊbecauseÊtheÊentireÊframeworkÊisÊbuiltÊfromÊthem.ÊInÊparticular,Êthe
dotÊproductÊcontrolsÊangularÊagreementÊbetweenÊaxes,ÊwhileÊtheÊcrossÊproductÊcarriesÊthe
orientedÊfailureÊofÊcommutativityÊthatÊlaterÊappearsÊinÊtheÊcompositionÊlaw.

2.1ÊActionÊonÊpoints
AÊRotationÊVectorÊactsÊonÊaÊpointÊthroughÊRodrigues'Êformula.ÊIf â isÊaÊunitÊaxisÊand θ anÊangle,
thenÊtheÊrotatedÊimageÊofÊaÊpoint x is

InÊRotationÊVectorÊform,ÊthisÊbecomes

r̂ =
∥r∥
r

, θ = ∥r∥.

u + v = (ux + vx, uy + vy, uz + vz),

λv = (λvx, λvy, λvz),

u ⋅ v = uxvx + uyvy + uzvz,

u × v = (uyvz − uzvy, uzvx − uxvz, uxvy − uyvx).

R(x; â, θ) = cos θ x + sin θ (â × x) + (1 − cos θ)(â ⋅ x) â.

Rr(x) = R(x;
∥r∥
r

, ∥r∥) ,
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Two distinct uses of the same quantity must be kept separate from the beginning. First, a Rotation Vector may denote 
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interpretation is different.
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Relation to Matrices and Quaternions
A Rotation Vector may be converted to a rotation matrix by applying Rodrigues’ formula to the standard basis vectors. 
The resulting matrix is naturally read column-wise as the images of the coordinate axes, which connects the abstract 
formula to practical frame recovery without requiring code in the text.

The framework also connects cleanly to the unit quaternions through the exponential map

withÊtheÊidentityÊcaseÊhandledÊseparatelyÊby R0(x) = x.

2.2ÊRelationÊtoÊmatricesÊandÊquaternions
AÊRotationÊVectorÊmayÊbeÊconvertedÊtoÊaÊrotationÊmatrixÊbyÊapplyingÊRodrigues'ÊformulaÊtoÊthe
standardÊbasisÊvectors.ÊTheÊresultingÊmatrixÊisÊnaturallyÊreadÊcolumn-wiseÊasÊtheÊimagesÊofÊthe
coordinateÊaxes,ÊwhichÊconnectsÊtheÊabstractÊformulaÊtoÊpracticalÊframeÊrecoveryÊwithout
requiringÊcodeÊinÊtheÊtext.

TheÊframeworkÊalsoÊconnectsÊcleanlyÊtoÊtheÊunitÊquaternionsÊthroughÊtheÊexponentialÊmap

withÊinverseÊlogarithm log(Q) = r.ÊInÊthisÊwayÊtheÊRotationÊVectorÊservesÊasÊaÊlogarithmic
coordinateÊon Spin(3) whileÊstillÊlivingÊinÊtheÊfamiliarÊvectorÊspace R3.

2.3ÊPrincipalÊandÊnon-principalÊrepresentatives
ForÊmanyÊpracticalÊpurposesÊoneÊmayÊreduceÊattentionÊtoÊaÊprincipalÊrepresentative,ÊbutÊthe
frameworkÊdoesÊnotÊrequireÊtheÊangleÊtoÊremainÊbounded.ÊTheÊsameÊphysicalÊorientationÊmay
beÊrepresentedÊwithÊdifferentÊwindingÊcounts.ÊThatÊdistinctionÊmattersÊwheneverÊaccumulated
rotation,ÊwindingÊnumber,ÊorÊlong-runningÊintegrationÊisÊpartÊofÊtheÊproblem.

WhenÊonlyÊorientationÊmatters,ÊaÊprincipalÊrepresentativeÊmayÊbeÊchosenÊforÊconvenience.
WhenÊaccumulatedÊturningÊmatters,ÊtheÊfullÊunboundedÊvectorÊshouldÊbeÊretained.ÊThe
importantÊpointÊisÊnotÊtoÊconfuseÊtheseÊtwoÊuses.

3.ÊCompositionÊofÊRotations
ThisÊsectionÊgivesÊtheÊcentralÊoperationÊofÊtheÊframework:ÊhowÊtoÊcombineÊtwoÊrotations
directlyÊinÊRotationÊVectorÊform.

TheÊfirstÊdistinctionÊisÊconceptual.ÊThereÊareÊtwoÊdifferentÊwaysÊinÊwhichÊrotationalÊquantities
combine,ÊandÊtheyÊshouldÊnotÊbeÊconfused.

SequentialÊcompositionÊmeansÊthatÊoneÊrotationÊisÊappliedÊafterÊanother.ÊThisÊisÊtheÊcaseÊfor
rigidÊhierarchies,ÊarticulatedÊchains,Êbody-frameÊupdates,ÊandÊaccumulatedÊorientation.

exp(r) = (cos
2

∥r∥
, sin

2
∥r∥

∥r∥
r ) ,

with inverse logarithm log(Q) = r. In this way the Rotation Vector serves as a logarithmic coordinate on Spin(3) while 
still living in the familiar vector space R3.

Principal and Non-Principal Representatives
For many practical purposes one may reduce attention to a principal representative, but the framework does not require 
the angle to remain bounded. The same physical orientation may be represented with different winding counts. That 
distinction matters whenever accumulated rotation, winding number, or long-running integration is part of the problem.

When only orientation matters, a principal representative may be chosen for convenience. When accumulated turning 
matters, the full unbounded vector should be retained. The important point is not to confuse these two uses.
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SequentialÊcompositionÊisÊnotÊcommutative.ÊOrderÊmatters.

SimultaneousÊcombinationÊmeansÊthatÊseveralÊangularÊinfluencesÊactÊatÊtheÊsameÊinstant,ÊasÊin
summedÊtorquesÊorÊangularÊvelocitiesÊbeforeÊintegration.ÊInÊthatÊcaseÊordinaryÊvectorÊaddition
isÊtheÊcorrectÊoperation.ÊItÊisÊcommutativeÊbecauseÊsimultaneousÊinfluencesÊhaveÊnoÊorder.

3.1ÊTheÊproblemÊofÊdirectÊcomposition
SupposeÊoneÊrotationÊisÊrepresentedÊbyÊaxis Â andÊangle a,ÊandÊaÊsecondÊbyÊaxis B̂ and
angle b.ÊTheÊusualÊcomputationalÊadviceÊisÊtoÊconvertÊbothÊtoÊquaternionsÊorÊmatrices,
composeÊthemÊthere,ÊandÊconvertÊback.ÊTheÊpresentÊframeworkÊinsteadÊtreatsÊdirectÊaxis-angle
compositionÊasÊaÊfirst-classÊoperation.

TheÊgoalÊisÊthereforeÊthis:Êgiven

computeÊtheÊresultingÊrotation

withoutÊtakingÊquaternionÊorÊmatrixÊformÊasÊtheÊprimaryÊlanguageÊofÊtheÊsection.

3.2ÊClosed-formÊcomposition
IntroduceÊtheÊhalf-angleÊterms

TheÊresultingÊangleÊisÊthenÊrecoveredÊfromÊtheÊscalarÊterm

TheÊresultingÊaxisÊisÊbuiltÊfromÊtheÊvectorÊterm

(Â, a) and (B̂, b),

(Ĉ, c)

S+ = sin
2

a + b
, C+ = cos

2
a + b

,

S− = sin
2

a − b
, C− = cos

2
a − b

.

c = 2 arccos(
2

(Â ⋅ B̂)(C+ − C−) + C− + C+ ) .

C = (B̂ × Â)(C− − C+) + Â(S+ + S−) + B̂(S+ − S−),
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SupposeÊoneÊrotationÊisÊrepresentedÊbyÊaxis Â andÊangle a,ÊandÊaÊsecondÊbyÊaxis B̂ and
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IntroduceÊtheÊhalf-angleÊterms

TheÊresultingÊangleÊisÊthenÊrecoveredÊfromÊtheÊscalarÊterm
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S+ = sin
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The resulting angle is then recovered from the scalar term

The resulting axis is built from the vector term

followed by normalization of C to obtain C^ . The resulting Rotation Vector is thenfollowedÊbyÊnormalizationÊof C toÊobtain Ĉ.ÊTheÊresultingÊRotationÊVectorÊisÊthen

ThisÊisÊtheÊmainÊconstructiveÊresultÊofÊtheÊframework:ÊdirectÊcompositionÊinÊaxis-angle
variables,ÊstatedÊcleanlyÊandÊthenÊinterpreted.

3.3ÊHowÊtoÊreadÊtheÊformula
TheÊformulaÊhasÊaÊclearÊinternalÊstructure.

TheÊdotÊproduct Â ⋅ B̂ controlsÊangularÊagreementÊbetweenÊtheÊtwoÊaxes.ÊWhenÊtheÊaxesÊare
aligned,ÊtheÊcompositionÊbehavesÊlikeÊdirectÊadditionÊofÊangles.ÊWhenÊtheyÊareÊanti-parallel,Êit
behavesÊmoreÊlikeÊsubtraction.ÊForÊintermediateÊconfigurations,ÊtheÊdotÊproductÊcontinuously
interpolatesÊbetweenÊthoseÊregimes.

TheÊcrossÊproduct B̂ × Â carriesÊtheÊnon-commutativeÊpartÊofÊtheÊcomposition.ÊThisÊisÊthe
orientedÊtermÊthatÊrecordsÊtheÊfactÊthatÊrotatingÊaroundÊoneÊaxisÊandÊthenÊanotherÊisÊnotÊthe
sameÊasÊreversingÊtheÊorder.ÊInÊtheÊlanguageÊofÊtheÊlaterÊtheoryÊchapter,ÊthisÊisÊtheÊvisible
remnantÊofÊtheÊLieÊbracket.

3.4ÊSingularÊcasesÊandÊaligned-axisÊbranches
TheÊgeneralÊformulaÊshouldÊnotÊbeÊevaluatedÊblindlyÊinÊeveryÊcase.ÊSomeÊconfigurationsÊare
notÊmerelyÊnumericallyÊdelicate;ÊtheyÊareÊgeometricallyÊsimplerÊandÊshouldÊbeÊrecognizedÊearly.

TheÊfirstÊearlyÊcheckÊisÊtheÊdotÊproduct Â ⋅ B̂.

If Â ⋅ B̂ isÊnear 1,ÊthenÊtheÊtwoÊaxesÊareÊeffectivelyÊtheÊsame.ÊInÊthatÊcaseÊtheÊcomposition
reducesÊdirectlyÊtoÊadditionÊalongÊaÊcommonÊaxis.ÊTheÊresultingÊangleÊisÊtheÊsumÊofÊtheÊtwo
angles,ÊandÊtheÊresultingÊaxisÊisÊthatÊsharedÊaxis.

If Â ⋅ B̂ isÊnear −1,ÊthenÊtheÊtwoÊaxesÊareÊeffectivelyÊopposite.ÊInÊthatÊcaseÊtheÊcomposition
reducesÊtoÊsubtractionÊofÊanglesÊalongÊaÊcommonÊline,ÊwithÊtheÊsignÊinterpretedÊaccordingÊto
theÊchosenÊaxisÊconvention.

AfterÊthoseÊaligned-axisÊchecks,ÊtheÊresultingÊangleÊmayÊstillÊlieÊnear 0 orÊnear 2π.ÊTheseÊare
theÊusualÊaxis-angleÊboundaryÊcases.ÊWhenÊtheÊresultÊisÊnearÊtheÊidentity,ÊtheÊaxisÊis
indeterminateÊandÊtheÊcorrectÊresultÊisÊsimplyÊtheÊzeroÊvector.ÊWhenÊtheÊresultÊisÊnearÊaÊfull

r = c Ĉ.

• Composition of Rotations
This section gives the central operation of the framework: how to combine two rotations directly in Rotation Vector form.

The first distinction is conceptual. There are two different ways in which rotational quantities combine, and they should 
not be confused.

Sequential composition means that one rotation is applied after another. This is the case for rigid hierarchies, articulated 
chains, body-frame updates, and accumulated orientation.

Sequential composition is not commutative. Order matters.

Simultaneous combination means that several angular influences act at the same instant, as in summed torques or 
angular velocities before integration. In that case ordinary vector addition is the correct operation. It is commutative 
because simultaneous influences have no order.

• The Problem of Direct Composition
Suppose one rotation is represented by axis A^ and angle a, and a second by axis B^ and angle b. The usual 
computational advice is to convert both to quaternions or matrices, compose them there, and convert back. The present 
framework instead treats direct axis-angle composition as a first-class operation.

The goal is therefore this given
	                                                       (A^,a) and (B^ ,b),

compute the resulting rotation
                                                                         (C^ ,c)
without taking quaternion or matrix form as the primary language of the section.

• Closed-Form Composition
Introduce the half-angle terms

This is the main constructive result of the framework: direct composition in axis-angle variables, stated cleanly and then 
interpreted.

• How to Read the Formula
The formula has a clear internal structure.

The dot product A^ ⋅ B^ controls angular agreement between the two axes. When the axes are aligned, the composition 
behaves like direct addition of angles. When they are anti-parallel, it behaves more like subtraction. For intermediate 
configurations, the dot product continuously interpolates between those regimes.
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The cross-product B^ × A^ carries the non-commutative part of the composition. This is the oriented term that records 
the fact that rotating around one axis and then another is not the same as reversing the order. In the language of the 
later theory chapter, this is the visible remnant of the Lie bracket.

Singular Cases and Aligned-Axis Branches
The general formula should not be evaluated blindly in every case. Some configurations are not merely numerically 
delicate; they are geometrically simpler and should be recognized early.

The first early check is the dot product A^ ⋅ B^.

If A^ ⋅ B^ is near 1, then the two axes are effectively the same. In that case the composition reduces directly to addition 
along a common axis. The resulting angle is the sum of the two angles, and the resulting axis is that shared axis.

If A^ ⋅ B^ is near −1, then the two axes are effectively opposite. In that case the composition reduces to subtraction of 
angles along a common line, with the sign interpreted according to the chosen axis convention.

After those aligned-axis checks, the resulting angle may still lie near 0 or near 2π. These are the usual axis-angle 
boundary cases. When the result is near the identity, the axis is indeterminate and the correct result is simply the zero 
vector. When the result is near a full turn, normalization again becomes delicate because the axis is being recovered 
from a nearly vanishing denominator.

Intrinsic and Extrinsic Application
One of the strongest observations in the current monograph is that the same composition formula also encodes the 
distinction between intrinsic and extrinsic rotation.

Intrinsic rotation means that the applied axis is attached to the moving body frame. Extrinsic rotation means that the 
applied axis is fixed in the ambient frame. The two are therefore not merely different verbal descriptions of the same 
update. They correspond to genuinely different geometric interpretations of how the new turn is being applied.

Earlier in this chapter, that distinction appeared through the sign and orientation of the noncommutative term. It may 
also be described in a second way: as a change-of-frame relation. In operator language, passing between body-frame 
and world-frame descriptions is closely related to conjugation. Geometrically, one may think of this as rotating into a 
frame versus rotating out of a frame.

Those Are Three Views of the Same Issue
• order of composition,
• body frame versus world frame,
• conjugate change of frame.

The essential point is that intrinsic and extrinsic application differ because the rotation being applied is being expressed 
in different frames.

Sequential Composition Versus Addition
The section closes with a simple but important distinction.
If rotations are chained through a hierarchy, use composition.
If angular influences are simultaneous, add the vectors.

These are not competing conventions. They answer different physical and geometric questions.

Historical Background and Classical Formulas
The Rotation Vector framework does not arise in isolation. It belongs to a long mathematical lineage in which three-
dimensional rotation is described by an axis together with an angle, and in which composition is understood through 
formulas that predate modern matrix and quaternion practice.

Rodrigues and Axis-Angle Rotation
The most direct classical expression of axis-angle rotation is Rodrigues’ formula for the action of a rotation on a point. 
Given a unit axis and an angle, the rotated point is obtained by decomposing the original vector into components parallel 
and perpendicular to the axis, rotating the perpendicular part in its plane, and leaving the axial part unchanged.

Rodrigues’ formula matters here for more than historical completeness. It shows that axisangle language is already 
operational: a Rotation Vector is enough to define the action of a rotation on space using only vector operations and 
trigonometric weights.
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Direct Composition as a Classical Possibility
The same historical lineage also contains direct formulas for composing rotations expressed by axis and angle. These 
formulas are less common in modern computational practice, where the standard route is to convert to matrices or 
quaternions, compose there, and convert back if needed.

This monograph gives direct composition in axis-angle variables primary presentation. That is not a denial of quaternion 
or matrix methods. It is a claim about which language best preserves the geometry of the operation being performed.

The Logarithmic Viewpoint
A modern reader will naturally ask how the Rotation Vector framework relates to the usual Lie-theoretic description of 
rotations. The answer is straightforward: Rotation Vectors are logarithmic coordinates for the rotation group.

A unit quaternion may be written in exponential form, and the corresponding logarithm is a vector whose direction is the 
rotation axis and whose magnitude is the rotation angle. In this sense the Rotation Vector is the Lie-algebra coordinate 
associated with a finite rotation, while quaternion multiplication expresses the corresponding group operation in covered 
form.

This is all the background needed for the later sections. The main ingredients of the framework are classical in spirit, 
even when the presentation is not standard.

Relation to Spinors, Quaternions, and Logarithmic Coordinates
A reader familiar with modern rotation theory will often assume that the present framework is merely quaternion 
language written in different coordinates. That reaction is understandable, but it is incomplete.

The Rotation Vector framework is fully compatible with the spinor description of rotation. A Rotation Vector maps to a 
unit quaternion by the exponential map, and the quaternion acts as the corresponding element of Spin(3). In that sense, 
the framework sits naturally inside the spinor picture.

What does not follow is that the paper should treat the quaternion as the hidden primary object. The mathematical 
compatibility is real, but the editorial and geometric center of the monograph remains the axis-angle vector itself. The 
purpose of the framework is not just to parameterize quaternion multiplication. It is to keep the represented rotation 
legible as an axis and an angle while still admitting direct composition, inversion, and comparison.

Why the Framework is not Merely “Spinors in Disguise”
If one begins with the quaternion as the primary object, the half-angle encoding, sign ambiguity, and normalization 
constraint come first, and the axis-angle content must be recovered afterward. If one begins with the Rotation Vector, 
the axis-angle content is primary from the start, and the quaternion becomes a derived exponential image.

That difference of emphasis matters. Two formalisms may be mathematically equivalent while still differing in what they 
treat as native, what they make transparent, and what they force the reader to reconstruct.

On the phrase “log-quaternion”
The older drafts sometimes use the phrase “log-quaternion” for the Rotation Vector. That terminology captures something 
important: the vector acts like a logarithmic coordinate for the quaternionic representation. But the phrase can also 
mislead.

A computation may be informed by logarithmic coordinates without being nothing more than the Lie-group multiplication 
law written entirely in log space. In some derivations the scalar part is separated, simplified, or reconstructed alongside 
the vector part. In that case the procedure is related to quaternion structure, but not identical to a naive “take logs, 
multiply in log space, and invert” picture.

For that reason, this monograph should prefer the phrase “logarithmic coordinate” to “logquaternion.” The latter may 
still appear when discussing historical drafts or comparisons, but it should not be left undefined.

Round-Tripping and Inverse Maps
The passage from Rotation Vector to quaternion is clean. Given a Rotation Vector r, the exponential map produces the 
corresponding unit quaternion. The more delicate issue is the inverse map: how one recovers the axis-angle vector from 
quaternion data.

The most reliable presentation here is to recover the angle magnitude from the real component using arccos, then 
recover the axis direction from the normalized imaginary component.
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In Plain Terms
• the real part gives the half-angle through arccos,
• the imaginary direction gives the axis,
• the full Rotation Vector is then angle times axis,
• with the chosen branch convention stated explicitly.

Why Matrices are Different
The matrix representation stands somewhat apart from this discussion. A rotation matrix is an excellent action operator, 
but as an inverse source for Rotation Vector recovery it sees only the principal physical rotation.

Matrix recovery is therefore best described as a projection back to principal orientation, not as a full inverse of accumulated 
rotation. Quaternions preserve more structure than matrices, but they still require branch selection. Rotation Vectors, by 
contrast, may retain unbounded accumulated turning directly when that information matters.

Summary
The Rotation Vector formalism is compatible with spinors. It may be embedded in quaternion language by the exponential 
map, and its inverse relation to quaternions must be discussed with care because logarithms have branches. But the 
framework should not be dismissed as mere alternate notation. Its main point is representational: it keeps the axis-angle 
content native while still connecting cleanly to the standard group-theoretic machinery.

Lie Groups, Lie Algebras and Local Structure
The Rotation Vector framework becomes easier to place mathematically once its relation to Lie theory is stated directly.
The group of spatial rotations is non-commutative. Infinitesimal rotations therefore do not combine like ordinary scalars, 
and the order of finite rotations matters. The Rotation Vector gives a concrete coordinate in which those facts remain 
geometrically visible.

The Local Linear Picture
At very small scales, rotations behave almost linearly. A sufficiently small Rotation Vector may be treated as an infinitesimal 
turn whose components describe angular change about the coordinate axes. In that regime, ordinary vector addition is 
the first approximation to composition.

This local linearity is one reason the Rotation Vector is such a natural object. Near the identity, the space of rotations 
looks like ordinary three-dimensional vector space, and the zero vector represents the identity rotation itself.

so(3) and the Cross Product
The Lie algebra so(3) may be identified with three-dimensional vectors through the skewsymmetric matrix correspondence. 
Under that identification, the Lie bracket is represented by the cross product.

This is the mathematical reason the cross-product term in the composition formula matters so much. It is not an 
arbitrary correction term and not a computational accident. It is the visible sign of the non-commutative algebra carried 
by finite rotations.

Exponential Map and Finite Rotation
A Rotation Vector may be interpreted as a logarithmic coordinate for a finite rotation. Exponentiating it gives the 
corresponding group element, whether one chooses to view that element as a unit quaternion, a rotation matrix, or 
another equivalent realization.

From this point of view, the Rotation Vector is not merely an informal axis-angle label. It is a coordinate on the group 
obtained from its tangent structure.

Why Composition is not Ordinary Addition
If the group were commutative, exponentials of generators would combine by direct addition. But spatial rotation is not 
commutative. As a result, finite composition cannot be reduced globally to simple vector addition.

The composition formula derived earlier is the exact nonlinear law. Near the identity it approaches addition, but away 
from the identity it must include the directional interaction between axes. The cross-product structure is the simplest 
visible expression of that interaction.

Local Frame Interpretation
The Lie-algebra viewpoint also clarifies why the framework is so natural for frame updates. A Rotation Vector may 
represent either a finite orientation relative to a reference frame or an infinitesimal update expressed in the current local 
frame. The distinction is interpretive, not structural: the same vector object participates in both uses.
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Summary
The Rotation Vector is compatible with the Lie-group description of rotation. Its local linear behavior comes from tangent-
space structure, its non-commutative composition is reflected by the cross-product bracket, and its finite realizations 
arise through the exponential map.
That is enough structure to justify the framework mathematically without overwhelming the constructive development 
of the monograph.

Recovery, Branches and Practical Computation
The earlier sections define the Rotation Vector, develop its composition law, and place it within the usual group-theoretic 
picture. This section addresses the inverse direction: how one recovers a Rotation Vector from other representations, 
what information is preserved or lost in the process, and where branch choices must be handled explicitly.

Recovery from Matrices
A rotation matrix determines a physical orientation, and from that orientation one may recover a principal axis-angle 
representative. In that limited sense matrix-to-Rotation-Vector conversion is straightforward.

The limitation is equally important. A matrix does not preserve winding history. It records the realized orientation, not 
the accumulated turning by which that orientation was reached. As a result, recovery from a matrix should be described 
as recovery of a principal representative, not as full recovery of an unbounded Rotation Vector.

Recovery from Quaternions
Quaternion recovery preserves more structure than matrix recovery, but it still requires a
branch convention.

The forward map from Rotation Vector to quaternion is clean: exponentiate the vector and obtain the corresponding 
unit quaternion. The inverse map is where care is needed. One must recover both an angle and an axis from a quantity 
whose sign and half-angle structure introduce multiple equivalent descriptions of the same physical rotation.

Why Arcos is Preferable here
The reason to prefer a real-part arccos reconstruction in this monograph is not that other inverse formulas are impossible. 
It is that they can obscure the branch structure.

Arctan-style inversions may be valid in carefully controlled settings, but they can also make
one half of the inverse map look artificially discontinuous because the half-angle information is being reassembled 
through a branch-sensitive quotient. Using arccos on the real component keeps the geometric meaning of the recovered 
angle visible.

Principal and Non-Principal Representatives
A single realized orientation may correspond to many Rotation Vectors differing by full-turn winding. This is not an oddity 
of the framework; it is part of its expressive power.

When the problem concerns only current orientation, one may reduce to a principal representative. When the problem 
concerns accumulated turning, rotational history, or longrunning integration, that reduction is no longer appropriate. In 
those cases the unbounded Rotation Vector should be retained.

Early Checks and Boundary Cases
The practical evaluation of composition and recovery should not wait until the end of a calculation to detect degenerate 
cases.

The first early check is axis alignment. If two input axes are nearly parallel, composition reduces to direct addition of 
angles on the shared axis. If they are nearly anti-parallel, composition reduces to a difference of angles on a common 
line, interpreted according to the chosen axis convention.

Only after those checks does one need the usual output-angle boundary handling. When the resulting angle is near zero, 
the correct result is the zero vector and the axis is immaterial. When the resulting angle is near a full turn, axis recovery 
again becomes delicate because a small denominator appears in normalized reconstruction.

Scope of the Main Discussion
The main discussion concerns what can be recovered from matrices, what can be recovered from quaternions, where 
branch choices occur, and why winding information matters. Detailed threshold rules, implementation tolerances, and 
numerical stitching policies are better left to an appendix unless they are needed to understand a mathematical claim.

Geometric Interpretation
The earlier sections develop the Rotation Vector as a formal object, a composition law, and a logarithmic coordinate 
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compatible with the usual group-theoretic descriptions. This section returns to the geometric reason the framework is 
useful: it keeps a rotation readable as a directed angular quantity.

Rotation as a Visible Geometric Object
A Rotation Vector does not merely stand in for a hidden operator. Its direction gives the axis of the rotation and its 
magnitude gives the angular amount. When one looks at a matrix, the represented rotation must usually be inferred 
from its action on basis vectors or from a derived axis-angle calculation. When one looks at a quaternion, the represented 
rotation must be unpacked from half-angle and sign conventions. A Rotation Vector presents the axis-angle content 
directly.

Local Frame Behaviour
Many practical problems are naturally stated as angular instructions: turn a little to the left in the current frame, pitch 
upward relative to the present body axis, compose a local roll with an already accumulated orientation, or compare two 
nearby orientations by their relative turn. The Rotation Vector lets such instructions be expressed in a language that 
stays close to that intention.

This matters most when order matters. A body-frame update is not the same as a world-frame update, and the difference 
is a real geometric distinction. Earlier sections showed that this appears in the orientation of the non-commutative term 
in composition. Here the same point may be stated more intuitively: the framework keeps local angular intent visible 
while still respecting the true geometry of rotation.

Relative Rotation and Continuity
Suppose two orientations are given. One often wants not merely to know both of them independently, but to know the 
rotation that carries one frame into the other. In the Rotation Vector framework, this is the relative Rotation Vector: the 
directed angular displacement needed to align one frame with the other.

This is a natural quantity for stabilization, interpolation, control correction, pose alignment, and tracking. In each case 
the useful quantity is not just the target pose, but the angular mismatch still remaining.

A final physical orientation may admit more than one representative in the covered Rotation Vector space, and the most 
useful target may be the representative closest to the current state rather than the principal one. That observation 
matters whenever continuity in the covered space is part of the problem.

Simultaneous Influence Versus Sequential Action
The framework also helps separate two situations that are often blurred in casual language. If one is describing multiple 
angular influences acting at the same instant, vector addition is the natural operation. If one is describing one realized 
rotation followed by another, composition is the correct operation. The Rotation Vector helps because both kinds of 
quantity live in a similar-looking vector language, which makes the contrast easier to state explicitly.

Practical Value
The framework does not eliminate all subtlety. Rotations remain non-commutative, branchsensitive on inversion, and 
globally nonlinear. Its value is that the main subtleties remain tied to visible geometric features: axis agreement appears 
in dot products, non-commutativity appears in cross products, winding appears in branch choice and magnitude, and 
frame dependence appears in order of composition.

Conclusion
This monograph has presented the Rotation Vector as a practical and mathematical representation of finite rotation in 
three dimensions.

The framework begins with a simple encoding: a vector in R3 whose direction gives the axis and whose magnitude gives 
the angle. From that starting point it develops direct action on points, direct composition in axis-angle form, inverse 
and relative constructions, and a natural relation to quaternions, matrices, and the Lie-theoretic structure of rotation.

Its main contribution is not a claim of exclusivity, but of perspective. Matrices are powerful action operators. Quaternions 
are an elegant covered group representation. The Rotation Vector deserves attention because it keeps the angular 
content of the motion explicit while still participating in the same underlying mathematics.
That explicitness is more than cosmetic. It helps separate sequential composition from simultaneous addition, clarifies 
the role of branch choice and winding, and keeps local frame updates and relative corrections close to the language in 
which they are naturally described.

Some related ideas suggested by the broader project remain open, especially where interpolation across the covered 
space and other extensions are concerned. Even so, the central framework already stands independently: a constructive, 
geometrically legible way to describe and combine three-dimensional rotations without surrendering either mathematical 
seriousness or practical use.
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AppendixÊB.ÊUsefulÊoperations
ThisÊappendixÊgathersÊpracticalÊoperationsÊthatÊareÊoftenÊneededÊinÊsoftwareÊbutÊdoÊnotÊrequire
constructionÊofÊaÊfullÊbasisÊmatrix.ÊItÊalsoÊrecordsÊtheÊfullÊrotationÊmatrixÊandÊitsÊinverse
recovery.

LetÊtheÊRotationÊVectorÊbeÊwrittenÊas r,Êwith

where r̂ = (r̂x, r̂y, r̂z) denotesÊtheÊunitÊdirectionÊof r.ÊTheÊfollowingÊshorthandsÊappear
throughout:

B.1ÊTheÊfullÊrotationÊmatrix
TheÊrotationÊmatrixÊisÊobtainedÊbyÊapplyingÊRodrigues'ÊformulaÊtoÊeachÊstandardÊbasisÊvector.
InÊcolumn-majorÊformÊ(columnsÊareÊtheÊimagesÊofÊthe x-, y-,Êand z-axes):

TheÊcommonÊsubexpressions s, c,Êand m appearÊinÊeveryÊentry.ÊTheÊoff-diagonalÊtermsÊcome
inÊsymmetricÊpairsÊthatÊdifferÊonlyÊbyÊtheÊsignÊofÊthe s termÊÑÊthisÊisÊtheÊcross-product
contribution.ÊComputingÊtheÊfullÊmatrixÊisÊonlyÊslightlyÊmoreÊworkÊthanÊcomputingÊtwoÊindividual
axes,ÊbecauseÊtheÊsubexpressionsÊareÊshared.

B.2ÊRecoveryÊofÊaÊRotationÊVectorÊfromÊaÊmatrix
GivenÊaÊrotationÊmatrix M withÊentries Mij (column i,Êrow j):

TheÊangleÊisÊrecoveredÊfromÊtheÊtrace:

r̂ =
∥r∥
r

, θ = ∥r∥.

s = sin θ, c = cos θ, m = 1 − cos θ.

M =

c + m r̂x
2

m r̂xr̂y + s r̂z

m r̂xr̂z − s r̂y

m r̂xr̂y − s r̂z

c + m r̂y
2

m r̂yr̂z + s r̂x

m r̂xr̂z + s r̂y

m r̂yr̂z − s r̂x

c + m r̂z
2

θ = arccos(
2

M00 + M11 + M22 − 1) .
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M00 + M11 + M22 − 1) .

where^r = (^rx,^ry,^rz) denotes the unit direction of r. The following shorthands appear throughout

Appendix A. 
Usage and Application Notes
This appendix gathers material that is useful in practice but not required for the central mathematical argument.

Local Frame Update
Consider an object with an already accumulated orientation r. Suppose one now wishes to apply a small local yaw to the 
object: not a world-axis turn, but a turn relative to the object’s current frame.

The new local yaw is represented by a small Rotation Vector d whose axis is the object’s current local up direction and 
whose magnitude is the desired small turning angle. The updated orientation is then obtained by composing d with r in 
the intrinsic order.

If the same small yaw were applied in the world frame instead, the order of composition would change and the resulting 
orientation would, in general, be different.

Relative Rotation Between Two Poses
Now suppose two orientations are given, r1 and r2. A common practical question is: what directed turn carries the first 
pose into the second?

In the Rotation Vector framework, this is the relative Rotation Vector. One seeks the finite angular displacement that, 
when composed with the first orientation in the appropriate order, produces the second.

This quantity is useful because it says more than “these poses differ.” It says how they differ, in the same axis-angle 
language used everywhere else in the framework.

Interpolation, Branch Choice, and Slerp
The standard language for rotational interpolation is SLERP. In quaternion form, SLERP selects a shortest-path 
interpolation on the covered sphere once a branch has been chosen.

The Rotation Vector viewpoint adds two useful questions before interpolation begins. The first is branch selection: a final 
physical orientation may admit more than one representative in the covered Rotation Vector space, and the most useful 
target may be the one closest to the current state rather than the principal one.

The second is that the framework appears to support a distinct interpolation construction that is not SLERP. In the 
present formulation, the difference between the endpoint Rotation Vectors determines a rotation axis in the covering 
space. That axis is then extrinsically rotated into the source frame, and the interpolation angle is recovered from the 
cross-product relation of the endpoint vectors. This appears to provide a meaningful continuation outside the usual 
interpolation interval, where continuity in the covered space may matter more than reduction to principal-angle form.

SLERP remains the standard quaternion interpolation method on its usual interval. The Rotation Vector framework 
clarifies branch choice before interpolation, and it may also support a distinct interpolation method when extrapolation 
or continuity in the covered space matters.

Application Domains
The framework is especially natural in settings where rotations are manipulated as intentions, updates, or comparisons 
rather than only as finished action operators. These include camera and view control, rigid-body simulation, robotics 
and articulated kinematics, attitude tracking and stabilization, interpolation, and geometric software systems that must 
move repeatedly between intuition and computation.

Appendix B. 
Useful Operations
This appendix gathers practical operations that are often needed in software but do not require construction of a full 
basis matrix. It also records the full rotation matrix and its inverse recovery.

Let the Rotation Vector be written as r, with
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TheÊaxisÊ(unnormalized)ÊisÊrecoveredÊfromÊtheÊskew-symmetricÊpart:

TheÊRotationÊVectorÊisÊthen r = θ a/∥a∥.

When θ ≈ 0,ÊtheÊskew-symmetricÊpartÊvanishesÊandÊtheÊaxisÊisÊindeterminateÊÑÊtheÊresultÊis 0
.ÊWhen θ ≈ π,ÊtheÊskew-symmetricÊpartÊisÊagainÊsmall;ÊtheÊaxisÊmustÊinsteadÊbeÊrecovered
fromÊtheÊsymmetricÊpartÊ(theÊeigenvectorÊofÊeigenvalue +1).

AsÊnotedÊinÊSectionÊ7.1,ÊmatrixÊrecoveryÊreturnsÊonlyÊaÊprincipalÊrepresentative.ÊWinding
informationÊisÊnotÊpreserved.

B.3ÊRecoveringÊindividualÊbasisÊaxes
TheÊcolumnsÊofÊtheÊrotationÊmatrixÊareÊtheÊcurrentÊframeÊaxes.ÊWhenÊonlyÊoneÊaxisÊisÊneeded,
itÊmayÊbeÊcomputedÊdirectlyÊwithoutÊtheÊfullÊmatrix.

TheÊcurrentÊrightÊaxisÊ(imageÊof (1, 0, 0)):

TheÊcurrentÊupÊaxisÊ(imageÊof (0, 1, 0)):

TheÊcurrentÊforwardÊaxisÊ(imageÊof (0, 0, 1)):

TheseÊareÊtheÊcolumnsÊof M ,ÊwrittenÊverticallyÊforÊreadability.ÊEachÊsharesÊtheÊsame s, c, m

subexpressions.

a = (M12 − M21, M20 − M02, M01 − M10).

Right(r) =

c + m r̂x
2

s r̂z + m r̂xr̂y

−s r̂y + m r̂xr̂z

.

Up(r) =

−s r̂z + m r̂yr̂x

c + m r̂y
2

s r̂x + m r̂yr̂z

.

Forward(r) =

s r̂y + m r̂zr̂x

−s r̂x + m r̂zr̂y

c + m r̂z
2

.
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M00 + M11 + M22 − 1) .
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The Rotation Vector is then r = θa/∥a∥.

When θ ≈ 0, the skew-symmetric part vanishes and the axis is indeterminate — the result is 0. When θ ≈ π, the 
skew-symmetric part is again small; the axis must instead be recovered from the symmetric part (the eigenvector of 
eigenvalue +1).

As noted in Section 7.1, matrix recovery returns only a principal representative. Winding information is not preserved.

Recovering Individual Basis Axes
The columns of the rotation matrix are the current frame axes. When only one axis is needed, it may be computed 
directly without the full matrix.

The current right axis (image of (1,0,0));

AppendixÊB.ÊUsefulÊoperations
ThisÊappendixÊgathersÊpracticalÊoperationsÊthatÊareÊoftenÊneededÊinÊsoftwareÊbutÊdoÊnotÊrequire
constructionÊofÊaÊfullÊbasisÊmatrix.ÊItÊalsoÊrecordsÊtheÊfullÊrotationÊmatrixÊandÊitsÊinverse
recovery.

LetÊtheÊRotationÊVectorÊbeÊwrittenÊas r,Êwith

where r̂ = (r̂x, r̂y, r̂z) denotesÊtheÊunitÊdirectionÊof r.ÊTheÊfollowingÊshorthandsÊappear
throughout:

B.1ÊTheÊfullÊrotationÊmatrix
TheÊrotationÊmatrixÊisÊobtainedÊbyÊapplyingÊRodrigues'ÊformulaÊtoÊeachÊstandardÊbasisÊvector.
InÊcolumn-majorÊformÊ(columnsÊareÊtheÊimagesÊofÊthe x-, y-,Êand z-axes):

TheÊcommonÊsubexpressions s, c,Êand m appearÊinÊeveryÊentry.ÊTheÊoff-diagonalÊtermsÊcome
inÊsymmetricÊpairsÊthatÊdifferÊonlyÊbyÊtheÊsignÊofÊthe s termÊÑÊthisÊisÊtheÊcross-product
contribution.ÊComputingÊtheÊfullÊmatrixÊisÊonlyÊslightlyÊmoreÊworkÊthanÊcomputingÊtwoÊindividual
axes,ÊbecauseÊtheÊsubexpressionsÊareÊshared.

B.2ÊRecoveryÊofÊaÊRotationÊVectorÊfromÊaÊmatrix
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TheÊangleÊisÊrecoveredÊfromÊtheÊtrace:

r̂ =
∥r∥
r

, θ = ∥r∥.

s = sin θ, c = cos θ, m = 1 − cos θ.

M =

c + m r̂x
2

m r̂xr̂y + s r̂z

m r̂xr̂z − s r̂y

m r̂xr̂y − s r̂z

c + m r̂y
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m r̂yr̂z + s r̂x

m r̂xr̂z + s r̂y

m r̂yr̂z − s r̂x

c + m r̂z
2

θ = arccos(
2

M00 + M11 + M22 − 1) .

The common subexpressions s, c, and m appear in every entry. The off-diagonal terms come in symmetric pairs that 
differ only by the sign of the s term — this is the cross-product contribution. Computing the full matrix is only slightly 
more work than computing two individual axes, because the subexpressions are shared.

Recovery of a Rotation Vector from a Matrix
Given a rotation matrix M with entries Mij (column i, row j)

The angle is recovered from the trace

These are the columns of M, written vertically for readability. Each shares the same s, c, m subexpressions.

The Full Rotation Matrix
The rotation matrix is obtained by applying Rodrigues’ formula to each standard basis vector. In column-major form 
(columns are the images of the x-, y-, and z-axes)
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Pure Rotation About a Chosen Axis
If one wants a pure turn about a chosen unit axis^u by angle ϕ, then the corresponding Rotation Vector is simply
                                                                       d = ϕ^u.

This is the most direct form of an axis-constrained update.

Rotation About the Current Local Axes
Once a local axis has been recovered, a turn about that axis may be expressed directly as a Rotation Vector and then 
composed with the current orientation.

 A yaw about the current up axis is generated from

                                                                   dyaw = ϕ Up(r).

A pitch about the current right axis is generated from

                                                                 dpitch = ϕ Right(r).

A roll about the current forward axis is generated from

                                                                droll = ϕ Forward(r).

The resulting orientation is then obtained by intrinsic or extrinsic composition, depending on whether the update is 
expressed in the moving frame or the ambient frame. In the language of Intrinsic and extrinsic application, this is the 
distinction between body-frame and world-frame application.

Twist alignments on the spherical mapping use the yaw construction.

Why these Operations Matter
In many practical systems the needed operation is not “recover the whole orientation basis” but something narrower: 
recover the current up axis, apply a roll about the forward axis, compute a local correction about one constrained 
direction, or compare only one angular component of a broader pose update. In such cases the Rotation Vector often 
lets the operation be written directly, without detouring through a full matrix reconstruction.

Appendix C. 
Inverse kinematics
This appendix develops inverse kinematics (IK) in Rotation Vector language. The core idea is that the same cross-
product and dot-product operations used elsewhere in the framework also describe how joint corrections propagate 
through an articulated chain. The treatment here uses the same geometric vocabulary as collision response in a physics 
engine: moment arms, torque vectors, and iterative constraint solving.

The Problem
Forward kinematics composes a chain of joint rotations sequentially (From Closed-form Composition) and reports the 
end-effector pose. Inverse kinematics asks the reverse: given a desired end-effector position and orientation, what joint 
angles produce it?

For chains of more than two links in three dimensions, the problem generally has no closedform solution. The system 
may be underdetermined (more joint freedoms than constraints), overdetermined (fewer), or exactly determined but 
nonlinear. An iterative approach is natural.

The Error Rotation
Given a chain of joints with current Rotation Vectors r1,r2,…,rn, forward kinematics computes the current end-effector 
orientation ractual by sequential composition. The target orientation is rtarget.

The rotation that would carry the current orientation to the target is itself a Rotation Vector

where ∘ denotes the composition of Closed-form Composition and −r is the inverse rotation (same axis, negated angle). 
This error vector gives the axis and magnitude of what is missing. If it is zero, the chain already reaches the target 
orientation.

How Much Can Each Joint Help?
Each joint has an axis as seen from the end-effector frame. Call this^ji: the axis of joint i, rotated through all downstream 
compositions to express it at the end effector.

AppendixÊC.ÊInverseÊkinematics
ThisÊappendixÊdevelopsÊinverseÊkinematicsÊ(IK)ÊinÊRotationÊVectorÊlanguage.ÊTheÊcoreÊideaÊis
thatÊtheÊsameÊcross-productÊandÊdot-productÊoperationsÊusedÊelsewhereÊinÊtheÊframeworkÊalso
describeÊhowÊjointÊcorrectionsÊpropagateÊthroughÊanÊarticulatedÊchain.ÊTheÊtreatmentÊhere
usesÊtheÊsameÊgeometricÊvocabularyÊasÊcollisionÊresponseÊinÊaÊphysicsÊengine:ÊmomentÊarms,
torqueÊvectors,ÊandÊiterativeÊconstraintÊsolving.

C.1ÊTheÊproblem
ForwardÊkinematicsÊcomposesÊaÊchainÊofÊjointÊrotationsÊsequentiallyÊ(SectionÊ3.2)ÊandÊreports
theÊend-effectorÊpose.ÊInverseÊkinematicsÊasksÊtheÊreverse:ÊgivenÊaÊdesiredÊend-effector
positionÊandÊorientation,ÊwhatÊjointÊanglesÊproduceÊit?

ForÊchainsÊofÊmoreÊthanÊtwoÊlinksÊinÊthreeÊdimensions,ÊtheÊproblemÊgenerallyÊhasÊnoÊclosed-
formÊsolution.ÊTheÊsystemÊmayÊbeÊunderdeterminedÊ(moreÊjointÊfreedomsÊthanÊconstraints),
overdeterminedÊ(fewer),ÊorÊexactlyÊdeterminedÊbutÊnonlinear.ÊAnÊiterativeÊapproachÊisÊnatural.

C.2ÊTheÊerrorÊrotation
GivenÊaÊchainÊofÊjointsÊwithÊcurrentÊRotationÊVectors r1, r2, … , rn,ÊforwardÊkinematics
computesÊtheÊcurrentÊend-effectorÊorientation ractual byÊsequentialÊcomposition.ÊTheÊtarget
orientationÊis rtarget.

TheÊrotationÊthatÊwouldÊcarryÊtheÊcurrentÊorientationÊtoÊtheÊtargetÊisÊitselfÊaÊRotationÊVector:

where ∘ denotesÊtheÊcompositionÊofÊSectionÊ3.2Êand −r isÊtheÊinverseÊrotationÊ(sameÊaxis,
negatedÊangle).ÊThisÊerrorÊvectorÊgivesÊtheÊaxisÊandÊmagnitudeÊofÊwhatÊisÊmissing.ÊIfÊitÊisÊzero,
theÊchainÊalreadyÊreachesÊtheÊtargetÊorientation.

C.3ÊHowÊmuchÊcanÊeachÊjointÊhelp?
EachÊjointÊhasÊanÊaxisÊasÊseenÊfromÊtheÊend-effectorÊframe.ÊCallÊthis ĵi:ÊtheÊaxisÊofÊjoint i,
rotatedÊthroughÊallÊdownstreamÊcompositionsÊtoÊexpressÊitÊatÊtheÊendÊeffector.

TheÊdotÊproduct

rerror = rtarget ∘ (−ractual)
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measuresÊhowÊwellÊjoint i isÊalignedÊwithÊtheÊerror.ÊWhenÊthisÊisÊnear ±1,ÊtheÊjointÊcanÊabsorb
theÊcorrectionÊdirectlyÊbyÊadjustingÊitsÊangleÊÑÊthisÊisÊtheÊaligned-axisÊcaseÊofÊSectionÊ3.4,
whereÊcompositionÊreducesÊtoÊaddition.ÊWhenÊthisÊisÊnear 0,ÊtheÊjoint'sÊaxisÊisÊperpendicularÊto
theÊerrorÊandÊturningÊitÊdoesÊnotÊhelpÊwithÊthisÊparticularÊerrorÊcomponent.

ThisÊisÊtheÊsameÊgeometricÊtestÊusedÊinÊcollisionÊresponse.ÊWhenÊaÊforceÊisÊappliedÊatÊa
contactÊpoint,ÊtheÊtorqueÊitÊproducesÊisÊtheÊcrossÊproductÊofÊtheÊmomentÊarmÊwithÊtheÊforce.
TheÊcomponentÊofÊthatÊtorqueÊalongÊtheÊbody'sÊspinÊaxisÊchangesÊtheÊspinÊrate;Êthe
perpendicularÊcomponentÊchangesÊtheÊspinÊdirection.ÊHere,ÊeachÊjointÊisÊaÊmomentÊarmÊfor
affectingÊtheÊendÊeffector,ÊandÊtheÊdotÊproductÊtellsÊyouÊhowÊmuchÊofÊtheÊerrorÊeachÊjointÊcan
reach.

C.4ÊTheÊcorrectionÊstep
ForÊeachÊjoint,ÊcomputeÊitsÊprojectedÊinfluenceÊonÊtheÊerror:

1. GetÊjoint i'sÊaxisÊinÊend-effectorÊcoordinates: ĵi.
2. ProjectÊtheÊerrorÊontoÊthisÊaxis: δi = rerror ⋅ ĵi.
3. ApplyÊaÊfractionÊofÊthisÊasÊaÊcorrection: ri ← ri + α δi ĵi,Êwhere α < 1 isÊaÊdamping

factor.

JointsÊalignedÊwithÊtheÊerrorÊgetÊlargeÊcorrections.ÊPerpendicularÊjointsÊgetÊnone.ÊTheÊdamping
factorÊpreventsÊovershoot:ÊcorrectingÊoneÊjointÊchangesÊtheÊframeÊthatÊeveryÊdownstreamÊjoint
operatesÊin,ÊsoÊaÊsingleÊpassÊcannotÊaccountÊforÊallÊtheÊnonlinearÊinteractions.

C.5ÊWhyÊiterate?
TheÊcompositionÊformulaÊ(SectionÊ3.2)ÊisÊnonlinear.ÊCorrectingÊjointÊ1ÊchangesÊtheÊframeÊthat
jointÊ2ÊoperatesÊin,ÊwhichÊchangesÊjointÊ2'sÊeffectiveÊaxisÊatÊtheÊendÊeffector,ÊwhichÊchanges
howÊjointÊ3'sÊcorrectionÊpropagates.ÊAÊsingleÊpassÊthroughÊtheÊchainÊdoesÊnotÊcaptureÊthese
interactions.ÊButÊeachÊpassÊreducesÊtheÊerror,ÊandÊtheÊcorrectionsÊgetÊsmallerÊasÊtheÊchain
converges.

ThisÊisÊdirectlyÊanalogousÊtoÊhowÊphysicsÊenginesÊiterateÊconstraintÊsolvers:ÊapplyÊcorrections,
recomputeÊtheÊstate,ÊapplyÊsmallerÊcorrections,ÊrepeatÊuntilÊtheÊresidualÊisÊbelowÊthreshold.

ĵi ⋅ r̂error

measures how well joint i is aligned with the error. When this is near ±1, the joint can absorb the correction directly by 
adjusting its angle — this is the aligned-axis case of Section 3.4, where composition reduces to addition. When this is 
near 0, the joint’s axis is perpendicular to the error and turning it does not help with this particular error component.

This is the same geometric test used in collision response. When a force is applied at a contact point, the torque it 
produces is the cross product of the moment arm with the force. The component of that torque along the body’s spin 
axis changes the spin rate; the perpendicular component changes the spin direction. Here, each joint is a moment arm 
for affecting the end effector, and the dot product tells you how much of the error each joint can reach.

The Correction Step
For Each Joint, Compute Its Projected Influence on The Error
• Get joint i’s axis in end-effector coordinates: ^ji.
• Project the error onto this axis: δi = rerror ⋅^ji.
• Apply a fraction of this as a correction: ri ← ri + αδi^ji, where α < 1 is a damping factor.

Joints aligned with the error get large corrections. Perpendicular joints get none. The damping factor prevents overshoot: 
correcting one joint changes the frame that every downstream joint operates in, so a single pass cannot account for all 
the nonlinear interactions.

Why Iterate?
The composition formula (From Closed-form Composition) is nonlinear. Correcting joint 1 changes the frame that joint 2 
operates in, which changes joint 2’s effective axis at the end effector, which changes how joint 3’s correction propagates. 
A single pass through the chain does not capture these interactions. But each pass reduces the error, and the corrections 
get smaller as the chain converges.

This is directly analogous to how physics engines iterate constraint solvers: apply corrections, recompute the state, 
apply smaller corrections, repeat until the residual is below threshold.

Position Constraints
The discussion above handles orientation. For position constraints — the end effector must reach a specific point in 
space — the error is a translation vector perror, not a rotation vector.

Converting a position error to joint corrections requires knowing how each joint’s rotation moves the endpoint. If joint i 
changes by a small rotation δri, the endpoint moves by approximately

C.6ÊPositionÊconstraints
TheÊdiscussionÊaboveÊhandlesÊorientation.ÊForÊpositionÊconstraintsÊÑÊtheÊendÊeffectorÊmust
reachÊaÊspecificÊpointÊinÊspaceÊÑÊtheÊerrorÊisÊaÊtranslationÊvector perror,ÊnotÊaÊrotationÊvector.

ConvertingÊaÊpositionÊerrorÊtoÊjointÊcorrectionsÊrequiresÊknowingÊhowÊeachÊjoint'sÊrotation
movesÊtheÊendpoint.ÊIfÊjoint i changesÊbyÊaÊsmallÊrotation δri,ÊtheÊendpointÊmovesÊby
approximately

where Li isÊtheÊvectorÊfromÊjoint i toÊtheÊendÊeffectorÊÑÊtheÊmomentÊarm.ÊThisÊisÊtheÊsame
crossÊproductÊusedÊinÊcollisionÊresponseÊtoÊcomputeÊlinearÊvelocityÊatÊaÊcontactÊfromÊangular
velocity.ÊTheÊjoint'sÊabilityÊtoÊcorrectÊaÊpositionÊerrorÊdependsÊonÊtheÊcrossÊproductÊofÊits
rotationÊaxisÊwithÊtheÊmomentÊarmÊtoÊtheÊendpoint.

TheÊpositionÊcorrectionÊforÊjoint i isÊtherefore:ÊfindÊtheÊsmallÊrotationÊthat,ÊcrossedÊwithÊthe
momentÊarm Li,ÊproducesÊaÊdisplacementÊtowardÊtheÊtarget.ÊGivenÊaÊdesiredÊdisplacement δp
andÊaÊmomentÊarm Li,ÊtheÊrequiredÊangularÊcorrectionÊisÊtheÊrotationÊaboutÊtheÊaxis
perpendicularÊtoÊboth,ÊscaledÊbyÊtheÊdistance.

C.7ÊCombinedÊiteration
ForÊaÊchainÊwithÊbothÊpositionÊandÊorientationÊtargets,ÊeachÊiterationÊstepÊcomputesÊbothÊerrors
(oneÊrotationÊvector,ÊoneÊtranslationÊvector),ÊprojectsÊbothÊontoÊeachÊjoint'sÊinfluence,Êand
appliesÊaÊcombinedÊdampedÊcorrection.ÊTheÊsix-componentÊerrorÊ(3ÊpositionÊ+Ê3Êorientation)Êis
distributedÊacrossÊallÊjointsÊbasedÊonÊeachÊjoint'sÊgeometricÊabilityÊtoÊaffectÊbothÊtypesÊofÊerror.

C.8ÊWhatÊtheÊRotationÊVectorÊframeworkÊprovides
TheÊerrorÊbetweenÊtwoÊorientationsÊisÊaÊvectorÊin R3.ÊItÊcanÊbeÊscaled,ÊprojectedÊontoÊjoint
axes,ÊsplitÊamongÊjoints,ÊandÊcomparedÊinÊmagnitudeÊforÊconvergence.ÊTheÊdotÊproductÊwith
eachÊjointÊaxisÊimmediatelyÊtellsÊyouÊwhichÊjointsÊareÊusefulÊforÊaÊgivenÊcorrection.ÊTheÊcross
productÊconvertsÊbetweenÊangularÊandÊlinearÊquantitiesÊatÊaÊcontactÊorÊjoint.ÊNoneÊofÊthis
requiresÊconvertingÊbetweenÊrepresentations.

TheÊaligned-axisÊshortcutÊ(SectionÊ3.4)ÊisÊparticularlyÊrelevant:ÊwhenÊaÊjoint'sÊaxisÊisÊnearly
alignedÊwithÊtheÊerror,ÊtheÊcorrectionÊisÊaÊsimpleÊangleÊaddition.ÊWhenÊperpendicular,ÊtheÊfull

δp ≈ δri × Li

where Li is the vector from joint i to the end effector — the moment arm. This is the same cross product used in collision 
response to compute linear velocity at a contact from angular velocity. The joint’s ability to correct a position error 
depends on the cross product of its rotation axis with the moment arm to the endpoint.

The position correction for joint i is therefore: find the small rotation that, crossed with the moment arm Li, produces a 
displacement toward the target. Given a desired displacement δp and a moment arm Li, the required angular correction 
is the rotation about the axis perpendicular to both, scaled by the distance.

Combined Iteration
For a chain with both position and orientation targets, each iteration step computes both errors (one rotation vector, 
one translation vector), projects both onto each joint’s influence, and applies a combined damped correction. The six-
component error (3 position + 3 orientation) is distributed across all joints based on each joint’s geometric ability to 
affect both types of error.

What the Rotation Vector Framework Provides
The error between two orientations is a vector in R3. It can be scaled, projected onto joint axes, split among joints, and 
compared in magnitude for convergence. The dot product with each joint axis immediately tells you which joints are 
useful for a given correction. The cross product converts between angular and linear quantities at a contact or joint. 
None of this requires converting between representations.

The aligned-axis shortcut (Section 3.4) is particularly relevant: when a joint’s axis is nearly aligned with the error, the 
correction is a simple angle addition. When perpendicular, the full composition is needed. The dot product tells you 
which regime applies, and therefore where the cheap path is available.

The Dot Product
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Implementation, testing, and convergence analysis for multi-segment chains — including behavior near singularities 
where moment arms collapse — are developed in a separate companion document on demonstrations and worked 
examples.

Appendix D. 
The Covering Structure
This appendix collects observations about the topology of the Rotation Vector space that are useful for understanding 
winding, shells, and the double cover, but are not required for the core composition framework.

The Signed Ball
The natural domain of Rotation Vectors is the signed ball [−2π,2π): vectors of magnitude up to 2π, with the direction 
carrying the sign of the rotation. The composition formula returns an angle in [0,2π) and an axis; the sign of the spin 
is encoded in the direction of the axis. When the rotation is negative, the axis flips, placing the Rotation Vector on the 
opposite side of the ball.

Two Identities
Within this Ball there are Two Identity Configurations
• ∥r∥ = 0 (the origin): quaternion +1, physical identity.
• ∥r∥ = 2π (the boundary sphere): quaternion −1, also physical identity on SO(3), but spinor ally distinct.

The Double Cover
Every physical rotation in SO(3) other than identity has exactly two representatives in the ball [−2π,2π):
• A Rotation Vector r with magnitude θ ∈ (0,2π).
• The vector −^r(2π − θ): same physical rotation, opposite side of the ball.

• These two map to quaternions q and −q respectively, which act identically on vectors. This is the standard double cover 
of SO(3) by Spin(3).

The Modular Wrap
When a rotation accumulates beyond 2π — for example to 2π + ϵ — the Rotation Vector wraps: 2π + ϵ becomes −(2π− 
ϵ), placing the vector on the opposite side of the ball near the boundary.

The trajectory through the space is

TheseÊtwoÊmapÊtoÊquaternions q and −q respectively,ÊwhichÊactÊidenticallyÊonÊvectors.ÊThisÊis
theÊstandardÊdoubleÊcoverÊof SO(3) by Spin(3).

D.4ÊTheÊmodularÊwrap
WhenÊaÊrotationÊaccumulatesÊbeyond 2π ÑÊforÊexampleÊto 2π + ϵ ÑÊtheÊRotationÊVector
wraps: 2π + ϵ becomes −(2π − ϵ),ÊplacingÊtheÊvectorÊonÊtheÊoppositeÊsideÊofÊtheÊballÊnear
theÊboundary.ÊTheÊtrajectoryÊthroughÊtheÊspaceÊis:

ThisÊtraversalÊcoversÊaÊtotalÊangleÊof 4π butÊstaysÊwithinÊthe [−2π, 2π) ball.ÊTheÊquaternion
goes +1 → −1 → +1.ÊTheÊreturnÊtoÊtheÊoriginÊat 4π totalÊangleÊisÊthe 720° return:ÊaÊfull
spinorialÊcycle.

D.5ÊShellsÊandÊwinding
ForÊtrackingÊaccumulatedÊrotationÊbeyondÊoneÊcycle,ÊtheÊfullÊunboundedÊRotationÊVectorÊis
used.ÊTheÊstructureÊisÊperiodicÊin 2π shells,ÊeachÊshellÊspanning 2π ofÊangle:

¥ [−2π, 0):ÊoneÊshell
¥ [0, 2π):ÊoneÊshell
¥ [2π, 4π):ÊoneÊshell

EachÊshellÊindependentlyÊcovers SO(3) once.ÊTheÊquaternionÊsignÊalternatesÊatÊeach 2π

boundary: +1 at 0, 4π, 8π, … and −1 at 2π, 6π, 10π, … TheÊfullÊspinorialÊperiodÊÑ
returningÊtoÊtheÊsameÊquaternionÊÑÊis 4π,ÊspanningÊtwoÊshells.

D.6ÊAdditiveÊcompositionÊandÊshellÊjumping
SequentialÊcompositionÊ(SectionÊ3.2)ÊreturnsÊanÊangleÊin [0, 2π) viaÊthe arccos.ÊItÊalways
projectsÊtheÊresultÊintoÊtheÊprincipalÊshell.ÊShellÊinformationÊisÊlostÊunlessÊtrackedÊexternally.

AdditiveÊcompositionÊ(SectionÊ3.6)ÊisÊunconstrainedÊvectorÊaddition.ÊTheÊresultÊcanÊhaveÊany
magnitude,ÊincludingÊmagnitudesÊbeyond 2π.ÊSeveralÊsimultaneousÊtorques,ÊroughlyÊaligned
andÊlargeÊenough,ÊsumÊdirectlyÊintoÊaÊhigherÊshellÊwithoutÊpassingÊthroughÊintermediateÊangles.
TheÊshellÊpositionÊthenÊreflectsÊtheÊtotalÊangularÊimpulse,ÊnotÊjustÊtheÊnetÊorientationÊÑÊa
physicallyÊmeaningfulÊdistinctionÊrelatedÊtoÊstoredÊrotationalÊenergy.

0
outward

2π
wrap

−2π
inward

0

This traversal covers a total angle of 4π but stays within the [−2π,2π) ball. The quaternion goes +1 → −1 → +1. The return 
to the origin at 4π total angle is the 720° return: a full spinorial cycle.

Shells and Winding
For tracking accumulated rotation beyond one cycle, the full unbounded Rotation Vector is used. The structure is 
periodic in 2π shells, each shell spanning 2π of angle
• [−2π,0): one shell
• [0,2π): one shell
• [2π,4π): one shell

Each shell independently covers SO(3) once. The quaternion sign alternates at each 2π boundary: +1 at 0,4π,8π,… and 
−1 at 2π,6π,10π,… The full spinorial period — returning to the same quaternion — is 4π, spanning two shells.

Additive Composition and Shell Jumping
Sequential composition (From Closed-form Composition) returns an angle in [0,2π) via the arccos. It always projects the 
result into the principal shell. Shell information is lost unless tracked externally.

Additive composition (Section 3.6) is unconstrained vector addition. The result can have any magnitude, including 
magnitudes beyond 2π. Several simultaneous torques, roughly aligned and large enough, sum directly into a higher shell 
without passing through intermediate angles. The shell position then reflects the total angular impulse, not just the net 
orientation — a physically meaningful distinction related to stored rotational energy.
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